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DR. MORBLL'S ADVANCED SERIES 

FOR COLLEGES AND SCHOOLS. 



The Sbribs consists of (he following Works : — 

1. An ENGLISH GRAMMAR and ANALYSIS, with 

Exercises. By J. D. Mobbll, LL.D. Price 2t. 6d. 

This has ahready been in use for many years, and has been chiefly 
instrumental in placing the ordinary teaching of English Grammar 
upon a more intellectual footing than heretofore. Nearly half a 
million copies have been sold. 

2. A Practical Introduction to ENGLISH COMPOSITION 

on a New Plan, with Three Hundred Exercises. 28.td. 
Superior Edition, 3s. Qd. IReady. 

8. A BIOGRAPHICAL HISTORY of ENGLISH LITE- 

BATUBE, with Four Hundred Exercises and ,Lessons. 564 
pp., 4s. 6d. Superior Edition, 5s. 6(2., or in two parts at 2s. 6d, 
each. IReady, 

4. A MANUAL OF EXPRESSIVE READING. The 

First Course in Beading was intended to teach the Symbol; 
the Second Course to teach Fluency ; and the present Manual 
is intended to teach Exprestion^ — a quality of good Beading in 
which many Schools are still deficient. \^Ready, 

5. A NEW GEOMETRY— being a Practical Introduction 

to Logic or Thought, applied to Space. [Ready. 

6. A COURSE of ENGLISH LESSONS, comprehendinff 

a Brief History of the Language, a set of Critical Lessons, and 
an Introduction to English Poetry. [In preparation. 

This last will probably be followed by a Series of small volumes of 
Selections from the best English Authors. Each volume will be a 
type of the literature of each of the great epochs, and will be fur- 
nished with an apparatus for teaching, a biography, critical notes 
qixestions, sets of examination papers, and exercises. 
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Whilst every other branch of Mathematics has made the 
largest progress from discovery to discovery, Elementabt Geo- 
METBT alone, — ^the earliest discovered, and therefore the oldest, 
theory in Mathematics, — ^has remained almost stationary for the 
last two thousand years. There is now, however, a new and 
strong desire stirring for a larger evolation of this Science, 
and for a wider development of it npon the old Euclidean 
lines. 

The present work is an attempt to solve the difficult question, 
which is at present much agitated among teachers and students 
of this science : Soto can Oeometry he best presented in a pure 
scientific form f This question would have received a practical 
answer long ere this, but for the tendency natural to human 
beings to turn teachers into infallible authorities, and great men 
into deities. The help in geometrical science which Euclid gave, 
the aid in mental science afforded by Aristotle, became, in the 
course of ages, hardened into barriers against progress, and hin- 
drances to the development of the scientific spirit in these subjects. 
But Aristotle is now better understood ; and his spirit is better 
obeyed, even if there is less servile attachment to the letter of him. 
So likewise in the Science of Geometbt, the time has now arrived 
when we can work in the true light of Euclid, and can receive 
from him the full benefit of his scientific spirit, without being 
trammelled by his heavier bonds. The application of Lo^xcV^ 
O^omeirif stall remaina what Euclid made it *, it ia \am<^ Vibsw^i^V*^ 



by him, we shonld try to develop this application still farther, 
and to follow this development trustingly to the goal whither it 
leads ns. 

The present little work, accordingly, is presented to the public 
as a fuller development of Euclid's matter and Euclid*s method, 
and as embodying a Complete Exposition of Elementary Geometry. 
To keep faithful to him, it has declined to insert into Euclid's 
Elements the patchwork of modem formulsd, which give to 
many editions of Euclid a false look of Analytical Geometry, but 
which are in every way fundamentally opposed to Euclid's 
method. The present' work, like its prototype, the Greek 
Elements, is founded throughout upon pure reasoning. 

If Euclid himself could live once more and re-edit his Elementsy 
and give to them a form more in harmony with modem science, 
it is probable that a number of teachers would continue to 
prefer the accustomed bonds of the old Mummy to the living 
method of the new Master. But this has not been the feeling of 
the present writer. The spirit of Euclid has inspired him 
throughout this Book, if the letter of Euclid has not been closely 
adhered to. Whatever new developments are to be found in the 
book are due to Euclid himself and to his method ; for they have 
been gained by following his example, and by immersing the old 
and well-known Elements in the waters of its original spring — 
that is, Logic, from which all its life, old as well as new, has 
risen. 

This volume contains only the Plane Geometbt, divided into 
Four Books : 

Book the First : On Lines. 

Book the Second : On Angles and Proportional Lines. 

Book the Third : On Plane Figures. 

Book the Fourth : On Areas. 
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PREFACE. 



It has been the aim of the author of this book to work out 
such a system as could be made throughout an illustration 
of the elementary laws of Logic; simple enough to ini- 
tiate the young to this important science^ and in studying 
which his mind could make its first practice in wrestling 
with argument. As yet^ no part of mathematics can so 
easily bear a purely logiccd treatment as Geometry : its 
objective part may be readily exhibited in an almost 
tangible form. For this reason the author has selected 
Geometry as his subject^ as being the one most fitted for 
the embodiment of the rules of Reasoning ; and in doing 
so^ he has followed the example of the ancients. 

In order to succeed in the treatment of any science, it 
is first of all necessary to clear it, not of that which is 
unconnected with it, for all sciences are more or less 
connected together, but of all that is foreign to it, and , 
not strictlj comprised within it aa a ^\«A. "^^^j* kav:«t^- 
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ingly the author has carefully discarded from Geometry 
all that which properly belongs to Arithmetic ; while those 
parts which relate to measurement, and thus really per- 
tain to both, he has treated separately, delineating as 
precisely as he could the demarcation between the 
two sciences. He has only admitted a part of the Theory 
of Proportions, and has added it as a purely arithmetical 
digression to the Introduction, for the soje purpose of 
uniformity.^ He has also scrupulously refrained from ad- 
verting to the applications of Geometry to Sciences, In- 
dustries, or Arts, as the mere mention of these numberless 
applications would have irretrievably obstructed the path 
of pure Logic, and concealed the true track from the 
dazzled eye of the student. How can the applications 
of Geometry to Mechanics, for instance, be shown other- 
wise than by means of a complete treatise on that 
science ? The same may be said of those two important 
auxiliaries to Civil Engineering, the arts of Surveying and 



* The question of incommensurable quantities, which has been 
the subject of such endless discussions, is a purely arithmetical 
one. The ratio of two geometrical quantities may always be re- 
placed by that of two straight lines, which have at least, accord- 
ing to the author's theory, their infinitely small elements as a 
common measure. 
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Levelling. Both of them are, so to speak, the most pal- 
pable forms in which Geometry is applied in practical life : 
still, both must needs be treated on their own merits, 
and quite independently of their theoretical substratum. 
The subjects of study in Greometry have a character- 
istic feature, owing to which the boundaries of that 
science may be defined more easily than those of any 
other; namely this that, being confined, as it were, to 
the human mind alone, their existence can only be fore- 
shadowed to the organ of vision by means of graphic de- 
lineation, without being actually realized by the senses. 
The first task devolving on the author was to deter- 
mine upon the method best suited to his purpose. In 
Euclid's Elements, which seem to be a combination of the 
works of several authors, and a compromise between vari- 
ous diverging theories, the method is multiform, and often 
untraceable, owing to the very complicated nature of the 
system. But, in the treatment of any subject, it is essen- 
tial that the method should ever be visible so as, like Ari- 
adne's thread, to guide the inexperienced student through- 
out. Thus, it is most important to adopt a method which 
explains every part, and connects the whole naturally to- 
gether in one body ; and the best method will be that 
which does so in the most simple and lucid manner. 
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no gap^ no jerk^ being allowed. It will be said that^ 
for each subject^ there is but one real method which can 
produce a perfect system^ and unless that one true 
method be discovered, all efforts must prove nugatory. 
Now, perfection is not absolute, but relative; what is 
perfection to-day, will no longer be so to-morrow: it is 
a growing thing. The number of geometrical truths in- 
creases constantly, and a considerable addition to those 
known at present may be expected in the future, 
when the icy spell, under which Geometry is now lying 
dormant, shall have been broken. Every new discovery 
tends to exhibit more clearly the real connection, the 
Oaiisal/nexuSj as the Germans term it, existing throughout 
the whole array of geometrical truths. Their ensemble has 
been compared to a chain; a tree would be a more suit- 
able simile. Geometers discuss the connection of the 
boughs with the branches, and of the branches with the 
trunk j and what is looked upon as an integral part of 
the trunk is often proved, by a more efficient method, 
to be but a secondary bough; but, let the method be 
ever so skilful, it can never reach the root or principle, 
except through the trunk which must consequently be 
clearly marked at the outset; and the more clearly 
it exhibits the whole system, — ^root, trunk, branches. 
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and boaghsj— tHeir connection and their dependence on 
one another^ — ^the nearer it comes to Nature itself. 

A strictly logical system of Geometry Has for -each 
proposition a fixed place^ which^ it is the task of the 
geometer to discover^ and which cannot be altered either 
to bicilitate a demonstration^ or for any other purpose. 
The frequent deviation fix^m this role seems to be the 
chief defect of Euclid's Elements j and this drawback must 
exist in all systems which are the result of a compro- 
mise. Upon the logical plan^ the propositions must be 
arranged; according to the laws of the human mind^ syn- 
thetically^^om the simplest to the most complex^ or ana- 
lytically, from the complex to the simple, but always 
naturally, without disproportion or distortion of any kind. 

The author refrains from going at full length into the 
principles on which his system is founded, because, on 
the one hand, these will be readily understood by a 
perusal of his work; and on the other, because the pre- 
sent treatise is designed but as a transition stage be- 
tween the Euclidean plan and the author's ideal of a 
system of Geometry, which, he fears, would have been 
thought prematurely novel to-day, but . which he still 
hopes to publish at some future time; and again, 
because he feels that his labours, if B\icce^^&Xj ^^tJSl \i^ 
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only preparatory to the great crisis which must soon 
settle Geometry as a science, when the time and the 
man are come. It is enough that he should now state 
that, however much he has departed from Euclid in the 
general arrangement of The Elements, and in many points 
of detail, he has still endeavoured to preserve throughout 
the main characteristics of Euclid^s method. He has 
striven to attain that unity and plasticity that are wanting 
in Euclid^ s system, and which are indispensable to its fur- 
ther development.^ Thus, although he has altered almost 
every one of Buclid^s definitions, he has but slightly 
modified his definition of the straight line; and this 
very definition thus modified, he has made the corner- 
stone of his whole system. Above all, he has tried to 
preserve the extreme rigour of reasoning, the admirable ac- 
curacy of thought and expression, which are the immortal 
glory of the great Geometer ; he has adhered to the spirit 
of Euclid^s fabric, if not to its letter. 



^ The often repeated praise given to Euclid^hat his book is, after 
two thousand years, still used by teachers in the exact form he has 
written it, must, the author thinks, hardly please his shade, as such 
praise is almost equivalent to the reproach of having stopped short 
the development of Elementary Geometry : the proof of life is pro- 
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In writing the present work, the author has been 
in a great measure prompted by the desire of supply- 
ing a really elementary text-book by which 'Hhe Eoyal 
Road to Geometry'' might be opened up to young 
students of both sexes ; so elementary indeed as to 
place it within the reach of even children, as a 
means of teaching them to think. The author refers 
deliberately to both sexes, for> in his humble opinion, 
woman stands even in greater need than man of ma- 
thematical training as a practical course of logic, to 
compensate the great excitability of her nervous system, 
and her inherent propensity to yield to feeling and pas- 
sion rather than to strict reasoning. Hitherto, mathe- 
matics in general, and Geometry in particular, have been 
a sealed book for f'tte million''; it is only of late 
years that the tendency to keep the profanum vulgus 
at a respectful distance, has somewhat subsided among 
geometers. The author, so far from wishing to keep the 
masses in ignorance, would rather throw the doors 
of Geometry wide open to them, and make this science 
part and parcel of elementary instruction for all classes 
of society. Let that veil be removed, which can no 
longer have any other object but to ^'wrench awe from 
fools, and tie the wiaer souls by its iaVae ^^^tkoi^^^ \ 
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let ''the case and habit .of place and form/' to nse 
Shakspeare's own words^ become generally known^ and a 
vast stride will have been made towards that populari- 
sation of knowledge which oar age is now endeavouring 
to achieve. 

But the author is not blind to the fact that render- 
ing Geometry^ and indeed all sciences^ easier to leam^ 
wiU not improve greatly the instruction given in schools, 
unless the teachers simphfy it still further by a rational 
and judicious method of teaching. In using this book, the 
teacher who means to do really efficient work, will have to 
explain thoroughly the definitions contained in each chap- 
ter, illustrating each point with numerous diagrams, 
before the theorems are read; he will have to supply, 
at every stage of the demonstration of each proposition, 
supplementary diagp^ms for the complete mastering of 
each difficulty. Whenever it is possible, he should give 
other demonstrations than those contained in the book, and 
make his pupils in their turn try to form others for them- 
selves, never omitting to discuss their merits and demerits 
at full length. As every-day exercises, he should require 
from them the demonstration of each corollary, or else give 
it himself; for, on no account must any theorem be taken 
up before the demonstration of all the corollaries of the 



• •• 
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preceding one be gone through. Also^ he should con- 
stantly test the reasoning and inventiye powers of his 
pnpilsy by proposing them new theorems to be demon- 
strated^ and problems to be solved and discussed^ by 
means of the theorems and corollaries previously read. 
And last^ not leasts he should assist the students in 
finding out the whole of the inverses and converses of 
each proposition^ and prove their truth or falseness as 
the case may be. In a word^ the teacher must apply 
himself to the spirit, and not merely to the letter of the 
book. The way in which a text-book of Geometry should 
be used is forcibly expressed in the following passage 
from a speech of Dr. Hirst, President of the Association 
for the Improvement of Oeomstrical Teaching: — 

'*The text-book indeed, to be properly used, should al- 
ways be subordinated to the teaching; but to do this it 
is absolutely essential that the teacher should, by his own 
study, have risen not merely up to, but above the level 
of the text-book he employs. Until he has so mastered 
the subject that it has become plastic in his hands, his 
teaching must necessarily remain defective; for geometri- 
cal truth, it must be remembered, has, like all other 
truth, many sides, and no text-book can present all or 
necessarily the one which, to individual "^xv^^^j '\^ ^^ 
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most accessible. Alternative methods of demonstration^ 
inquiries into the interdependence of propositions , judicious 
variation of data, and just discrimination between the 
contingent and necessary properties of figures; — ^these 
and numerous other matters, all essential to geometrical 
culture, can- only be properly supplied by the teacher; 
no text-book could be weighted with them. Above all 
it is to him that we must mainly look for the cultiva- 
tion of that scientific method of inquiry under whose 
guidance solely problem-solving can be raised in character 
above what has been termed ^exalted conundrum guess- 
ing,' and acquire its full educational value/' 

The author takes this opportunity to acknowledge the 
great help he has derived from J. M. 0. Duhamel's 
book : On Methods m Argwmentative Sciences, and to ex- 
press his deep regret at not having been able to avail 
himself of J. Delbceuf's valuable treatise : Philosophic 
Prolegomena of Oeometry, and of J. Ueberweg's disserta- 
tion: Scientific Exposition of the Principles of Geometry, 
at an earlier stage of his labours; these last two works 
not having come to his hands until one half of The Ele- 
ments had already gone through the press. 

In conclusion, the author begs to dedicate his work, 
which is the result of long persistent labours, to all 
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Teachers and Students who appreciate the sincerity of 
his intentions, and who sympathize with his eflTorts. 
The book lays no claim to perfection. Many perhaps 
will find numerous defects in it, whilst the most 
benevolent of readers will probably hold that it is open 
to considerable improvement. To all the author begs to 
say that he courts criticism in the interest both of his 
work and of the cause it is designed to subserve; 
and he will look upon all those as personal friends 
who, by pointing, out to him such imperfections and 
shortcomings as they may discover in his book, shall 
afford him the means of improving it in the future. 
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INTRODUCTION. 

I. GENERAL DEFINITIONS. 

" To th« g«om«tera alone bel(»i^ th« advaniag* of 
haTing baolflhed from their schools and books oontro- 
Tuqr and di/vato." Xh« Fobx Sotal Loon, 

1. Geometby is the science of space. Its special object 
is the study of the properties of form and the measure of 
extension. 

It admits first of all the existence of space and of its two properties, 
infinite extension and absolute homogeneity , and presupposes the idea of 
form. 

Form is not a property of space, but is a property of all limitations, or 
rather determinations, of space. Space is determined by every object in the 
oniverse ; onr mind also conceives in space numberless different determin- 
ations which may, or may not, exist in nature. 

ON EXTENDED SPACE. 

2. Oeometrical figures, or simply figures , are mental 
determinations of space. 

Space is of itself indeterminate and infinite ^V the joleterminations which 
our mind creates in space are alone within the scope of Geometry. Geo- 
metrical figures exist in our imagination only, but are more or less realized 
in nature and art. 

1 Thronghont The Elements the meaning of the wordinfiniU will be restricted to that 
which it is impossible to realize in imagination. The word indijmitt will be need to 
mfian «iMUt«rmina2# jFiHh regard to gxtanaiou only. 
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3. The place of a figure is the portion of space which it 
occupies; figures which have the same place are said to 
comdde with each other. 

Or, the place of a figure is the portion of space in which we oonceiye it to 
exist. As geometrical figures are mere conceptions of our mind, they may 
penetrate each other, and partly, or wholly, coincide with each other ; also, 
we may at will increase or dimlniflh their extension, or change their form. 

Geometrical figures are of four kinds : — 9olid8, surfacest lines, and points, 

4. A solid, or geometrical body, is a limited portion of 
space. The extension of a solid is its solidity or volv/me. 

When a portion of space is conceived to be separated from the rest, that 
by which space is conceiyed to be divided is called surface. Whence 

5. A surface, or superficies, is the limit of a solid. The 
extension of a surface is its a/rea. 

Hence, surfaces divide space into determinate portions. A solid, being a 
portion of space, can be divided by any surface. 

6. A line is the limit of a surface. The extension of a 
line is its lenath. 

Hence, lines divide a surface into determinate portions, and the in- 
tersection of two surfaces is a Une. By abstraction, one may have the 
idea of a line existing in space independently of any surface. 

7. A continuous line is that which has no extremities. 

8. The distance between two figures, or two parts of a 
figure, is the length of the shortest line which may unite 
them. 

9. A point is the limit of a line. 

Hence, points divide a Une into determinate portions, and the inter- 
section of two lines is a point. By abstraction, one may have the idea of a 
point independently of any line : that is, a point may exist anywhere in space, 
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as well as anywhere in the whole extension of a line or snrface. It is obvious 
that a point has no extension, and is limited by itself. A point is, then, the 
opposite of space: the latter being infinitely great, whilst the former is 
infinitely small. 

The definitions of the surface, line, and point, may be snmmed np thns : a 
surface is any section, or division, imagined in space ; a linef any section 
imagined in a snrface ; and a pointy any section imagined in a Une. 

By means of motion, a solid, a surface, or a line may oe generated by its 
limit. Thns, if a point is imagined to move out of itself, this will raise in the 
mind the idea of length, and produce a line ; the motion of a line out of its 
length will generate a surface ; and the motion of a surface out of its own 
extension will produce a soHd. It may be seen thus that a solid contains 
points, Unes, and surfaces, and may even contain other solids ; a surface con- 
tains points and lines, and may also contain other surface^ ; a line contains 
points, and may contain other Unes • but a point has no parts. 

10. The direction of a line is its position relatively to each 
of its points. 

In the extension of a line there is an infinity of points, for between two 
points, however close to each other, it is always possible to conceive a third 
one. But it is in the very nature of the point that, when two points touch 
each other, they coincide with each other, and become indivisible ; therefore, 
if all the points of a line should touch each other, the whole line would be 
reduced to a point : there must be consequently some distance between the 
points of a line, however small that distance may be. 

1 1 . The elements of a line are the infinitely small parts 
thereof, which unite its points. 

The extent of the motion necessary to a figure for producing the figure 
which it limits is called a dimension of the latter. Hence, space has three 
dimensions. 

These three dimensions are called lengthy breadth (or width) ^ and height 
(or depth or thickness). It is evident, from their definition, that they may 
be taken indifferently one for the other. 

Of the three dimensions of space, a point has none ; a line has one, that 
is, length ; a surface, two, length and breadth ; a solid possesses the three 
dimensions ; whence it is seen that the three dimensions are the elements, 
or constituent parts, of extension. 

The extension of a solid haa the three elements, that oi & svuddA^\^&& \»^^^ 
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and that of a line has only one : so that one of the three elements of ex- 
tension, length, may be represented by a line ; and, as the three dimensions 
may be interchanged, or taken indifferently one for another, it follows 
that they may he considered as so many lines, 

ON HOMOGENEOUS SPACE, 

12. A geometrical magnitude , or simply magnitude, is the 
extension of a geometrical figure. 

Thus there are three kinds of magnitudes : lengths^, areas, and volumes. 

Space being homogeneous, it follows that there is no absolute geometrical 
magnitude, and that a figure is great only relatively to another. 

13. A magnitude that can be contained an exact number 
of times in another is said to be a measure of it. 

The only means of conceiving an exact idea of a magnitude is to 
measure it. All that iis related to measurement itself is studied in Geometry, 
but the speculations about the results of measurement, that is, about num- 
bers, form the science of Arithmetic. 

14. Measuring a magnitude is comparing it with anotner 
of the same kind, well defined and supposed to be for the 
moment absolute, to ^vhich is given the name of ^mit, 

The mind not being able to compare any but such magnitudes as have 
properties in common, it is obvious that the extension of any figure, that is, 
its magnitude, can only be measured by the magnitude of a figure of the 
same Mnd. Thus the unit for measuring solidity, must be a volume ; 
the unit of area must be an area ; and that of length, a length. But, as the 
elements of extension may be considered as so many lines, all measurement 
in Geometry is reduced to the measuring of lines, 

,Two magnitudes of the same kind may be compared to ascertain either 
by how much the one is greater than the other, or how many times 
the one is contained in the other : the result of the comparison is called in 
the first case difference, in the second, ratio. The study of differences and 
ratios belongs to the province of Arithmetic, and is not dealt with in Geometry 
save in connexion with form, for the completion of the theory of similarity 
and to determine more accurately the boundaries between Geometry and 
AniJuuetic, 
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15. The valve o{ Bb magnitude is the number expressing 

how many times it contains the unit. 

That is, the value of a magnitnde is its ratio to the unit. It is evident 
that the unit used to measure any magnitude is arbitrary, and may always 
be changed into another; and also that any magnitude may be chosen 
as a unit for measuring all magnitudes of the same kind.^ It is also 
evident that the magnitude of one figure cannot measure that of another 
with which it cannot partly coincide ; and, again that the .magnitudes of 
figures which cannot partly coincide, have no common measure, and conse- 
quently no common unit. 

16. Incommensurable lines are lines which have no other 
common measure than their infinitely small elements. 

With regard to the properties of figures. Geometry generally leaves their 
magnitude out of consideration ; it only studies that in its relations with 
f onu. Magnitudes, abstraction being made of the figures of which they are 
the extension, take in General Mathematics the name of quantities ; their 
study is the province of Arithmetic,'^ 

In Arithmetic, form is indeterminate ; the magnitude may be that of a 
figure of any form. In Geometry, on the contrary, it is magnitude which is 
indeterminate ; a figure may be of any magnitude, even infinitely great or 
infinitely small : in the latter case, it is reduced to a point. 

If , in a soHd, one of the dimensions be conceived to dfmlniRh until it be- 
oomes nought, the solid, having then only two dimensions, will become a 
Burface ; thus a surface is a sohd the thickness of which is nought, that is, 
infinitely small. Also, a hne may be considered as a surface the breadth of 
which is infinitely small, or as a solid the thickness and breadth of which 
are infinitely small. Again, a point is a iine, the length of which is infinitely 
small, or a surface the length and breadth of which are infinitely small, or a 
solid the length, breadth, and thickness of which are infinitely small: in 
short, a point is a figure of any kind, the dimensions of which are infinitely 
small. 

The idea of infinitely small is thus produced by denying magnitude to any 

_ . _ . • A 

1 It is desirable that men of all nations should agree on nsing the same nnit for eacb 
kind of magnitude, and that this unit should be the simplest and best known of alL 

s Therefore the whole theory of ratios and proportions is a part of Arithmetic and is 
supposed to be known by the student of Geometry. By Arithmetic ia meant here alao 
0en«ralt«6d ArithmeUe or Algebra, 
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figure ; in the same way, the idea of infinitely great is aoqnired by denying 
form to a figure. In denying the idea of a terminal point to a line, the mind 
conceives a line infinitely great ; also, an infinite surface is that to which the 
idea of a terminal line is denied ; and an infinite solid is that to which the 
idea of a terminal surface is denied. 

Inasmuch as, according to the preceding, the extension of a point added 
to any line, or the breadth of a line added to any surface, or the thickness of 
a surface added to any solid, does not alter the magnitude of the line, the 
surface or the solid respectively — the number of points contained in a line, 
or of lines contained in a surface, or of surfaces contained in a soHd, is 
infinite : it is evident that a quantity infinitely small repeated a finite num- 
ber of times cannot produce a finite quantity. 

It is obvious, also, that an infinite line cannot be contained in a finite sur- 
face or solid, nor an infinite surface or solid in a finite solid. 

From what has just been said it will be admitted that the magnitude of a 
geometrical figure is essentially distinct from its form, since magnitude is 
common to all figures, and is consequently immaterial in the study of an 
isolated figure. 

17, The description of the form, magnitude, and place, of 

a particular figure is called its construction. 

If, in the construction of a figure, the magnitude be not stated, then the 
form only is determinate, and the figure may be of any magnitude. 

From the homogeneity of space it follows that a determinate portion, and 
in fact any portion of it, may differ from another of the same form by its 
magnitude, but not by its properties. 

Several figures may therefore have the same form and the same magni- 
tude, or the same form only, or the same magnitude only. 

18. Figures which have the same form and the same 
magnitude, are equal to each other , or simply equal. 
{Eucl. Ax. 8.) 

> That is, figures are equal when they may be taken indiscriminately one for 
the other. 

From the homogeneity of space, it follows immediately that two or more 
equal figures may coincide in all their parts, and also that equal figures 
which coincide in all their parts, form but one figure and are not distinct 



INTBODUCTION, 7 

from one another: they have consequently the same properties.^ It is 
therefore evident that, in the study of Geometry, any figure may always be 
replaced by its equal, and also that if two or more figures be proved to 
coincide in all their parts, they are equal. Again, two figures, each of which 
is equal to a third, are obviously equal to each other, for they may both be 
made to coincide with the third, and consequently with each other. 

19. Figures which have the same form, but whose magni- 
tude is indeterminate, are similar to each oihevy or simply 
svmila^. 

Similar figures which have the same magnitude are necessarily equal to 
one another ; and two figures, each of which is similar to a third, are 
similar tc each other, for they have all the same form. 

20. Figures which are equal, or similar, each to each, to 
the same number of other figures placed in the same order, 
are said to be placed simila/rly to the latter. 

2 1 . Figures which have the same magnitude, but which 
may have any form, are equivalent to each other, or simply 

equivalent 

Equivalen*; figures have obviously the same value, and conversely, figures 
which have tae same value are equivalent to each other; also, it is evident 
that there ar3 no equal magnitudes but those of equivalent figures, and that, 
when geometncal' figures are compared to one another in point of magnitude, 
equal magnitides may be interchanged with each other, although they may 
not belong to equal figures. 

Two equivalent similar figures are equal to each other ; also two equal 
figures are necessarily similar and equivalent, but two similar, or equiva- 
lent, figures med not be equal. 

In accordanoB with the preceding definitions, it is always possible to change 
the magnitude of a figure and yet preserve its form, and to change the form 
of a figure t^ithout changing its magnitude. 

1 When twt or more figures are spokea of, distinct figures only are meant, unless the 
Contrary is eqpreBBjy stated. 
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22. Expanding a figure is increasmg its magnitude with- 
cmt altering its form ; reducing a figure is diminisliing its 
magnitude withont altering its form. Bedudng two figures 
to the same magnitude is reducing the greater^ or expanding 
tlie lesser^ of them until they become equivalent.^ 

Two figures are necessarily siimlar to each other if, hy redaction, th^ 
become eqnal to each other ; also, it is evident that, if two simiUur figures be 
reduced to the same magnitude, they will be equal to ea^ other. 

23. Tra/nsforming a fig^ure is changing its form without 
altering its magnitude. 

Geometry, like other science^ has necessarily a descriptiye part, which 
consists in the definition and classification of figures and their ]nropMrties ; 
the science itself studies these properties by means of Beasoning.' 

* For the sake of brevity, the term redtusing is asecl in The ElementB for both tgpaniing 
and rtduoUig : that is, altering the magnitude of a fig we without altering HxjTrm; unless 
the sense indicates clearly that eaipandvng is not meant. 

' The short digression on Beasoning which follows forms no part of C^ometry, bnt 
Is given here as a help to the stndent who has not been {nrevionsly acquainted with 
Logic. The terms not defined here are those used by logicians, and ere srpposed to be 
known. 



INTRODJJCTION, 9 

11. ON REASONING. 

The principle of geometrical reasoning is deductiorif and the 
method for the whole science is synthesis. 

Although the general method of Geometry is synthetical, geo- 
meters often make nse of cmal/ysis in particular cases, as a help to 
synthesis. 

Every new thing spoken of in a science mnst have some relation 
to a thing already known ; the clear statement of such relation, made 
to distinguish the new thing &om any other, is called a definition. 

The ennnciibtion of a truths or of what is supposed to be true, is 
called a proposition. 

Two propositions are said to be contradictory to each other, or 
simply contradictory, when the one affirms what the other depies ; 
so that if the first be true, the second is false, and, vice versa, if the 
first be false, the second is true. 

An aaiom is a self-evident truth. 

Axioms are the foundation of reasoning ; the following only are 
'used in Geometry :— 

1. The whole is greater than its pa/rt, (Eucl. Ax. 9.) 

2. The whole is equal to all its parts taken together. 



/ 



The name of postijUate, or demand, is given to truths less evident 

than axioms, but the admission of which may be demanded without 

proof. 
As a consequence of the homogeneity of space, let the foUoYring 

general postulate be granted :— 

I. In the reduction of a figure^ every pa/rt thereof is re^ 
duced. 

A theorem is a truth which is not evident of itself, but which be- 
comes so by reasoning* 
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The enunciation of every theorem is composed of two parts : the 
Ibypothesis, which is the supposition made on the subject of the theo- 
rem, and on which the reasoning must be founded ; and the conch>- 
siouy which is the inference deduced from the hypothesis, and must 
be the aim of the reasoning. The hypothesis and conclusion are said 
to hQ- complex when ther^^is more than one supposition made on 
the subject, or more than one inference drawn from the hypothesis. 

The inverse theorem, or simply inverse of a theorem expresses that 
if the conclusion does not exist as true, the hypothesis does not exist 
either ; the truth or folseness of the inverse of a theorem is directly 
deduced from that of the theorem itself. When the hypothesis, or 
the conclusion, is complex, there are as many inverses to the theorem 
as there are suppositions made on the subject or inferences drawn 
from the hypothesis. 

The name of con/oerse theorem, or simply converse of a theorem, is 
given to a new theorem in which the conclusion is taken as a hypo- 
thesis, and the hypothesis as a conclusion. There are as many con- 
verses to a theorem as there are inverses. When the converse of a 
theorem expresses a fact more general than that which is expressed 
by the theorem itself, it often happens that the converse is false ; in 
which case its inverse is equally false. 

The opposite theorem, or simply opposite of a theorem, is the inverse 
of its converse. When the opposite of a theorem already proved, is 
proved also, the theorem acquires, if possible, a greater appearance 
of truth. 

The reasoning by which the truth of a theorem is proved is called 
demonstration. 

There are several kinds of demonstrations : — 

The direct, or synthetical, demonstration consists in stating pro* 
positions admitted to be true, deducing others as necessary conse-> 
quences of them, then new ones from these, and so on until the 
proposed theorem is reached, and shown to be equally true. The 
only difficulty is to choose the starting propositions, and to choose 
among their consequences those leading to the proposed theorem. 
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The demonstration hy sujperpoeition is a direct demonstration which 
proves the equality or inequality of geometrical magnitudes by 
applying them to one another to make them coincide; it follows 
naturally from the definition of geometrical equality. 

The mcUred, or cmahftical, demonstration, specially used for 
finding a direct demonstration, consists in showing that the proposed 
theorem is a necessary consequence of another proposition ; the 
latter, the necessary consequence of another; and so on until a 
proposition is reached which is already admitted to be true. The 
difficulty is to choose, among the propositions of which the proposed 
one is a necessary consequence, one which leads to a proposition 
already admitted as true, and above all to choose one which does 
so by the shortest possible way. 

The mixed demonstration uses synthesis and analysis alternately. 

The a/rithmietical demonstration is a direct, or indirect, or more 
often mixed, demonstration, whicl\ establishes the truth of a theorem 
by arithmetical operations on the magnitudes of the hypothesis. 

The demonstration hy impossihiUty, or hy ahsv/rdity, is a special 
kind of demonstration founded on the principle that the truth of a 
proposition proves the falseness of its contradictory, and conversely. 
This kind of demonstration, which, if it convinces the mind, does not 
always enlighten it, must be used sparingly and with much caution ; 
for the mind is not satisfied unless it knows, not only that a thing is 
true, but also why it is so. It ought to be used only when the truth 
to be proved is already almost evident of itself, as is the case with 
the inverses of a theorem already demonstrated; apart from such 
cases, it is allowable only where no better method can be found. 

The general rules of Reasoning are three : — 

1. To define every term clearly, so that there may be no ambiguity in its 
meaning. 

2. To prove all assertions "By means only of definitions previously laid 
down ; of principles granted as self-evident, or which are so clear that they 
cannot be contested; or of assertions previously proved, and which, by 
reasoning, have become equal to principles. 

3. To prove nothing which requires no proof. 
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It is very important in demonstrations to prevent all ambiguity 
by ahjoaya substituting mentally for each term the definition which e«- 
plams am,d limits its mea/nvng. 

It is equally importcmt to follow the true order of nature, which 
proceeds from the simple to the complex, and from the general to 
the particular, and to avoid proving simple notions by means of 
complicated ones, as well as using any far-fetched methods.^ 

A lem/ma is a preparatory theorem used to facilitate the demon- 
stration of a more important one. 

A corollcmf is an accessory truth which follows immediately from 
the demonstration of a theorem. The distinctive feature of a 
corollary is that it requires no demonstration, or only a very simple 
one. 

If it be proposed to construct a figure upon certain kno?m 
conditions, the enunciation of these conditions and of the figure to 
be constructed, is called a problem; the known or given conditions 
are termed data. 

The indication of the difierent stages of the construction required 
in a problem, is called the solution of the problem. It is evident 
that according to the number of figures which may satisfy the data, 
a problem may have one solution or more, or that there may be none 
at all : in the latter event, the problem is said to be impossible. A 
problem which may have an infinite number of solutions is called an 
indeterminate problem, 

A solution, to be complete, must be proved by a demonstration to 
satisfy the data of the problem ; in the case of no solution, it must be 
proved that none can satisfy them. 

The discussion of a problem Is the determination of the several 
solutions resulting from all possible suppositions made on the data. 

There are two kinds of solutions to a problem. 



1 Let the stndent find for each theorem other demonstrations than that given in The 
Elements, and disonss the merits of each of them. 
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The direct, or syntTbetical, solution substitntes for the proposed 
problem a simpler one^ the solution of which is known or admitted, 
deducing £rom it the solution of another, then deducing from the 
latter the solution of a third one, and so on, until the proposed 
problem is reached and solved. The difficulty is to choose the 
starting problem, and, among the problems the solutions of which 
are deduced from a previous one, to choose one leading to the 
proposed problem. 

The vndirect, or analytical, solution substitutes for the proposed 
problem a simpler one, of whose solution that of the proposed pro- 
blem is a necessary consequence ; replacing then, in the same manner, 
the second problem by one simpler still, and so on, until one is 
reached the solution of which is known or admitted. The only diffi- 
culty is to choose, each time, a problem really simpler than the 
preceding one, and, above ^11, one which leads by the shortest possible 
way to a problem already solved. 

For communicating to others the known solution of a problem, the 
direct, or synthetical, process is preferable ; but the student who 
wants to find out the solution of a proposed problem cannot use it, 
for he would not know what solved problem to start from. He might 
use it, if he wanted to find solutions for new problems not yet pro- 
posed to him ; but when the problem is proposed, the indirect, or 
analytical, process is the only one to which he can properly resort to 
find the required solution, because he may see the relation between 
that solution and the simpler problem which he substitutes for the 
proposed problem, whilst it is often difficult for him to see in what 
relation the latter may stand to any problem of which he already 
knows the solution. 

A scholium is a mere remark made to show the connection of some 
propositions with one another, or to point out their utility. 
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III. ON THE REPRESENTATION OF GEOMETRICAL 

FIGURES. 

As a help to reasoning, the demonstration of a theorem, or the solution of 
a problem, generally requires a drawing representing the figure which is the 
subject of the reasoning. , 

The drawing representing a geometrical figure is called a diagram^ oi 
figure ; the principal points of it are marked with letters of reference. 

A point is marked with one letter only ; a line is indicated by the letters 
placed at its principal points. A surface is indicated by the letters of its 
principal lines, and a solid by those of its principal surfaces. Sometimes one 
letter indicates a whole line, surface, or solid. 

The letters generally used are Boman or Italic capitals; but some- 
times small letters, or Arabic and Boman figures, and even Greek letters, 
are used. Dashed and numbered letters are used in special cases.^ 

The symbols of notation are the same as those used in Arithmetic. 



1 The student muBt form the habit of changing the letters used in the diagrams, and 
the diagrams themselves; he must also acoostom himself to demonstrating without tho 
use of any diagram. 
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IV. GENEBAL THEOREMS ON QUAITTITIES. 

To facilitate the comparison of magnitndes in geometrical propositions, 
some theorems on quantities will have to be demonstrated here which 
properly belong to General Mathematics. These theorems and their corol- 
laries may also be accepted without demonstration, and regarded as General 
Postulates, 

Definitions. 

24. The sum of several quantities is another quantity 
equal to all of them together; the sum of two equal 
quantities is the double of each of them ; the sum of three 
equal quantities is the triple of each of them. Adding several 
quantities to each other is determining their sum. 

Eyidently, the stun of several quantities contains as many times their 
common unit as the unit is contained in all of them together. 

25. Multiplying a quantity by a number is determining 
the sum of the same number of quantities, each equal to the 
jBrst ; the sum is the product of the first quantity by the 
number. 

Thus the double, or triple, of a quantity is the product of that quantity by 
two or three. 

26. The difference of two quantities is a third quantity 
equal to the excess of the one over the other; if the difier- 
ence of two quantities be equal to one of them, the latter is 
the half of the other. Subtracting a quantity from another 
is determining their diflTerence. 

Evidently the difference of two quantities contains as many times their 
common unit as the unit is contained more in one than in the other. It is 
also evident that if the difference of two quantities be added to the lesser, 
the sum will be equal to the greater. 
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27. Dividing a quantity by a number is dividing the 
quantity into the same number of equal parts : each part 
is the quotient of the quantity by the number. 

It is obyious that if the quotient of a quantity by any number be mntti- 
plied by the same number, the product will be equal to the first quantity. 

Postulate II. 
The sum, or difference, of two quantities is not altered wheiv 
one of them is replaced hy an equal quantity. 

Theorem I. 

(Eucl. Ax, i.) 

Two quantities, each of which is equal to a third, are equal 
to one another. 

Let there be three quantities, called respectively A^ By G, and let 
A and B be each equal to G. 

The quantity A is equal to G ISyp-"], and the quantity G may be re- 
placed by its equal B IPost, IT] ; then A is equal to B ; but the same 
reasoning could be applied to any three quantities other than A, B, 
and G, two of which are each equal to the third ; therefore any two 
quantities equal to a third are equal to one another, which was to 
be demonstrated. Inversely 

If, of two unequal quantities, one is equal to a thi/rd, the other is not 

For, if they were both equal to the third, they would be equal to 
one another, which is impossible IHyp."]. 

CoBOLLABT. Two quantities, each of which is equal to equal quanii- 
ties, are equal to one another, 

Theoeem II. 

(Eucl. Ax. 2 and 3.) 

If the same quantity he added to, or subtracted from, each 
of two equal qua7itities, tlie results shall be equal to each other. 
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Let there be three quantities A, B and 0, and let A be equal to B, 

The quantities A and together are evidently equal to A and : 
but th(B quantity A may be replaced by its equal B [Post 11] ; then 
A and C are together equal to B and C The same reasoning would 
prove also that the difference of A and is equal to that of B and ; 
therefore the sum, or difference, of A and is equal to that of B 
and 0, which W. T. B. D. Inversely 

If, after adding the sa/me quam,tUy to, or euhtradmg it from, two 
other qua/ntities, the results he v/riequak, the two last quantities are not 
equal to each other, 

CoEOLLABY. If the Sonne quantity he added to, or, suhtracted from, 
each of a/ny nv/mher of equaJLqua/rMiies, the results shall he equal to one 
another. 

Theobem III. 

(Eucl, Ax, 4 and 5.) 

If the sa/me qua/ntity be added to, or suhtracted from, each 
of two unequal quantities, the results shall be unequal. 

Let there be three quantities, A, B. and 0, and let A be greater 
thaat-B, 

Let D be the difference of A and B; then A is equal to the sum of 
B and D, Because the sum of B and D is equal to A, the sum of 
B, D and is equal to that of A and [ii] : but the sum of B, D 
and is evidently greater than that of B and ; therefore the sum 
of A and is greater than that of B and 0. 

Let B be greater than 0; then A is also greater than Q, Because 
A is equal to the sum of B and D, the difference of A and is equal 
to that oi B ■\- I) and [ii] : but the difference oi B -{• B and is 
evidently greater than that of B and ; therefore the difference of 
A and C is greater than that of B and C. ^ 

Therefore the sum, or difference, of A and is not equal to that of 
B and 0, which W. T. B. D. Liversely 

If, after adding the saws qtumtity to, or sultroctvyig it jTom^ \^n^ 
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other quantities, the results be equal, the two last quamiiUes are equal io 
each other, 

CoROLLAEY. If a quantity he greater than another amd the sarm 
qttantity be added to, or subtracted from, each of them, the first sum, or 
difference, shall be greater than the second. 

Theorem IV. 

{Eucl, Ax. 2 and 3.) 

If two quantities are equal to two others^ eojch to eachy the 
sum and difference of the first two quam^tities a/re respectively 
equal to the sum a/nd difference of the other two. 

Let there be four quantities, A, B, M, N; let A be equal to B and 
M equal to N, 

Because A is equal to B, the sum, or difference, of A and N is 
equal to that of B and N [ii] : but N is equal to M [Syp^"] ; then the 
sum, or difference, of A and M is equal to that of A and N [BosL II] ; 
therefore the sum, or difference, of A and M is equal to that of B and 
and N [i], which W. T. B. D. Inversely 

If the sum, or difference, of a group of two quantities be uneqtMl 
to the sum, or difference, of a group of two others, and if one quamr 
tity of the first grov/p be equal to one of the second, the other qucmtities 
are unequal. 

Corollary. If any number of quantities are equal to the same 
number of other quantities, each to each, the sum of the former is equal 
to the sum of the latter. 

Theorem V. 

If two quantities a/re respectively greater thrni two others^ 
the sum of the former is greater than that of the latter. 

Let there be four quantities A, B, M and N; let A be greater than 
B, and let M be greater than N, 
Because A is greater than B, the quantitiea A ttxid K «i^ to^^efcher 
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greater than B and j^[iii] ; because M is greater than N, the quanti- 
ties A and M are together greater than A and JV [iii] : therefore 
A and M are together still greater than B and N, which W. T. B. D. 
CoBOLLAlRY. If any number of quantities a/re reapectvoeVy greater 
than the same number of other quantities, the sum of the former is 
greater tha/n that of the latter. 

Theorem VI. 

(Eucl. Ax, 6.) * 

The prodiLcts of two equal qimntities by the samte number 
a/re equal to each other. 

Let there be two equal quantities A and B. 

Because A is equal to B, the quantities A^ A, A, A and A are respec- 
tively equal to B, B, By B and B ; thence the sum of jive times A is 
equal to the sum of five times B [iv] : therefore the product of A by 
five is equal to that of B by five. The same reasoning could be 
applied to any other number than five ; therefore the product of A 
by any number is equal to that of B by the same number, W. W. T, B. D. 
Inversely 

If the products of tivo quantities by the same nv/mber be unequal, 
these quantities are not equal to each other, 

C0EOLLAB.Y. The products of several equal qua/ntities by the sarnie 
mimber are equal to one another. 

Scholium, Quantities which are double of equal quantities are 
equal to one another. 

Theorem VII. 

The product of two unequal qua/ntities by the aa/me number 
are unequal. 

Let there be two quantities A and B, and let A be greater than B. 

Because A is greater than B, the quantities A, A, A, A and A are 
respectively greater than B, B, B, B and B ; thence the sum of five 
times A is greater than jive times B [v] : thereior© tlha "^to^\SlC\» q1 A. 
by ^e ia greater than that of B by floe. The BamQ Teaaamxi% q«kj\-^ 
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be applied to any other number than five ; therefore the product of 
A by any number is greater than that of B by the same number, 
W. W. T. B. D. Inversely 

If the products of two qiicmtitiea hy the sa/me number he equal, these 
quwntities cure equal to each other, 

CoEOLLAJiT 1, If a qua/ntity he greater tha/n, a/nother, the product, or 
quotient, of thefi/rst hy any number shall he greater tha/n the product, 
or quotient, of the second hy {he samm number, 

*CoKOLLABY H, The quotients of equal qua/ntities hy the sam^ number 
are equal to each other, and conversely. 

Scholmm, The halves of equal quantities are equal to one another. 

Thboeem Vill. 

If two equal quantities have a part in common^ the parts 
which a/re not m common a/re eqv^l to one another. 

Let there be two equal quantities A and B, having a part in 
common. 

Let B and E be the parts of A and B respectively which are not in 
common ; then D is the difference of A and 0, and B is the differ- 
ence of B and 0. Because A is equal to B, the difference of A and 
is equal to that of B and [ii] ; therefore B is equal to B, which 
W. T. B. D. Inversely 

Two quamMties a/re vms^ual if, ha/ovng a part m common, the 
parts which are not common he v/nequal, 

GosoLLAST. Conversely, two quamiities a/re equal if, having a 
part in common, the parts which are not cormnon he equal. 
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V. AEITHMETIOAL THEOREMS. 

Elementary Geometry studies the properties of figures and the measure 
of their magnitude by means of reasoning only; Analytical Gteometry is 
that part of Mathematics which studies the comparison and measure of 
magnitudes by means of Gteneralised Arithmetic, or Algebra, The following 
arithmetical theorems are here given to facilitate the understanding of those 
parts of Elementary Geometry which treat of the magnitude of figures, and 
are consequently on the boundaries of Elementary and Analytical Geometry. 



Dbpinitions. 

28. The number that a quantity is to another of the same 

kind is the number of times^ whole or fractional^ that the 

first contains the second^ or is contained in it.^ 

Thus, if a quantity contams another as many times as a third one oontams 
a fourth and as many times as a fifth contains a sixth, or if the first is con- 
tained in the second as many tiines as a third one is oontamed in a fourth, 
and as many times as a fifth one is contained in a sixth, then the first is to 
the second as the third is to the fourth and as the fifth is to the sixth. 

29. The number that a quantity is to another is called the 
ratio of the first to the second, or simply their ratio : the 
two quantities are the terms of .the ratio; the first one is 
called antecedent, and the second, consequent. A ratio is 

reversed when its terms are interchanged. 

It is evident that if the two terms be equal to each other, the ratio is equal 
to one, and conversely, if the ratio of two quantities be one, they are equal 
to each other ; also, if the antecedent be greater, or smaller, than the conse- 
quent, the ratio is greater or smaller than one and conversely. 

It is equaUy evident that two ratios, each of which is equal to a third, are 
equal to each other [i] ; and also that the ratios of two equal quantities to a 
third one, are equal to each other [i]. Again, two equal ratios remain 
obviously equal to each other when both are reversed. 

1 Or Bometimea the number by which the one exceeds the other. In The Elements 
the expression will be nsed only in the sense expressed in the text. 
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30. Several quantities are proportional when the first one 

is to the second as the third is to the fourth, as the fifth is 

to the sixth, and so on : they are then called proportionals. 

Each of four proportional quantities is said to be a fourth 

proportional to the three others. 

That is, Beveral quantities are proportional when the ratio of the first 
gronp of two is eqnal to the ratio of the' succeeding ones. Hence, if two 
quantities of the same kind contain respectively as many equal parts as 
two other quantities of the same, or another, kind, the four quantities are 
proportional. 

31. The expression of the propoVtionality of four quan- 
tities is called a proportion : the four quantities are the terms 
of the proportion ; the first and the fourth are called the 
extremes^ and the others, the means. A proportional series 
is the expression of the proportionality of more than four 
quantities. The terms of the same ratio in a proportion, or 
proportional series, are corresponding terms. 

Or, a proportion is the expression of the equality of two ratios ; a propor- 
tional series is the expression of the equality of more than two ratios. It is 
obvious that the same mathematical operation which will deduce the first 
consequent from the first antecedent will also deduce the other consequents 
from the corresponding antecedents. 

32. The antecedents of a proportion are said to be homo- 
logous to each other, and so are the consequents. The 
homologous terms of several proportions are those which 
occupy the same rank in each proportion. 

33. Four quantities are reciprocally proportional when the 
first two are the extremes, and the last two the means, of a 
proportion; the four quantities are then called reciprocal 
proportionals. 
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34. A continual proportion is one of which the means are 
equal to each other : each mean is then called a mean pro* 
portional to the two extremes, and each extreme is called a 
third proportional to the other terms. Three quantities of 
which the second is a mean proportional to the two others 
are said to be proportional; they are then called continual 
proportionals. 

35. A multiple of a quantity is the product of that 
quantity by a whole number ; a suhmultiple of a quantity 

is the quotient thereof by a whole number. 

Hence, if one quantity is a mnltiple of another, the second is a snb- 
mnltipl^, or a measure [Oen, Def, 13] of the first. 

36. Equimultiples of several quantities are the products 
of these quantities by th^ saqpe number. 

37. The product of two quantities, or of one of them by 
the other, is the product of the first by the number of times 
that the second contains their common unit ; the product of 
three quantities is the product of that product by the 
third. 

38. The quotient of one quantity by another is the quo- 
tient of the first by the number of times that the second 
contains their common uirit. 

Postulate III. 
Two quantities are to each other a^ their values. 

Theorem IX. 

The sum of the equimultiples of several quantities is equal 
to the sa/me multiple of their sum. 
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Let A, B and be any quantities, and let A\ B* and C be equal 
to the respective products of A, B and by five. 

Because A' is equal to -4 +-4 +-4+^1-1-^1 [Oen. De/. 25], B to 
i?+B+i?-f-5+B, and C to O+O-f-O+O+C, then ^', B' and 0' are 
together equal to -4+^+il+il+^+5+5+J?+J?+5-hO+C+C+ 

0+C, or to ^+B+a+ul+J?+0+^+J?+0+^+J?+0+ii+J?+ 
0, that is, five times the sum of A, B and (7; therefore the sum of 
A', Bf and G' is equal to the product of the sum of A^ B and G by 
f,ve. But the same reasoning could be applied to any number of 
quantities and their respective products by any number; therefore 
the sum of the equimultiples of any number of quantities is equal to 
the same multiple of their sum, W. "W!. T. B. D. 

CoBOLLABT. The differenGe of {he equvnmUijples of two qucmtUies U 
equal to the same nmltiple of their difference. 

Theorem X. 

If two quantities fuwe a c(m/mon measure, they are to each 
other as the nv/mb&i's of times they contain the com/mon 
measv/re. 

Let there be two quantities A and B, having a common measure 
M; let M be contained seven times in A and three times in B. 

Let M be taken as the common unit of A and B ; then the numbers 
seven and three are the values of A and B respectively ^Oen, Bef 15] : 
therefore ^ is to P as seven is to three [Post. Ill], which W. T. B. D. 

Thboeem XI. 

(Eucl. V. 15.) 

As two quantities are to each other, so a/re their equi' 
multiples. 

Let there be two quantities A and B, and let A' and B' be the 
respective products of A and B by three. 
Let u be the common unit of A and B, and let it be contained ^ve 
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tiines in A and seven times m B; then ul is to B as three is to seven 
[Po8<. ill J. Becanse -4 is equal to w+w+t*+w+w, the quantity 2I' 
is eqnal to three times u-\-u-\-U'{-U'{-ui but <^e6 times t4-ft*+t*+ 
u+u is eqnal to <^ee times u-^-three times t^+^^ee times u+three 
times tt+ ^i^ee times u [ix] ; therefore J' is eqnal to fi/oe times three 
tiines f«. Likewise J?' is eqnal to seven times three times i«. Let ^^ree 
times u be taken as the common nnit of A' and ^; then ^t;e and 
men are their respective valnes, and ^' is to ^ as five is to seven : 
therefore ^' is to B' as ^ is to P [i]. But the same reasoning 
could be applied if any other numbers were used instead of five, 
seven and three; therefore, as the quantities A and B are to each 
other, so are their equimultiples A' and B', which W. T. B. D. 

Theobeh XII. 
If two quantiUes contain as ma/ny equal pa/rta as two others 
respectively^ thefov/r qua/ntities a/re proportional. 

Let two quantities A and B contain respectively seven and three 
parts equal to M, and let two other quantities and D contain 
respectively seven and three parts equal to N, 

Because ilf is a common measure to A and B, the quantity A is 
to as seven is to three [x] ; likewise is to D as seven is to three : 
therefore 2I is to B as is to D [i], which W. T. B. D. 

GoBOLiABT. If two quomtities of one hmd eontam respectively as 
man/y equal pwrts as two other quantities of another hind, the four 
quantities a/re proportional. 

thbobbk xm. 

{Ewl. V. 16.) 

If the terms of a proportion a/re qtumtities of the same hmd^ 
the homologous terms a/re proportional. 

Let i£ be to B as is to D. 

Let m be the ratio of A and B; then m is also the ratio of 
andD. 

If m be equal to one, A is equal to B and C is equal to D ; thence A 
is to C as ^ is to 0: therefore ^ is to (7 as B ia to D. 
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If m be gi'eater than one, A is greater than B, and is greater 
than D. Let u be the common unit of B and D, and let u be contained 
three times in B and seven times in D; then J? is to D as three is to 
seven \_Post. III]. Because B is equal to three times i* or u+u-^-u, 
the quantity ^ is equal to m times u+u+u, that is, to m times i*+ 
m times w+m times w [ix]: therefore A is equal to three times m 
times u. Likewise G is equal to seven times m times u. Let m times 
tt be taken as the common unit of ^ and 0; then A is to C as three is 
to seven : therefore -4 is to G slb B is to D [i]. But the same rea- 
soning could be applied if any other numbers were used instead of 
three and seven : therefore the homologous terms are proportional. 

If m be smaller than one, the same reasoning would prove that B 
is to D as -4 is to (7 ; therefore, whatever be the ratio of A and B, 
the homologous terms of the proportion A is to B as G is to D sure 
proportional, W. W. T. B. D. 

Theorem XIV. 

The sums of the homologous terms of a proportion are to 
each oilier as two corresponding terms. 

Let -4 be to 5 as G is to B, 

Let m be the ratio of A and B ; then m is also the ratio of G 
and B. 

If m be equal to one, A is equal to B and G is equal to B; 
nowi -4+0 is evidently to ^+0 as ^ is to -4: therefore A+0 is to 
5+Das -4 is to B. 

If m be greater than one, A is greater than B and G is greater 
than B. Because A is equal to m times. B, and G is equal to m times 
B, the quantities A and G are together equal to m times B together 
with m times B: but m times B+m times D are equal to m times 
B-\rB [ix]; then ^+0 is equal to m times B+B; therefore A-\-0 
is to 5+D as ^ is to 5 or as G is to D. 

The same reasoning could be applied, if m were smaller than onei 
therefore the sums A'\-G and B-¥B are to each other as two corres- 
ponding terms, W. W. T. B. D. 
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CoEOLLAJLY I. The sums of the homologous terms of a proportional 
serieSf a/re to each other as two corresponding terms (Eacl. V. 12). 

C0ROLLAB.T n. The differences of the homologous terms of a pro- 
portion, are to each other as two corresponding terms. 

Theorem XV. 

{EucL V. 18.) 

The sums of the corresponding terms of a proportion are 
to each other as two homologous terms. 

Let -4 be to P as (7 is to D. 

Because ^ is to (7 as JB is to B [xiii], the snm of A and B is to that 
of G and D as ^ is to (7 or as JB is to D [xiv], which W. T. B. D. 

C0ROLIAB.T I. The differences of the corresponding terms of a pro- 
portion, are to each other as two homologous terms (End. V. 17). 

Theorem XVI. 
If two homologous terms of a proportion are equal to each 
other, the other terms are equal to each other. 

Let -4 be to JB as is to D, and let B be equal to D. 

Because ^ is to as 5 is to D [xiii], the ratio of A and C is equal 
to that of B and D .- but the ratio of B and D is equal to one ; then 
that of A and G is also equal to one ; therefore A is equal to G, 
which W. T. B. D. 

CoBOLLABT. If the consequents of a proportional series are equal to 
each other, the antecederds are equal to each other, and conversely. 

Theorem XVII. 

If two proportions have three terms of the one equal to three 

homologous terms of another, each to each, the fourth term of 

the one is equal to that of the other. 

Let ^ be to J9 as G is to D, and let ^ be to B as G is to E, 
Because the ratios of G and D and of G and E are each equal to 
that of A and B, they are equal to each other [i] ; thence is to D 
as is to JE7 ; therefore D is equal to E [xvi], which "W.T.B."D. 
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Theorem XVIII. 
The product of a quantity by another is to the former as th 
latter is to their convmon unit. 

Let P be the product of A by B, and let B be eqnal to m units. 

Because P is equal to m times A [Qen, Bef. 37], P is evidently to J5aB 
m times A is to P; thence P is to P as m times ul is to m tmits. 
Because A is to the unit as m times .^ is to m units [xi], P is to £ 
as A is to the unit [i] ; therefore P is to .i as P is to the unit [ziii]i 
W.W.T.B.D. 

CoKOLLABT. Conversely, if a qucmtity is to am)ther as a thd/rd U io 
thei/r common wait, the first is theprod/uct of the second by the thi/rd. 

Theorem XIX. 

The product of a quamiity by another is equal to that of th 
second by thef/rst. 

Let P be the product of A by P, and let Q be the product of B 
hjA. 

Because P is the product of ^ by P, P is to ^ as P is to (me unit 
[zviii] ; likewise Q is to P as ^ is to ons unit, thence Q is to ^ as P 
is to one unit [xiii] : therefore P is equal to Q [xvii], which W. T. B. D. 

GoBOLLABT. The prod/uct of three qucmtities is the same whaieoer 
be the order m which they are m/ultvpUed. 

Thboeem XX. 

The product of the extremes of a proportion is equal to thai 
of the means. 

Let -4 be to P as (7 is to P ; let P be the product of the extremes, 
and let Q be that of the means. 

Let m be the ratio of A and P ; then m is also the ratio of and 
P. Because A is equal to m times P and G is equal to m times P, 
the product of ^ by P is equal 1^ that of m times P by P, and the 
product of P by is equal to that of P by m times P ; but the pro- 
duct of m times P by P is equal to that of P by m times D [xix] ; 
therefore the product of -4 by P is equal to that of P by (7 [i], which 
W. T. B. D. 
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Thboebm XXI. 

If the product of two quantities he equal to that of two 
therSf they a/re reciprocally proportional. 

Let P be the product of ^ and D; let Q be that of B and 0, and 
et P be eqnal to Q. 

Let D be eqnal to m units ; then P is equal to m times A lOen, Def, 
J7]. Because Q is the product of G hj B [xix], the product Q is to 
as ^ is to one unit [xviii] ; therefore P is also to as B is to one 
nnit : now B is to the unit as m times P is to w units, or D [xi] ; 
then P is to (7 as m times B is to D [i] ; therefore P is to m times B 
as is to D [xiii]. Because ^ is to P as m times ^ is to m times 
B [xi], and m times A are equal to P, the quantity -4 is to P as P is 
to m times B; therefore ^ is to P as (7 is to P [i], which W, T. B. D. 

Theobem XXII. 

If two continual proportions have the extremes of the one 
equal to those of the other, each to each, the mea/ns of the one 
a/re equal to those of the other. 

Let ^ be to P as P is to P, and let ^ be to (7 as (7 is to P. 

Because the product of P by P and that of by (7 are each equal 
to that of -4 by P [xx], the product of P by P is equal to that of Oby C 
[i] ; thence P is to as C is to P [xxi] : but P cannot be to (7 as (7 
IB to P xmlesB the ratio of the corresponding terms be equal to one ; 
therefore P is equal to C, which W. T. B, D. 
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ON LINES. 



PRELIMINARY DEFINITIONS: 
L LINES. 

"A ttraightUne 1« that of whid^the sxtrainity hidM 
all the rest, the eye being placed In the oontiuv^tioA 
of the line." Flaxo. 

" A straight line la that which lie* siinUarly between 
ite extreme point*." Bvclid. 

"A straight line is the shortest distanoe between 
two p(^t8/' AaoxnuEDn. 

lere be imagined three points, the third of which is placed in the same 
i relatively to both the first and the second as the second is placed 
Ly to the first, the distance being disregarded, so that the figure 
by the three points be similar [Gen, Def, 19] to that formed by the ' 
; then let there be imagined a fourth point placed relatively to each 
^receding ones in the same position as the third is relatively to each 
3 preceding it, and so on indefinitely ; the idea of a line will thus be 
ed, all points of which will proceed in the same way, and which will 
i magnitade only from the figure formed by the two first points, or 
» of the points : this line is called a straight line* Thence 

i. straight line is that which is similar to each of its 

L 

evident thai a straight line may have any portion thereof expanded, 
3ed, without ceasing to be straight, for then it remains similar to 

der the better to understand this definition, and all otbiQca ot lloa «iKQ^ '^^^^ 
nujBt be imagined as great aa it can be ; that is, infinite. 

A). 
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each of its parts ; also, that the indefinite ezpanaion of that portion lepro- 
dnoes the whole line. 

Let there now be imagined two points, then a third one not in a stnlf^ 
line with the first two, and a fourth one placed in the same position rdaiift^ 
to the two last ones as the third is placed relatiyelj to the first two; Amb 
a fifth point placed in the same position relatiyelj to the last two, as the 
fonrth is placed relatively to the two points preceding it, and so <s 
indefinitely ; if the distance between these points be imagined to be infinitely 
small, the idea of a line may thus be conceiyed which will differ, not only k 
magnitude, but also in form, from the figure formed by the first two pointi, 
or any two of the points : this line is called a curved Hne. A stQl mon 
complex line would be obtained in considering more than three points it 
first, and in varying the relative position of the succeeding ones. 'Whenoe 

2. A curved line^ or simply curve, is that wldch is not 
similar to each of its parts. 

It is obvious that there can be but two kinds of lines, — ^the straight Hue ind { 
the curve ; and that there can be but one kind of straight line, whilst the 
forms of curved lines may be varied to infinity. 

It follows from what precedes, that two points suffice to produce in the 
mind the idea of a straight line, and that no less than three pointi aze 
required to produce that of a curve. It follows equally from the same, that 
a curved line consists of infinitely small straight lines. 

n. SURFACES. 

'* A plane rarfMe is one whose exknniitles Udi sU 
the intermediate parts, the eye beiiv pbMd in ili 
oontiniiation.'* Fuao. 

"A plane surface is that which lies sfmHarly witk 
the straight line in it." Buouik. 

" A plane snzfaee is that in whidi, anj two pointi 
being taken, the stral^t line Joining them li« 
wholly in that snrfaoe." Hbms. 

Let there be imagined a straight line moving indefinitely out of its length, 
so as to follow another straight line, and keeping constantly the same posi- 
tion relatively to it; the idea of a surface will thus be conceived, which 
will be similar to each of its parts, and is called a plane surface. Whence 

3. A plcme surface, or plane, is that which is similar to 
each of its parts. 

Hence, the indefinite expansion of any portion of a plane reproduces the 
whole plane. 
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Let there now be imagined, a straight line, which, in its motion out of its 
length, follows a cnrre, it will then be possible to conceive the idea of a surface 
Vihieh is no longer similar to each of its parts ; the same wonld happen if a 
Qvnre were conceived to move on a straight line or another curve: this 
mzfaoe is called a curved surface. Whence 

4. A curved sur&ce is that which is not similar to each of 
its parts. 

It is obvious that there can be but two kinds of surfaces, the plane and 
Burved surfaces ; and also that there can be but one kind of plane, whilst 
Burred surfaces may be endlessly varied. 

It follows from the preceding definitions that the idea of a plane is pro- 
olneed in the mind by two straight lines, whilst that of a curved surface is 
produced by curved lines only, or straight and curved lines together. It 
Follows also from the same and from the definitions of the curved line, that 
a curved surface consists of infinitely small planes. 

A plane is of its nature infinite, as is the straight line ; it may contain 
points, straight lines, curved lines, and even finite portions of a plane ; a 
enrved surface may contain points, curved lines, finite portions of a curved 
sorffMse, and sometimes straight lines, but no finite portion of a plane. 

As a surface divides space into portions, these portions must be on 
different sides of \the surface : the definition of a plane snrfaoe shows that it 
lias only two sides. 

5. The two sides of a plane are called its faces. 

In the same manner a straight line contained in a surface has only two 
tides in that surface, and a portion of that surface on each side. Again, a 
point contained in a line has only two sides in that line and a portion of the 
line on each side. 

6. A line, of which all points, and none else, have a 
common property, is called a locus. 

III. DIVISIONS OF GEOMETRY. 

Elementary Geometry is divided into two parts : Plane Geometry and 
Solid Geometry. 

Plane Geometry has for its objects, lines contained in one and the same 
plane, and the portions of the plane limited by such lines. 

The object oi Solid Geometry are suifaces and geometnQ8^\K>^^«. 



CHAPTER L 

ON STRAIGHT LINES. 

SECTION I. 
ON STRAIGHT LINES GENERALLY. 

''XMhenuttiokl proofi, like dijuniMids, an haid M wdl 
M dear, and will b« tondiad Ij Bothing bat strict 
rcaaouinf." Locx& 

Definitions. 

7. When the length of a straight line is known, the line 

is said to be given m magnitude. 

A straight line is of its nature infinite in magnitude and cannot be 
measured ; but a portion of a straight line may be measured by anotiier 
portion. It is evident that the unit for measuring a straight line must be a 
straight line.^ 

8. If two lines have one point in common, they are said 

to nieetf or touch each other; if, when meeting, one of the 

two lines has some of its points on both sides of the other, 

the first is said to cut, or cross, the second, and their common 

point, or intersection, is called their point of section. 

It follows from the definitions^of the plane and of the straight line, that no 
line contained in a plane can have any of its points on both sides of a straight 
line without first cutting it. 

9. A transversal to two or more straight lines is a straight 
line which cuts them in distinct points. 

10. The meeting point of two lines which do not touch 

1 A portion of an infinite straight line is generally called a atraight line for the sake of 
brevity, but the mind must supply the rest of the expression when the sense of a 
sentence indicates that a portion only is zueanis 
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each other, is the point in which they would meet if they 
were indefinitely produced. 

11. The portion of a line intercepted between two por- 
tions of one or two other figures, is called an intercept. 

12. The middle point of a line is that which divides it 
into two equal parts: the middle line of any two limited 
straight lines is that which joins^ their middle points. 

Postulates. 
rV". The elements of a straight line are all equal to another, 

V. There is one, and only one, line which is the shortest 
that can join two points, 

VI. Through any point there may he any number of 
straight lines of any magnitude, 

VII. If aplam,e he folded upon itself the two parts coincide 
entirely with each other. 

Theorem 1. 

All parts of a straight line are similar to each other. 

For, if any two parts of a line had not the same form, the whole 
line conld not have the same form as each of them, and therefore 
would not be a straight line [Bef. 1]. 

CoBOLLABT. The direction of a straight Une is the same throughout 
its extension,^ 



^ Whenever in The Elements the joining of two points is spoken of, the meaning is 
that one i>oint is to be joined to the other by a straight line. 

* Lei the student demonstrate every corollary, and find out the converses and invorsios 
of every proposatiaQ / also demonatrate that they are true or tsAao aa ^^<d <sbaa tx^m ^< 
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Thiobix 2. 

A straight line turning upon two of its points, has none of Hi 
parts out of its first place. 

For each part of a straight line being similar to the whole lioe 
[De/. 1], the figure formed hj each part when taming most neo»* 
sarily be the same as that formed by the whole line. Inversely 

]/ a line, when turning upon two of its points,hasanyofil$partiod 
of its first place, the Une is not straight. 

Theorem 3. 

From any point to anotlier there cannot be more than ons 
straight line. 

^ LetAMBandANB 



^ N M B be two Btrwght lines 

haying their extremities at A and B.^ 

Let the plane containing the two lines be folded npon the straight 
line A M B as an axis ; then no part of A M B will be out of ite 
first place [2]. Should any point N of the other line be oat of 
A M B, that is, on one side thereof, then it would, after the folding, 
have a place N^ on the other side, different from N, and ANB 
would not be a straight line [2] ; but A N B is a straight line [Hyp.] ; 
therefore no point of it is out of A M B ; that is, the two lineB 
A M B and ANB are one and the same straight line, which was to 
be demonstrated. Inversely . * 

If one of two distinct lines joining two points he siroiight, the other 
Une is not siraight, 

GoROLLAET I. Two straight lines having the same extremities are 
not distinct from each other, 

OoEOLLiiBT II. If a plane contain the two extremities of a straight 
line, it contains the whole line, . 

1 It is understood that the two.lines are contained in the same plane, aa all figures 
Uiroaghont Piane Geometry. 
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CoEOLLABT III. If the extremities of two eqwil straight Uiies coin- 
cide, their nUddle points coi/ncide, 

BehoUum, The magnitude of a straight line is determined when 
lis extremities are known« 



Theorem 4. 

Two straight lines which hme two points in eommon^ coin- 
eide with each other thrcmghout their whole extension. 

Let A B G and A B D be two straight lines coinciding in A and B. 

D 

B ^ 

D' 




The parts A B of the two lines coincide with each other, for they 
have the same extremities A and B [3i]. The parts BD and B C 
ooincide also, for if the line ABD, be turned on the point A until 
the point D coincide with a point IK of A B G, there would be two 
straight lines ABD' and A B' D', having the same extremities A and 
jy and not coinciding, which is impossible [3] ; therefore the two 
straight lines, A B G and A B D, coincide with each other throughout 
their extension, "W. W. T. B. D. Inversely 

Two distinct straight H/nes cam/not meet in more than one point, 

GoBOLLABT I. If two straight lines coincide with two others, the 
meeting point of the two first coincides with thai of the others, 

GosoLLABT IL If am/y number of straight Imes^ mset in one point, 
each one has no other point in com/mon with the others, 

GosoLLiBT in. If a pla/ne vndefmitehj extended contain two points 
of a straight Ime, it contains the whole H/ne* 

GoBOLLABT lY. AU stro/ight lines are sim/ila/r to one another, 

1 When two, or any number ^f figures are spoken of in Tke MomQatA, ^tan.^ f^^^ax^i^ 
are aXwajra meant mtlese the contrary be stated. 
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Theoeem 5. 



If two straight lines meet, they ctit each other. 
Let A B be a straight line, and ODE another straight line, 
A B in a point D. 




Let the straight line A B turn upon the point D, until the point A 
has reached some point A' of D. When this motion begins, the 
portion D B of A B is removed farther from D 0, until it has reached 
a position D B' on the side of A B opposite to G D. Because the 
two straight lines A' D B' and ODE have the two points A' 
and D in common, they coincide with each other throughout their 
extension [4] : that is, D B' is the real position of the continuation 
of C D ; therefore C D E has the position G D B', and cuts A B in D, 
which W. T, B. D. Inversely 

If two straight lines, contavned i/n, the so/me plane, ca/n/not cwt eoc^ 
other, they ca/rmot meet 

Theorem 6. 

The straight line is the shortest that can join its extremities. 
Let AMB be a straight line and let AN B be the shortest line 

that can join the points A and B. 

Should A N B not coincide with the straight line AM B, it would 

be all or partly on one side thereof. 
Let it be supposed, first, that ANB is all on one side of AMB. 

Let the plane containing the two lines be folded upon the straight 

line A M B as an axis. No part of A M B will, move out of its first 
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iition [2], and A N B will take a position A N' B on the other side 
i M 6; thence the line A N' B is equal to the line A N B : that is, 
^ B is not less than A N' B ; therefore, if A N B were all on one 
3 of the straight line A M B, it would not be the shortest line 
t can join A and B [Post Y.] 

N' 




lOt it now be supposed that A N B is partly on one side of A M B 
partly on the other; then ANB cuts the straight line in one 
it at least. Let C be the point of section ; then A N B would not 
be shortest line that can join B and C [Dem.], still less the shortest 
i can join B and A: therefore, if ANB were partly on one side 
L M B and partly on the other, it would not be the shortest line 
) can join A and B. 

he same reasoning would prove that if A N B were partly to 
cide, and partly not to coincide, with the straight line A M B, it 
Id not be the shortest line that can join A and B. 
len, if A N B did not coincide throughout with the straight line 
B, it would not be the shortest line that can join A and B ; but 
B is the shortest line that can join A and B [Hi/p.] : therefore 
B coincides throughout with A MB; that is, the straight line 
B is the shortest that can join its extremities. It is evident that 
same construction and reasoning would prove that any other 
[ght line than A M B is the shortest that can join its extremities, 
W, T. B. D. Inversely, 

ly Une which is not the shortest that can joi/n its exttemities, is not 
ght, 

)BOLLABT I. If three points he joined hy straight lines, each to the 
* two, one Une shall he less tha/n the two others together, 
)BOiiLAB.T II. If the lines joining a point to the extremities of a 
ght U/ne a/re together equal to the latter, the point is on the straight 
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SchoUvm. The distance between two points is the length of the 
straight line joining them {Oen, Def, 8). 



Theobsm 7. 

Ttao straight lines which cut each other a/re together greaixr 
than the lines joining their opposite extremities. 

Let A B and C D be two straight lines catting each other in E, and 
let A D and B C join their opposite extremities. 




The lines A E and E D are together greater than A D, and the 
lines E B and E are together greater than B G [6 i] ; therefore Ali 
E D, E B and E are together greater than A D and B [iii]. But 
A E and EB together form the line A B, and E D and E togetiher 
form the line D ; therefore A B and G D are together greater tbaa 
A D and B G, which W. T. B. D. 

G0BOLLA.BT I. Each of two equal straight Unes which ctii eoo^ oHuf 
is greater tha/n each of equal Tmes joining their opposite extreTniUes, 

GoEOLLAET U. If each of two points he joined to both extrenwUes of 
a straight line by Unes each equal to the latter, the line joining ihem 
is greater than each of the others, 

Theobbm 8. 

{Eucl. I. ^1.) 

,If three points he joined by straight lines, each to the others, 
two straight lines joining a point within thefigwre thtis formed 
to the exi/remities of one of the jvrst lines, a/re together less 
than the two other lines. 

Let the points A, B and G be joined by the ^tToi^ht l\xi<&« AB^ A 
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vd B C, and let a point D within the figure thus formed be joined 
» the extremities of the line A B. 




A ^ B 

Let A D be produced to E. Then the straight line A E, or A D 
id D E, is less than A and C E together [6 i] ; also D B is less 
lan D E and E B together: therefore, A D, D E and D B are together 
«a than A G, G E, D E and E B [y]. But G E and E B together 
xrm the line G B; then AD, D E and D B are together less than 
. G, G B and D E; therefore, AD and D B are together less than 
.G and GB [iii], which W. T. B. D. 

GosoLLABT. If three pomts he joined hy stra/igM Imes, ectch to the 
hers, and if three points toithin thefigv/re thus formed he joined hy 
raight Imes in the same way, the inner Unes are together less than 
e ouier Unes. 

SEGTION n. 
ON PERPENDICULARS. 

Definitions. 

13, A straight Kne is said to be given in position, when 
6 position is known relatively to one of its points. 
It follows from the definition of the straight line that its position in rela- 
on to one of its points is the same relatively to eyery olihet oi ^«isi. \VV\\ 
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whence, the direction of a straight line is determined when its poBitiot : 
known relatively to one of its points; that is, when it is given in 

It is evident that two straight lines catting each other have not the 
direction, since they have not the same position relatively to the point ( 
section ; thus, the direction of a strsdght line distinguishes it from any of 
line catting it. It is also evident that if one straight line catting anot 
ohaQges its position relatively to the point of section, the first only oeasestij 
cut the second when the two lines coincide with each other : whence, if iio] 
straight lines, differing however slightly in direction, have a point in 
mon, they cut each other, for a second point in common would make thai] 
coincide [4] , and give them the same direction. 

If two straight lines cat each other, and one of them be conodveiti| 
torn on the common point of section so as to coincide with the other ; the ' 
lines have then the same position relatively to that point and, oonseqneniii}^] 
the same direotion. Now, let the same line be conceived to torn baok io-| 
wards its first position, and then to continae that motion (constantly ehangingj 
its position relatively to the point of section) ontil it again coincides with flu I 
other line, having then a position relatively to the same point, opposite to ^ 
that of the stationary line. The two lines now have opposite poaitioiil 
relatively to their former point of section ; they have conseqaently opponiB 
directions. Bat between the two last^ positions, opposite to each otiier, 
there is a third position as different from one as from the other, and called 
the contrary position. Whence, 

14. Two straight lines are said to have cow-^rary directionB 
when they are as far from having the same direction as they 
are from having opposite directions. 

Hence, straight lines having contrary directions cannot have more than one 
point in common, whilst straight lines having opposite directions may coiii- 
cide entirely, their opposite directions indicating only the manner in which 
they^ have been made to coincide. Thas, when two limited straight lines 
having a common extremity, have opposite directions, the continuation of 
each beyond that extremity coincides with the other line, and has the same 
direction ; that is, two infinite straight lines which coincide, have the same 
direction, althoagh portions of them may have opposite directions. 

If a limited straight line meeting an indefinite straight line, be tamed 
npon the point in common so as to be broaght near coinciding with one of 
the two portions of the indefinite line, it is said to incline towards that 
portion, and to incline the more as the two directions differ the less. 



•v? 
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15. Two straight lines are said to he perpendiculanr to or 
m one another, when they have contrary directions; each 
rf tliem is called a perpendicular. 

That is when no portion of one is inclining towards any portion of the 
other. 

16. Two straight lines are said to be oblique to or on one' 
another f when they have not the same direction, and neither 
opposite nor contrary directions ; each of them is called an 

Mique. 

That is. when a portion of the one is inclining towards a portion of the 
ottier. It is ohyioas that two straight lines catting each other are either 
perpendicular or obliqae to one another. 

17. The intersection of two straight lines is called the 
foot of each portion of the perpendicular or of the oblique. 

If a perpendicnlar, or an oblique, to a straight line, do not touch it, 
its foot is determined by the intersection of its continuation with that of 
the straight line. 

Since there may be, on any point of a straight line, another straight line 
catting it, it is evident that there may be a perpendicular on any point of a 
straight line. 

1 8. The perpendicular on the middle point of a straight 
Une, is called the middle perpendicular on that line, or its 
middle perpendicular. 

19. The projection of a point on a straight line is the foot 
of the perpendicular drawn from the point to the line. The 
projection of a straight line on another is the distance be- 
tween the projections of its extremities on the latter. 

Postulate VIII. 

From any point without a straight line there may he a per- 
penddcula/r to it. 
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Theobem 9. 

Through a point of a straight line, there ccmnot he more 
than one perpendicula/r to it. 
Let AB be a straight line perpendicular on G D throagli the point Ifi. 

A 



E 



'H IB 

The position of A B relatively to the point E is contrary to that of 
D relatively to the same point [De/. 15] : that is, the direction of 
A B differs equally from those of E and E D [De/. 14]. Any other 
straight line I H cutting D at the point E has on one side of 
AE a portion IE, the direction of which differs more from that 
of E C than from that of E D ; therefore I H will be an oblique to 
C D [De/. 16]. As the same reasoning could be applied to any 
straight line cutting D through E, but A B itself, it is evident 
that through the point E there can be but one perpendicular to 
D. The same construction and reasoning could be applied to a 
perpendicular through any other point than E of CD, or of any 
other straight line ; therefore, through any point of any straight line, 
there can be but one perpendicular to it, W. W. T. B. D. Inversely 
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le of several straight Jmes cuttmg another ai the same point is a 
Mcvlar to the latter, aU the others are ohUque to the same* - 
)LLABT 1, If a pUme be folded upon a straight Une, every 
iioular to the laMer coincides with its contvMMiion beyond its 
id oonyersely. 

)LLABT n. If through a point of a straight Une, a perpendicular 
3d to it on each side, each one is the continuation of the other. 



Thbobex 10. 

m a point without a straight Une, no more than one per- 

ula/r cam, he droAvn to it. 

%. 

I! D be a perpendiciilar to the straight line A B from the point 0. 
D E be another perpendicular to A B drawn from the same 

C 




) without A B, and let C D be produced until D C is equal to 
LOW let the plane containing the figure be folded upon A B as 

f 

3 : then D will coincide with its continuation D 0' [9 i] 
e point with C, and E will have the position 0' E. But 
a perpendicular on A B [^Consf] ; then 0' E is also perpendicu- 
A. B, and is the continuation of C E [9 ii] : therefore E C is 
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a straight line. But there is ah'eady C D C a straight line having 
the same extremities; therefore OEC coincides with GDC [3]: 
that is, E is none other than the perpendicular G D itself and 
is not distinct from it,* W. W. T. B. D. Inversely 

If one of several straighi lines joining a poi/nt to an indejmite straight 'j 
line, he perpendicular to the latter, the others are ohUque to the same, 

GoROLLABY. Ml perpendiculo/rs to a straight Une from every poi/ni of 
am, ohUqvs to it, a/re on the sa/me side of the ohUque, 

Scholium, A perpendicular to a straight line is determined when 
one of its points is known. 

Theoeem 11. 

Of all strcdght lines drcuwn to an indefinite straight IvM 
from a point without it, the perpendicular is the shortest. 



—3 



Let G D be a perpendicular drawn to the straight line A B from ^ 
point G without it. 



1 Let fihe student supply here, as in most other demonBtrations, the rest of the reason- 
ing suppressed for the sake of brevity. 
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Let G E be an oblique to A B from the same point C, and let G D 
"be produced to 0' until D C' is equal to D C, and let the points C' and 
U be joined; now let the plane containing the figure be folded upon 
A B as an axis: then DC will coincide with D 0' [9i] and with 
C Because the lines OE and C'E have the same extremities, 
C E and C' E are equal to each other [3 i] ; but C D C' is a straight 
line, then D G' is le3s than C E and C' E together [6 i], therefore half 
of C D C', or C D, is less than C E [vii]. The same construction and 
reasoning would prove that D is shorter than any other oblique 
drawn from the point C, therefore D is the shortest line that can 
be drawn from the point to the line A B, which W. T. B. D. 
Inversely 

If a straight line is not the shortest joining a jpoint to cm indejmite 
straight line, it is not perpendicular on the latter. 

Corollary I. Conversely, if a straight Une is the shortest that can 
^oin a point to an vndejmite straight line, it is perpendicular on the 
Udter, 

Corollary II. The greater of two unegual straight Imes joining a 
ooint to an indefinite straight line, is an ohlique to the latter, 

SchoUvm,, The distance from a point to a straight line is the 
length of the perpendicular drawn from the point to the line 
'Gen, Bef, 8). 



Theobem 12. 

Two ohUques to a si/raight Une from a point without it, 
vhich have eqvM projections on the latter, a/re equal to each 
ther. 

Let G D and G E be two obliques on A B; let G H be a perpen- 
icnlar on A B, and let D H be equal to H E. 

Let the plane containing the figure be folded upon C H ; 
lien H B, perpendicular on C H, will coincide with its con- 
inuation [9i]. Because HE is equal to KD [Hajp-i^^tti^ ^m\» "Sk 



so 
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will ooincide with D ; thence the two obliques G E and G D have nov 




the same extremities : therefore they are equal to each other [3i], 
W. W. T. B. D. Inversely 

Two tmequal ohliqties to a straight line from a point without it hm 
unequal projections. 



Theobem 13. 

Two obliques to a straight line from a 'point without U, 
which have unequal projections on the latter, are unequal. 

Let G D and G E be two obliques on the straight line A 6 ; lei 
G n be a perpendicular on A B, and let the projection H E of 
one be greater than the projection H D of the other. 

Let H D' be equal to H D ; let also G be joined to D'; then CD 
wHl be equal to G D' [12]. 

Let also G H be produced to C until H G' is equal to H 0, and let 
the point G' be joined to E and D'. Now let the plane containing 
the figure be folded upon A B, then H G will coincide with H C 
[9i] and the point G will coincide with G^ Because the lines 
GE and G'E, have the same extremities, they ore equal to eadi 
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r [3 i] ; also D' is equal to C D'. Now C B and B 0' are to- 
Br greater than D' and D' 0' [^; therefore B is greater than 




[vii] : but D' is equal to D [Dcm.] ; therefore E is greater 

D, which W. T. B. D. Inversely 

70 equal ohUques to a atradght Ime from a poi/nt wUhout it, have 

1 jprojections on the latter, (Oonv. of 11.) 

BOLLABT 1. Of two ohUques to a straight line from a point without 
e greater is that which has the greater projection, and conversely. 
BOLLABT II. A straight Une carmot he joined to a point without it 
ore than two equal straight lines, 

BOLLABY III. If a povnt is equally ddstcmt from the extremities 
straight H/ne, it is less distant from any other point of the same 
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Theorem 14. 

Each point of the middle perpendicular on a straight Urn is 
equally distant from the extremities of the latter. 

Let C D be the middle perpendicular op the straight line AB. 




Let any point of D be joined to A and B. The two obliques 

A and B, having equal projections D A and D B [^Hyp."], are 
equal to each other [12], therefore the point is equally distant from 
the extremities of AB \_Gen, Def, 8]. As the same construction 
and reasoning could be applied to any other point in G D, it is evident 
that each point of D. is equally distant from the extremities of 
A B, wliich W. T. B. D. Inversely 

Any poi/nt which is not equally distcmt from the extrendtiea of a 
straight line, does not belong to its middle perpendicvla/r. 



Theorem 15. 

Any point without the middle perpendicula/r on a si/ra/ight 
Ime is not equally distant from the extremities of the latter. 
Let D be the middle perpendicular on a straiglht line A B. 
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Let any point K withont the line D be joined to A and B ; then 
X A will cut D [De/. 8] in a point 0. 




Let the points and B be joined. The straight line K B is less 
than KO and OB together [6i]; but OA is equal to B [U]; 
therefore K B is also les& than K and A, or K A : that is, the 
point K is not equally distant from the extremities of A B, which 
W. T. B. D. Inversely 

Every point equalVy distomt from the extremities of a straight Jme 
belongs to its middle perpendicula/r. (Oonv. of 13.) 

GoBOLLABY I. A poi/nt placed between one extremity of a straight 
U/ne a/nd its middle perpendicula/r is nea/rer to that extremity tha/n to 
the other, 

CoBOLLASY II. A straight line ham/ng two of its points equally dis- 
ta/ntfrom the exi/r&m/ities of another , is the middle perpenddrcula/r on the 
latter. 

OoBOLLARY HI. A si/raight Ime is bisected by the perpendicula/r, one 
point of which is equally distant from its extremities. 

Scholiwnfi. The middle perpendicular on a straight line is the locus - 
of all points equally distant from the extremities of the latter 
(Bef 6). 
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SECTION ni. 

ON PARALLELS. 

Definitions. 

*' Geometer* luiTe vnuUy'prafeRed to deflae pndU 
linn by the property of being in the wme plene ad 
never meeting. Thia, howerer, haa zendezed it neen* 
aary for them to aarame, aa an additional axiom, aona 
other property of parallel linea ; and the nnaatJifactaty 
manner in which propertiea for that porpoae bsra 
been aeleoted by Euclid and othen ha* always b«n 
deemed the opprobrium of elementary geometry." 

Mill 

When two Btraight lineB coincide with each other, they have the same 
direction, but are not distinct ; they may however be conceived to be sepa* 
rated from one another, but kept in the same position relatively to each 
of their points, that is, with the same direction; they are then said to be 
parallel to one another. Whence 

20. Straight lines parallel to one another, or parallels, are 

straight lines having the same direction. 

It has been seen that two straight lines which coincide are said to have 
either the same direction or opposite directions, according to the manner 
they are supposed to have been made to coincide; so also two straight 
lines which do not coincide, but have the same direction, are said to have 
either the same direction or opposite directions, according to the manner 
they are supposed to have been brought into their respective positions; 
thus, two straight lines having opposite directions may also be said in- 
differently to have the same direction or opposite directions ; consequently 
they are parallel. 

It follows from this definition that two parallels cannot have one common 
point without coinciding throughout their extension; whence, straight lines 
cutting each other are not parallel, which is already evident from the fact 
that they have not the same position relatively to the point of section, and 
consequently, have not the same direction. It follows also that two dis- 
tinct parallels remain throughout on the same side of each other. 

It is obvious that when two straight Hnes contained in the same plane are 
neither perpendicular nor parallel to one another, they are oblique. Per- 
pendicularity ^ obliquity f and parallelism are thus the only three positions 
that two straight lines may assume relatively to one another : of these, per- 
pendicularity and parallelism are the most remarkable. 

21. The like extremities of two parallels are those which 
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are on the same side of a transversal ; the unlike extremities 
are those which are not on the same side of a transversal. 

It is evident that straight lines joining the unlike extremities of two 
jparallels cat each other between these parallels ; the straight lines which join 
-their like extremities, although their prolongations may out each other, have 
so point in common between the parallels. 

Theorem 16. 

Two perpendicfidms on the same straight line a/re parallel 
to one a/nother. 

Let the straight lines A B and C D be both perpendicular to the 
indefinite straight line E F. 



C 



h 



1) 



Let the intercept A be reduced until the points A and C coin- 
cide, then the straight line E F will not have changed in position ; 
but the perpendiculars A B and D will coincide with each other [9] : 
therefore they have the same direction ; that is, they are parallel to 
each other, W. W. T. B. D. Inversely 

If one of two a^aight Imes oblique to each other he perpendicula/r to 
a thi/rd, the other is not perpendicula/r to the sa/me. 

GoROLLABY L A perpendicular c^nd cm oblique to the same straight 
line are ohUque to each other, 

CoBOLLABT II. Fromt any poimt without a straight line a pa/raMel may 
he drcvwn to the latter [Post YIII]. 
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Theorem 17. 



A perpendmdar to a straight line, is perpendicular to its 

parallel. 

Let A B and G D be two straight lines parallel to each other, and 
let M be a perpendicular to A B and cut D in N. 
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If M and D were not perpendicular, then D and A B would 
not be parallel to each other [16 i] : which is impossible \_Hyjp,'\y there- 
fore M and D are perpendicular to one another, W. W. T. B. D. 
Inversely 

An ohUque to a straight Une is oblique to its pa/rallel, 
■ OoROLLAKT I. Two paroMelSf however fa/r pro&uced, do not meet each 
other (10). 

OoROLLART 11.- If one of two parallels he perpendimLar to a straight 
line, the other is perpendicula/r to the same. 

GoROLLABY III. Two parallels to the same straight Une a/re pa/raUel 
to each other, (Bucl. I. 30.) 

OoROLLAET IV. No more tha/n one pa/rallel can he drawn to a airaight 
U/ne through a point without it (9). 

SchoUum. A parallel to a straight line ia determined wheti one of 
its points is known. 
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Theorem 18. 

{Eucl. Ax. 12.) 

A perpendicular cmd an oblique to the sa/me straight line, 
zvhen indefinitely produced, cut each other} 

Let A B be a perpendicular to M N, and C D an oblique to the 
same. 




Let D be conceived to turn on the point N so that it inclines 
more and more on MN. When OD coincides with NM, it cuts 
A B in M. |Let D, still turning on the point N, move back to 
a position CD' between NM and its first position; it will then 
cut A B in a point E distinct from M. 

Now let D move back to its first position. As long as its 
direction is different from that of A B, that is as long as it is not 
perpendicular to M N, it will cut A B ; for at whatever point D 
should be conceived to leave A B, these two straight lines would have 
one point in common and differ in direction : therefore they would 
still cut each other [5]. But D is not perpendicular to M N 
[fl'^yjp.] ; therefore, if indefinitely produced, it will cut A B, which 
W.T.B.D. Inversely 

A straight lims ie perpendicula/ir to another if, however far 'produced, 
it earn/not meet another perpendicula/r to the same. 



^ The Btadent must here, as throughout Plane Gteometry, supply the conditioii that 
these lines be contained in the same plane. 
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OoAOLLABT I. Two straight Imes not pa/rallel to one cmotheff when 
indefinitely produced, cut each other. 

CoROLLAJLY II. The perpendiculars to straight Unes oblique to om 
another, when indefinitely produced, cut each other. 

OoaoLLART III. If a straight line cut another, the first, when mdefi' 
nitely produced, cuts every parallel to the second. 

Scholium. Two parallels meet at an infinite distance. 



Theobem 19. 

Two parallels are equally distant from each other through- 
out their extensions. 

Let A B and D be two parallels. 
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From any point and D of D let there be drawn to A B two 
perpendiculars A and D B : the lengths of these two lines will be 
the distances from the points and D to A B [11]. Let also M N 
be the middle perpendicular on the intercept A B, cutting D at 
the point N [18 iii] : it will also be perpendicular on D [16]. 

Now let the plane containing the figure be folded upon MN. 
Then M B will coincide with M A [9 i] and A with B, also N D with 
N C [9 i]. Because the straight lines M A and M B coincide with 
each other and become one and the same line, the perpendiculars 
B B and C A coincide with each other [9], and the point D, already 
coinciding with some point in N G, coincides -with the point C. 
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lUBB the perpendicnlars D B and G A haye now the same ex- 
lities, they are equal to each other [3 i] ; therefore the points G 
D are equally distant from A B. As the same construction and 
oning would prove that any other points of GD are equally 
Eint from A B, and also that all points of A B are equally dis- 
f rom C D, it is evident that the parallels A B and G D are 
ughout equally distant from each other, W. W. T. B. D. In- 
ely 

strcdght Une having jpointa v/n,equally distant from am^ther, is not 
llel to the latter, 

)BOLLAB,Y I. The intercepts of two parallels between two per^ 
'iculars*a/re equal to each other, 

»£OiiLABY II. If two parallels he cut hy two perpendiculars, the 
lie perpend/lcula/r on one of the intercepts bisects the opposite one. 



Theorem 20. 

straight line which has two of its points equally distant 
', another, is parallel to the latter, 

it A B be a straight line, having two of its points A and B 
Uy- distant from the straight line G D. 




b A C and B D be perpendicular to G D ; then they are equal to 
other [11 i]. Let M N be the middle perpendicular on the inter- 
D D, and let the plane containing the figure be ioVded. xxpoii^'l^ 
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then N D will coincide with N [9 i], and, as they are equal to each 
other, the point D will coincide with the point G. Becanse the straigfai 
lines N D and N G coincide and form then one and the same line^ 
the perpendicular B D will coincide with A G [9], and, as they are . 
equal to each other, the point A will coincide with the point E 
Because M A and its continuation M B have now the same extremi- 
ties, they coincide ; thence A B is perpendicular to MN [9 i] : there- 
fore A B and G D, being both perpendicular to M N, are paraUd io 
each other, W. W. T. B. D. 

GoAOLLABY I. Jf tvoo po/Kallels he cut by two perpendievlofrBt ih» 
middle Vine of two opposite imiercepts is pa/raUel to the others. 

GoBOLLAEY II. If two parallels he cut hy two perpendiculars, ikt 
middle Unes of opposite intercuts are perpendicular to each other, cmd 
hisect each other, 

Thboebm 21. 

The straight lines joining the like extremities of two equal 
parallels, are parallel. 

Let A B and G D be two equal parallels, and let their like extremi- 
ties be joined by the straight lines B D and A G. 

B D 




E A 



Let A G be produced on both sides of the parallels to E and F, and 
let there be drawn from B and D two perpendiculars B I and D'Rcm. 
E F. Let the intercept A G be reduced until the points and A 
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coincide with eacli other [Oen, Def, 22] ; the parallels A 6 and .0 D, 
liaying then one point in common, will coincide with each other. 
IThe lines A B and C D being eqnal to one another IHyp.'], the points 
ZB and D will coincide with each other, and also the perpendicnlars 
3)H and BI on EF [10]; the lines D H and B I will then meet E F 
at the same point : that is, the points H and I will coincide with 
«ach other. Because the perpendiculars D H and B I have the same 
extremities, they are' equal to each other [3 i] ; thence the straight 
line B D has two of its points, B and D, equally distant from A H : 
therefore B D is parallel to A H [20], which W. T. B. D. 

CoBOLLA»T. Two equol pa/ralleh have equal projections on the 
straight Vines which pass throrigh their like extremities, 

Theobem 22. 

Conversely, the intercuts of two parallels between two 
parallels are equal to one another. 




I Let A B and C D be the intercepts of two parallels between tho 
parallels AG and B D. 
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Let GH be equal to AB, and let BH be joined; then BHii 
parallel to A [21]. But B D is parallel to A IHyp,'], tberdfow 
B H and B D coincide with each other [17 iv], and also D and E: 
that is CD is equal to GH. But GH is equal to AB[OofMil 
therefore G D and A B are equal to one another, W. W. T. B. D. 

GoROLLART I. The intercepts of cmy number of pa/raUeLs he^eea^ im \ 
parallels a/re equal to one am^ther, 

GoROLLABT II. The Vines joining the Uke extrendtiea of two egvd 
parallels, a/re equal to ea^h other, 

GoROLLART III. The pa/rallel to one of the intercepts of two pa/raUib 
cut by two other pa/rallels, through the rrdddle point of one of Hu 
adjoining intercepts, bisects the other adjoining one, 

GoROLiART lY. If two parallels be cut by two other pa/irciJMs, flk« 
middle line of two opposite intercepts is 'parallel a/nd equal to the othn' 

GoROLLART Y. If two parallels be cut by two other paralleU,ikii 
middle lines of opposite intercepts, bisect ^ach other. 



Theosem 23. 

If two pUrallels he equally distant from a third parallelj 
tlie intercepts of a transversal between the three pa/rallels a/re 
equal to each other. 
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Let AB and GD be two parallels equally distant from EF, 
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parallel to them, and let AH and H D be the intercepts of a trans* 
Tersal A D between the three parallels. 

Let H I and D K be two perpendiculars to E F, through the points 
H and D, and let I K be joined. Becanse two parallels are throngh- 
oat equally distant from each other [19], and E F is equally distant 
from A B and C J), the line H I is equal to D.K ; because H I and 
D K are both perpendicular to E F, they are parallel to each other 
[16]: therefore IK is parallel [21] and equal [22 ii] to HD. Be- 
cause IK is x)arallel to AD, the intercepts IK and A H are equal 
to each other [22] ; therefore H D is equal to A H [i], which W. T. 
B. D. Inversely 

If the intercepts of a tromsversal between three paraUeU he unequal, 
ihe^ middle pa/raMel is not equally dista/nt from the others, 

OoBOLLABY I. The intercepts of a transversal between any nvmher of 
equally distant pa/rallels a/re equal to one another, 

CoBOLLAET II. The point of the intercept of a transversal between 
two parallels, which is equally dista/nt from both parallels, is the middle 
point of the intercept. 



Theorem 24. 

Conversely, if the intercepts of a transversal between three 
parallels he equal to each other, the middle parallel is equally 
distant from tlie others. 




Let A B^ C D and E F be three parallels^ aud let V^i^ \\i\>^TQ.^^\i<& 
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AH and H F of a transversal A F between them be equal to each 
other. 

Let F K be a perpendicnlar on C D ; let K I be a parallel to AF 
through the point K, and let H I be joined. Because the intercepts 
A H and I K are equal to each other [22] and H F is equal to AH 
IHyp*^, the line I K is equal to H F [i] ; therefore H I and F K ore 
parallel [21] and equal [22 ii] to each other. But F K is perpen- 
dicular to D [16] ; then H I is also perpendicular to D [17 ii]: 
therefore C D is equally distant from A B and E F [11], which 
W. T. B. D. Inversely . 

If two pa/rallels he unequally distcmtfrom a third parallel, the inter- 
cepta of a tra/nsveraal between the three pa/ralleU a/re v/nequal, 

CoaoLLARY I. If two pa/rollels vmequally distcmt from a Mri 
parallel he cut hy a transversal, the mtercept of the latter between iie 
third and the more distant pa/raUel is greater tha/n that between tte 
third and the less. 

Corollary II. If the vntercepts of a tram^sversdl between amy rvm^ 
of parallels he equal to each other, the pa/rallels are equally dista/nt 
from each other. 

Corollary III. The middle Une of the vntercepts of two tranversak 
between two parallels, is parallel to the latter, a/nd equaliy distant from 
both of them. 

Corollary IV. A straight Une jovnin^ two pa/rallels biaeets every 
other straight line joining the parallels through its ndddle point 

Corollary V. Two pa/rallels a/re equally distant from the middle 
point of the intercept of a transversal between them. 



Theorem 25. 

If two pa/rallels be cut hy two other parallels, the lines 
joining the unlike extremities of two opposite intercepts 
bisect each other. 

Let AB and C D be the intercepts of two parallels, between the 
parallels A C and B D. 
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Let A D and B be joined; let H I be the middle line of the in- 
sercepts A C and B D, and M 'N that of the intercepts A B and D ; 




«nd let O be the intersection of H I with A D : then H I bisects A D 
"24 iii] ; that is, the point is the middle point of AD. Because 
Bl N is the middle line of the intercepts A B and C D, the line M.N 
Disects A D, that is, cats A D at the point ; therefore the point 
Ls the intersection of HI and MN. The same reasoning would 
prove that B G is also bisected by H I and M N at their point of 
section, that is in the same point ; therefore the lines A D and 
B bisect each other, W. W. T. B. D. Inversely 

If two straight Imes cut each other in imequai parte, the lines.joinc 
ing their ojpposite extrendtiee a/re not poA'allel to each other. 

Oo&OLLA&Y L The lines joining the unlike extremities of two equal 
pa/raUels bisect each other. 

GosoLLAKY II. The line joining unlike extremities of two equal 
paraUels, bisects their middle line. 

GoBOLLABT III. The middle points of two eqmd parallels, and of 
the lines joining their wnlihe extremities^ are points of the same 
straight Une. 

GoBOLiART IV. If two parallels be cut by two perpendiculars, the 
Unes joining the unUhe extremities of their intercepts are equal to 
ea>ch other. 



TfiEOBEH 26. 
If two straight Unes bisect each other ^ the lines joining their 
opposite extremities areparallel to each other. 

1£ 
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Let A B and G D be two straight lines bisecting each other in 0, 
and let AD and C B join their opposite extremities. 




Let D E be parallel 
and equal to A B, and 
let B E be joined; 
then BE is parallel 
to AD [21]. LetEF 
be a parallel to DC 
through the point E, 
and G F a parallel to 
AB through the point 
G; let also AB be 
produced to a point 
H of EF: then DC 
is equal to E F. Be- 
cause H is equal to 
DE [22], and conse- 
quently to A B [i], the line B H is equal to A [viii], and conse- 
quently to B [i] ; that is, B is the middle point of H. Because 
is the middle point of D C, the point H is the middle point of E F 
[22 iii]. Because the straight line joining the points G and E passes 
through the point B [25 iii], it coincides with GB and BE [4]; 
thence G B E is a straight line : but A D is parallel to B E [Dem.]; 
therefore A D is parallel to G B, which W. T. B^ D. 

GoROLLAEY I. If two straight Imes bisect each other, the Um» 
joining their opposite extremities are equal to each other, 

G0R0LLA.RY II. The intersection of two straight Ivnes bisecting each 
other, a/nd the middle points of the lines joining their opposite e»- 
tremities, a/re points of the same straight line. 
' GoROLLARY III. If two equol straight lines bisect each other, <tw 
opposite Unes joinvng their extrem/ities are perpendicular to the two 
others. 
GoROLLARY lY. Two cquol straight lines, the extremities of which 
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e jointed hy lines, each equal to ea/ih of them,, a/re paraZlel to each 

her, 

C0BOU1&.BY Y. If two straight Tines he cut hy two transversals which 

t each other, and if the 'parts of each of the latter determined hy the 

vats of section he equal to each other, the two straight lines are 

rallel to ecuiK Other, 



SECTION lY. 
ON SYMMETRY, 

* 

Definitions. 

22. Two points, or lines, are said to be symmetric to a 
}raiglit line when, on the plane containing them being 
>lded upon the latter as an axis, these points, or lines, co- 
icide with each other. Each of them is said to be the 
ym/metric of the other, find the straight line to which they 
re^ symmetric, is called their line of symmetry. 

It is ob^ioas that symmetrio lines are eqnal to each other, and that the 
ztremities of symmetric lines are symmetric, also that points of symmetric 
ines equally distant from their symmetric extremities are symmetrio. It is 
Iso eyident that straight lines are symmetric, and consequently equal to 
ach other, when their extremities are symmetric [3 i] ; thus the line join- 
Qg symmetrio points to a point of their Une of symmetry are symmetric 
Jid equal to each other. Again, it is evident that the intersection of the 
ymmetrios of two straight lines is the symmetrio of that of the two 
ines.^ 

Theorem 27. 

Two points symmei/ric to a straight line have the same pro- 
ection on the latter, 

> Whenever in The Elements several figmres are said to be symmetric, it is meant 
ymnutrie to ths $afM ttraiglU Kn«, nnless the contrary be stated. 
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Let A and B be two points symmetric to the indefinite straight 
iineXY. 

A 



D 



Let A C and B D be two perpendioolars on X Y ; then C is the 
projection of the point A on X Y, and D the projection of the point E 

Let the plane containing the figure be folded upon XY; then 
the points A and B will coincide [,Hyp*2» s^nd also the perpen- 
diculars A G and B D [10] ; therefore the points G and^D coindde 
also, and are one and the same point : that is, the points A and B 
have the same projection on their line of symmetry, W. W. T. B. D. 

GoBOLLABT I. Two Symmetric Unea have the same projection on the 
line of symmetry. 

GoEOLLARY IL The perpendicvla/rs ffom symmetric points to the Im 
of symmetry, a/re symmetric, "^ 

Go&OLLAAY III. Two points sym/metric to a straight line are equaJHii 
distant from it 

Theorem 28. 

A straight line is tlte middle perpendicula/r on the line 
ioining two points symmetric thereto. 



Let A and B be two points symmetric to X Y. 
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Let perpendiculars be drawn from A and B to X Y. They will 
have the same foot [27], and will be equal to each other [27 iii] ; 
also, C B will be the prolongation of A [9 ii] : therefore X Y is the 
middle perpendicular on A B, which W. T. B. D. 

CoROLLAKT. TTiB Uties joining two points to their respective symmetries 
are parallel to each other (16). 



Thboeem 29. 

Conversely, the extremities of a straight line are symmetric 
to its middle perpendicular. 

Let C D be the middle perpendicular on the straight line A B. • 



C E 



B 



D 



Let E be the middle point of A B, and let the plane containing 
the figure be folded upon C D ; then E B will coincide with its 
prolongation E A [9 i], and the point B with the point A : there- 
fore the points A and B are symmetric to C D, which W. T. B. D. 

CoBOLLABY I. Every povnt equally distant from two others, belongs 
to their line of symmetry. 

CoKOLLAB,T II. If the extremities of two equal straight Unes hejovned 
by two other lines, each equal -to the first, two adjoining lines a/re 
symmetric to the line joining their common extremity to the com/mon 
extremity of the others. 
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- Theorem 30. 

Tf two symmetric straight lines ^ not parallel to each other, h 
indefinitely produced, they shall meet on the Une of symmeiry. 

Let A B and G D be two stfaiglit lines oblique to each other, and 
symmetric to X Y. 




If AB and CD be indefinitely produced, they will meet [18 i]. 
Let E be the point where the prolongation of AB meets that of 
D, let H be the point where D produced cut X T, and let B H be 
joined. Now let the plane containing the figure be folded on 
X T ; then H will coincide with A H. But H is a- straight 
line ; therefore A H is also a straight line : that is, B H is the pro- 
longation of AB. But BE is the prolongation of AB [Ooiwt.]; 
therefore B E coincides with B H [4], and the point E with the point 
H: that is, AB and CD produced cut XY at the same point, 
W. W.T. B. D. Inversely 

If two straight l/i/nes meet without cmother, no pa/rts of them are 8ym* 
metric to the latter, 

CoROLLART I. If two Symmetric straight lines cut each other, the in- 
tersection is on their line of sym/metry. 

CoEOLLABT II. If the perpendicula/rs through symmetric povnts of 
symmetric straight Vines, not parallel to each other, he indefinitely pro* 
d/uced, they shall meet on the Ime of et/mmeiri/, and conversely. 
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Theorem 31. 

If a straight line cut the line of symmetry, its symmetric 
is a straight line. 

Let A B be a straight line cutting the indefinite straight line X Y 
InH. 




Let the points C and D be the symmetries of the points A and B to 
X Y respectively ; let A and B D be joined, cutting X Y in E and 
I ; also let the point H be joined to G and D. Then G H will be the 
symmetric of AH, and HD that of HB; that is; GHD will be 
the symmetric of the straight line A H B. 

Let the part E AH BI of the figure turn upon XY as an axis, 
the rest of the plane remaining fast, so that E A H turn on one side 
of the plane and H B I on the other side of it, until A H coincides 
with its symmetric G H. The whole of the straight line AB will 
again be in the same plane with the rest of the figure [4 iii], and 
H B will coincide with its symmetric H D. Now GHD coincides 
throughout with A H B ; but A H D is a straight line \_Syp,'] : there- 
fore GHD alsoas a straight line, W. W. T. B. D. 

GoBOLLABY. If two symmetric straight lines meet on the Ime of 
symmetry, their equal conivnuaMons beyond that line shall he sym/metric 
thereto, 

SchdWum, The Bymmetrio of a straight line iB a EtTa\^\tX\ii^. 
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Theorem 32. 



The straight lines which join each of two points to the 
symmetric of the other, cut each other on the line of sym- 
mei/ry. 

Let the points G and D be the symmetries of the points A and B to 
the indefinite straight line X Y respectively, and let A be joined to D 
and B to C by two straight lines, cutting each other in E. 




Let the point H, where AD cuts the line of symmetry X Y, be 
joined to B and G ; then G H B will be the symmetric of A D : there- 
fore G H B is a straight line [31]. But G E B is a straight line [Hypi 
having the same extremities G and B ; therefore G E B coincides 
with G H B [3 i], and the point E is one and the same with the point 
H : that is, the straight line joining B to G cnts A D on the line of 
symmetry, W. W. T. B. D. Inversely 

If two straight Imes meet without the line of sym/metry, their ex- 
tremities a/re not symmetric thereto. 

GoROLLABT I. The straight 1/l/nes joining each of two povnts to the 
sym/metric of the other, are sym/metric, 

GoBOLLABT II. If the li/ne joining a povnt to the symrfietric of the 
other cut the line of sym/metry, the continuation of the line joining 
thevr intersection to the second point shall pass through the symmetric 
of the first. 
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Theorem 33. 

Every point of each of two parallels equally distant from a 
thirdy has in the other a symmetric to the third parallel. 

Let AB and CD be two parallels, equally distant from their 
parallel X Y. 

ABB 



■ 
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Let E H be a perpendicular to A B catting X Y in I ; then E H 
is perpendicular to X Y and G D [16]. Because I E is equal to I H, 
[SyP'^t the line X Y is the middle perpendicular on E H ; therefore 
the points E and H are symmetric to X Y [29], which W. T. B. D. 

CoBOLLABT L The intercepts of two parallels, equidistcmt from a 
third, between two perpendicula/rs to the latter, a/re symmetric to the 
swme. 

OoBOLLAKY II. The intercepts of two parallels between two per- 
pendiculars are symmeiric to the middle line of the intercepts of the 
perpenMdilars between them, 

CoBOULAJBLT III. If two equal straight Jd/nes bisect each other, two 
opposite Unes joinvng their extremities, are symmetric to the middle 
Vine of the two others, 

OoBOLLABT lY. Two symmietric parallels are parallel to their line 
of symmetry. 

Theorem 34. 

If two symmetric straight lines bisect each other^ they are 
symmeti'ic to the perpendicula/r on the line of symmetry 
drawn throiLgh their intersection. 
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- Let the points C and D be the symmetries of the points A and B to 
the indefinite straight line X Y respectivelj, and let the lines joining 
A to D and B to G bisect each otber in E. 




Then the point E is on the line of symmetry [32]. Let A B and 
G D be joined, and let H I be a perpendicular on X Y, drawn through 
the point E. Because A B and G D are parallel to each other [26], 
they are parallel to X Y [33 iv] ; therefore H I is perpendicular to AB 
and G D [16]. Because A D and G B are symmetric to X Y, they are 
equal to each other, and A E is equal to B E [vii] ; thence H I is the 
middle perpendicular on A B [15 iii], and the points A and B are 
symmetric to H I [29] ; therefore A E and B E are synftnetric to 
H I and also their equal continuations E G and E f) [31 i], which 
W. T. B. D. 

GoBOLLARY. If two Symmetric straight lines cut each other, and 
the pla/ne contaAni/ng them he folded v/pon the perpendicula/r on (he 
Vme of sym/metry drawn through their vntersection, each of thm 
coincides with the continuation of the other. 



Theoeem 35. 
If two straight lines cut each other in unequal parts, and 
if the pa/rts of one be equal to the parts of the other, each to 
each, the lines joinvng the exi/remities of unequal parts are 
symmetric to the middle line joining the extremities of equal 
part9. 
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Ijet A B and C D be two straight lines catting each other in *^an- 
eqnal parts at the point E ; let E A be equal to E C, and E B eqnal 
to ED. 




Let AD, C B, AC, and D B be joined, and let HI be a straight 
line through the point % and the middle point H of AG; then H I 
is the middle perpendicular on A [16 i], and the points A and 
are symmetric to E H [29] ; therefore A E and C E are symmetric to 
H I ajid also thpir equal continuations E B and E D [31 i]. Be- 
cause the points B and D are symmetric to H I, the line H I is the 
middle perpendicular on B D [28] ; therefore H I is the middle line 
of A and B D. Now, the extremities of A D and B are sym- 
metric to H I ; therefore A D and C B are symmetric to the same, 
W. W. T. B. D. 

Go&OLLAET I. If two straight lines cut each other in unequal parts, 
and, if the parts of one he equal to the parts of the other, each to 
each, the Unes jomvng the extremities of unequal parts are equal 
to each other; those joinvng the extremities of equal parts are 
parallel to each other; and the Ime joining the extremities of the 
grealer poHs is greater tham, thai jovni/ng the extremities of the lesser, 

CoBOLLABT II. If two straight lines bisect each other, they are sym- 
metric to the middle Ime of the lines joining the extremities of the 
one to those of the other. 



CHAPTER II. 
ON CURVES. 

SECTION I. 

ON CIRCUMFERENCES QENE^LLY. 

Definitions. 

Elementary Geometry only deals with one kind of onrve, called the 
circumference of the circle, 

23. A circumference of the circle, or simply circumfereneef 
is a continuous line, all points of wliich are equally distant 

from an interior point, called centre} 

A circumference is accordingly the locus of all points of the same plane, 
equally distant from its centre. It is evident that if a straight line, the 
extremities of which are within the circumference, be indefinitely prodooed, 
it will cut the circumference in two points. 

A circumference is generally designated by the letter at its centre ; some- 
times it is designated by letters at some of its points, and sometimes by the 
letter at the centre, together with letters at some of its points. 

24. A straight line joining the centre to any point of the 

circumference is a radius. 

It follows immediately from the definition of the circmnferenoe, that 
all radii are equal to one another. 

25. An arc is a portion of a circumference; an arc 
smaller than half a circumference is an arc of half the 
circle, or a semicircula/r arc ; an arc greater than half a 
circumference is an arc of the circle, or a circular arc* Two 
arcs which together form a circumference are termed oppo- 

i A circnmferenoe of the circle is sometimes called a cvrcU. 

* In The Elements, the term cireular arc has this restricted meaning only when used 
in opposition to that of Mmictrculor arc ; otherwise it means any arc. . 
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site. The straight line which joins the extremities of an 

arc is its chord : the chord subtends the arc. 

It is evident that eaoh chord in a oircumferenoe subtends two opposite arcs. 

An arc is designated by the letters at its extremities. ^ If several arcs 
have the same extremities, each one is designated by three letters : two at 
its extremities, and a third at some other of its points. 

If a cironmference be sapposed to be divided into any nnmber of eqaal 
parts, each of the arcs may be ased as a unit to measure the whole circum- 
ference or a part of it. The unit generally adopted is the degree^ which is 
an arc equal to the three hundred and sixtieth part of the circumference : 
thus the whole circumference contains 360 degrees ; the half circumference, 
180 degrees ; and the quarter of the circumference, 90 degrees. The six- 
tieth part of a degree is called a minute ; the sixtieth part of a minute is 
called a second.^ 

It is obvious that a chord which, in a circumference, subtends an arc of 
one degree, also subtends an arc of 359 degrees ; and that, in general, if the 
number of degrees of one of the arcs subtended by a chord be known, the 
value of the -ether arc subtended by the same chord will be the difference 
between that number and 360 degrees. 

26. A chord which passes through the centre of the cirn 
cumf erence, is a diameter : a circumference is described on 

its diameter. 

It is evident that a diameter is composed of two radii, one of which is the 
continuation of the other beyond the centre, and that its middle point is the 
centre of the circumference ; also that all diameters of a circumference are 
equal to one another. 

1 When one of two nneqnal arcs formed by the same chord in the same circmnference is 
designated by the letters at its extremities only, the semidrciilar arc only is meant, 
unless the contrary be stated. 

* With numbers written in flgores, the marks ^, ', '', are generally used for denoting 
the degrees, minutes and seconds ; the fractional parts of a degree less than a second 
are expressed in decimal parts of the second. Thn8,14* 7' 39*6" stands for 14 degrees, 7 
minntes and 39| seconds. 

In several modem French works, the fourth part of the oircumferenoe is supposed 
to be divided into 100 equal parts, called grades ; the hundredth part of a grade is called 
a mtnufe, and the hundredth part of a minute is called a second,. In this system, the 
above number would be written 14k. 07395. 
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Postulate IX. 
The elements of a circumference are equal to one a/nother. 




Theorem 86. 
No part of a chord is without the drcmnference. 

Let AB be a chord sobtend- 
ing an arc of the ciromnferenoe 
0. 

Let the centre C be joined to 
the extremities of the chord and 
to any point D of the chord be- 
tween A and B ; then G A and 
B are two radii [Dc/. 24]. 
Because G A and G B are equal 
to each other [De/. 23], the line 
C D is shorter than G A or B 
[13 iii]; that is, less than a 
radius: therefore the point D is within the circumference. The 
same construction and reasoning would prove that every point of 
A B between its extremities is joined to the centre by a line shorter 
than a radius : therefore no point of A B is without the circumfer- 
ence G, which W. T. B. D. 

GoEOLLAEY I. No part of the straight line joining two povnte wUMn 
the circumference, is without the ci/rcwmference* 

GoEOLLABY 11. Every point of the continuation of a chord is wUhovi 
the cvrcumferen^ie, 

GoROLLABY IIL The extremities of a chord are farther from the eeu' 
ire tha/n a/ny other of its poi/nts. 

Theorem 37. 
A circumference has hut one centre. 
Let G and be centres to the circumference A B D. 
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Let G be joined and produced to the points A and B of the 
drcnmference. Because the point G is a centre to the circumference 
A. B D, the line A G is equal to B G ; that is, A G is equal to half of 
AB. Because the point is a 
centre of the same circumference, 
A is equal to B ; that is, A 
is equal to half of A B. But A G 
is equal to half of A B ; therefore 
A is equal to A G [i] : that is, the 
points G and coincide with each 
other. Thus, the centres G and 
«re not distinct points, but one 
and the same centre : therefore the 
circumference A B D has only one 
centre, W. W. T. B. D. 

Go&OELARY I. Two equoJt cvrcumferences which coincide through- 
'out, have the sa/me centre, 

GoKOLLAKT IL Ttoo equdl d/rcumferences have equal radii, a/nd equal 
diameters. 




Theobem 38. 

Two d/rcumferences with equal radii, are eqvAil to each 
other. 

For if the two circumferences be applied to each other, so that 
their centres and radii coincide, they will coincide ; otherwise, there 
would be points of one of them unequally distant from the centre, 
which is impossible [Bef. 23]. 

GoBOLLABY 1. Two equal circumferences coincide throughout with 
each other when their centres coincide. 

GoBOLLABT II, Arcs of equal circumferences, which ha/ve the same 
extremities, are equal to each other. 

Scholium. A circumference is determined when its centre and 
radius are known. 



So 
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Theorem 89. 

Every diameter divides the circumference into two e^jfid 
parts. 

M Let G be the centre of the 

circumf erence A M B N, and 
A B a" chord through thit 
centre, dividing the circum- 
ference into two arcs A M B 
and A N B. 

Let the plane containing the 
circumference be folded upon 
A B. Every point of the arc 
A M B will coincide with A 
N B, otherwise there wonU 
be, in the circumference, pointB 
not equally distant from the 
centre : which is impossible [Bef. 23] ; therefore the arc A M B is 
equal to the arc A N B, which W. T. B. D. Inversely 

Any chord which divides the circumference into two v/nequod parts 
does not pass through the centre. 

CoKOLLABT 1. If a cwcumference he folded upon its diameter, the 
a/rcs of the two halves which have the sa/me extremities a/re equal p 
each other. 

CoEOLLART II. Every dia/meter divides the cvrcumference vnto iuo 
pa/rts syrn/metric to itself. 

Theorem 40. 

Conversely, a chord which divides the circumferenice into 
equal paHs, is a diameter. 

Let AB be a chord dividing the circumference AMBN into 
equal parts, AM B and AN B. 

Let G be the centre of the circumference AMB N, and let AG be 
joined and produced to a point D of the circumference. The chord 
A D will be a diameter [De/. 26] ; therefore the arc A M D is half of 
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bhe cironmf er^oe [39]. But the arc A M B is lialf of the circum- 

Terence [Hyj).]; therefore the arcs A MB and AMD are equal to 

each.other: that is, the points 

B and D coincide with each 

sther. Because the chords 

k B and A D have the same 

otremities, thej coincide 

¥ith each other and'form one 

md the same chord [3 i] : but 

L D is a diameter ; therefore 

he chord A B is a diameter, 

W. W. T. B. D. Inversely 

Awy chord not passing 
hrough the eentre divides the 
ircumference vato wnegual 

OofiOLLAST. If a Gwevrnference he divided into two arcs, the straight' 
vnejoimng thevr w/iddle points is a diameter. 

Theobem 41. 

Any chord, not passing through the centre, is less than a 
liamsier. 

Let A B be a chord not 
tassing through the eentre 




Let A and B be joined, 
nd let A G be produced to 
be circumference in D ; then 
lD is a diameter [_I>ef. 26]. 
lie straight line A B is less 
tian A G and G B together 
5 ii now the radii G B 
nd G D are equal to each 
ther [De/. 23]; therefore 
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A B is less than A and C D together, or AD: that is, AB is lea 
than a diameter, "W. W. T. B. D. Inversely 

A chord equal to a diameter is a diameter, 

C0EOLLA.RY I. The diameter is the greatest chord that cam he draml 
in a ciycwmference^ and conversely. 

Co&OLLAET II. The radius msaswres the shortest distance from m\ 
of its povats to the ti/rcwmference. 



Th£OBEM 42. 

Equal semidrcula/r arcs of a circumference are svhi 
by equal chords. 

Let A B and G D be two< 
arcs in the same circni 

Through the middle point i 
of the arc A G let there be 
diameter H 1, and let the pi 
containing the circnmferenoel 
folded upon H I ; then the twoj 
arcs H AB landH GD Iwilloo. 
incide with each other [39]. Tl> 
two arcs HA and HG beafj 
eqoal to each other [CofM^.], th* 
points A and G will coincide with each other; and, the arcs A B vi\ 
G D being also equal to each other [fl2(pO> ^^^ points B and P 
will also coincide with each other. Now, the chords A B and CD 
have the same extremities ; therefore they are equal to each oiihtf | 
[3 i], W. W. T. B. D. Inversely 

Unequal chords in a ci/rcvmiference subtend unequal 8flw*<»rctf^| 
arcs. 

GoEOLLAET I. Equol cvTculaAT a/rcs of a ci/rcumference are subiefM^ 
by equal chords, 

GoEOLLAEY II. Equal arcs vn equal circumferences arre subtended ijf 
equal chords. 
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Theorem 43. 

Unequal arcs of a circumference are subtended by unequal 
chords. 

In the circumference 0, let 
Chere be an arc G D greater than 
another arc A B. 

Let the arc A B E be eqnal to 
bhe arc D ; let A E be joined, 
snd also the centre 0, to the 
points B and E, and let I be 
the point where the radius B 
3Qts the chord A E ; then the 
itraight line OE is less than 
3 I *nd I E together [6 i]. 
Because E and B are two 
■adii, they i^e equal to each other ; thence B is also less than I 
ind I E together. Now, the straight line A B is less than A I and 
[B together; therefore AB and OB are together less than A I, 
[B, 01 and IE, or less than AE and OB [y]: therefore AB is 
less than AE [iii]. But the chords AE and CD are equal to 
each other [42] ; therefore A B is less than D, which W. T. B. D. 
Inversely 

JSquotl chords in a cvrcvmference subtend equal arcs (Oonv. of 42). 

Oo&OLLABY I. Equal chords in equal circumferences subtend equal 

TTCS. 

GoBOLLART II. In the same circumference, or m equal drcum' 
Terences, a greater semicircula/r or a smaller circula/r, arc is sub' 
lended by a greater chord, and conyersely. 




Theorem 44. 

The radius perpendicula/r to a chord bisects the chard and 
its a/rc. 
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Let C D be a radins perpendicular to the chord A B. 

Let both the points G and D be 
joined to A and B : then, becaiue 
the radii A and B G are eqnalte 
each other IDef, 23, the peipeiii 
dicular G D bisects the line kV 
[15 iii]. Now, because G D is the j 
middle perpendionlar on AB, the] 
chord A D is eqnal to the chori 
D B [14]; therefore the arc A])il| 
equal to the arc DB [42], whuk! 
W. T. B. D. Inversely 
A jperpendievla/r to a chord di*! 
vidi/ng it, or its arc, in v/nequal parte^ does' not pass through itfi 
centre, and 

The radius dividing a chord or its a/rc into tmegucd jpa/rta is not $91* 
pwidicula/r to the chord, 

GoBOLiA&Y I. The centre of a cvrcumference amd the middle $(M 
of am, a/rc and its chord, a/re points of the same straight line jjejyce- 1 
di<yular to the chord. 

GoKOLLAJLT IL The centre of a circmnference a/nd the imddlep(M 
of parallel chords are points of the same diameter jperjpendicvlar io ik 
chords, 

GoROLLABY III. Two diameters perpendicular to one another dwi^ 
the circwmference into four parts. 

GoBOLLARY lY . Two chords bisecting each other have their imktvft 
tion at the centre, 

SchoUum. A straight line answering any two of the conditionB of 
the Gorollaries I or II, will answer the two others [4]. 



Theobem 45. 

The middle perpendiculars on two oblique chords cut ei(wk 
other at the centre of the circumference. 
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Let A B and G D be two oblique chords, and let 1 and H be 
beir middle perpendicnlars. 

Hie perpendicalars I and 
I will meet in a point 
18 ii]; and the centre of the 
Boamf erence, being in both of 
hem [44 i], is at their intersec- 
ion ; therefore the middle per- 
leadicnlars on A B and G D will 
nt each other at the centre, W. 
V.T.B.D. 

CoBOLLABT I. Tk/Tough three 
*owis not in a straight line there 
%ay aJwoAfs he drawn a ci/rcum- 
erence, 

GoBOLLABT H. Throtbgh three points there ca/nnot he more tha/n one 
^wmferenee. 

GoBOLLABT III. A povnt equally dista/nt from three points of the cvr^ 
inference is the centre thereof, 

BchoUum, A circumference is determined when three of its points 
m known. 

Theorem 46. 

JSjUo cures which ha/ve three points in common are parts of 
equal d/rcumf fences. 

Let two arcs haye the three 
points A, B and G in common. 

Let the droumferences of 
tbe two arcs be completed. 
Through the three points A, B 
ftnd G, there can be but one 
nrcumference [45 ii]; thence 
^e two circumferences A B G 
K)iDcide throughout their ex- 
ension, and tare not distinct 
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from each other; therefore they are equal to each other, W. W. 

T. B. D. 
CoEOLLARY I. If two WTCB covKicide With each other, thevr centres 

coincide, 

CoBOLLART II. Equal a/rc8 are paHs of equal circumferences, 
CoROLLAB-Y III. If two oTcs having ' the eame extremities have a 

third poi/nt in common, they comdde throughout with each other. 



Theorem 47. ^ 

If two equal chords of a drciimferenc^ cut each other, the 
portions of the one are equal to those of the other, each to 
each. 

Let two equal chords A B and D of the circumference cuteach^ 
other in the point E. 

B 



Let AC and BD 
be joined, and, through 
the middle point H of 
the arc A C, let there 
be a diameter H I; 
then H I is the middle 
perpendicular to AO 
[44 i]. Because the 
arcs AO Band AD 
are equal to each other 
[43], and the arc A 
is common to both, tho 
arc A D is equal to 
the arc OB [yiii]? 
thence the point H V3 
the middle point of the arc D H B [iv] ; therefore H I is the middle 
perpendicular to B D [44 i]. Because the points A and C are sym- 
metric to H I [29], and also the points B and D, the lines A B and 
C D cut each other on HI [32]; thence AE and E are symmetria 
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Euid also E B and E D ; therefore A E is equal to C E, and 
lual to B D, which W. T. B. D. 

LAB,Y. Tlie vfitersection of two equal chords of a ci/rcumference 
le points of the chords joining their extremities and of the arcs 
d hy the latter, a/re, with the centre of the circumfei'ence, points 
me straight line. 



Theobeic 48. 

^ersely, if two straight lines cut each other, and the 
8 of the one he equal to those of the other , each to each, 
tremities are points of the sa/me circumference. 

.B and C D be two straight lines cutting each other in E, 
A E and E B be respectively equal to E and E D. 
. drcumfer- 



JAB 




be 
hrough the 

C, A and 

AC, BD, 
id B be 
Mid let H I 
rd through 
idle points 

and DB; 
is a chord 

circnmfer- 
!AD. Be- 

GB and 

> symmetric 

[36], the 

A and C are symmetric to H I ; thence H I is the middle 
iicular to the chord AC [28]: therefore H I is a diameter 
circumference CAD. Let the figure be folded \190iLHIs 
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then the semiciroumference HGI will coinoid^ with the semi- 
circumference H AI [39]. Because the points B and D are Bjm- 
metric to HI, the points B and D will coincide with each other; 
therefore the point B is a X)oint of the circumference GAD, whidi 
W. T. B. D. 

CoEOLLA&T. The intersection of equal straight Imea hisecHng each 
other is the centre of the oMrfiv/mference passing through ihevr exiremi' 
tics. 



Thbobem 49. 

Equal chords in a circumference are equally distant from 

the centre. 

Let AB and 1) be two eqiul 
chords, and let 01 and OH be 
perpendiculars on them from the 
centre 0. 

Let M N be a diameter 
through the middle point M d 
the arc A 0, and let the plane 
containing the circumference be 
folded upon M N: then the 
semiciroumference M AB K wiH 
coincide with MODN [8^; 
also the points A andBjrWith 
the points C and D respec- 
tively, and the chord A B with the chord D. Because the centre 
has remained unmoved, the perpendicular I will coincide with 
H [10] and the point I with the point H. Now, the perpendiculars 
I and H, having the same extremities, are equal to each other; 
therefore the chords A B and C D are equally distant from the 
centre [11], W.W. T. B. D. Inversely 

Chords not eguaWy dista/nt from the centre of a cvrcvmference a/re im- 
eqrud. 
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CoBOLLABT. Eqfiol orcB in equal circumferences are equally distant 
from the centre. 



Theobbm 50. 

Unequal chords in a circumference are not equally distant 
Jrom the centre. 

Let A B and C D be two chords 
of the same circamference 0, and 
let A B be greater than G D. 

Let the arc A E be equal to the 
arc CD, and let A E be joined; 
then the chord AE is eqnal to 
C D [42]. Let also H and 1 be 
perpendlcnlarfi on A B and A E, 
and let K be the point where I 
oats A B. Because H is perpen- 
dicular on A B, it is less than the 
obliqae K [11], and still less than 
O I; therefore the chord A B is 

nearer to the centre than A E. Bat, because the chords C D and A E 
are eqnal to each other, they are equally distant from the centre 
[49]; therefore the chord AB is nearer to the centre than CD, 
which W. T. B. D. Inversely 

Chords equaUy distant from the centre of a circumference are equal 
to one another. (Cony, of 49.) 

GoBOLLABT L Chords equally distant from' the centre in equal ci/r^ 
owmferenees are equal to one another. 

Coboujlkt U, In the same circumference, or in equal circum- 
ferencesp a greaier chord is nearer to the centre. 




90 THB BLBMESTB OF QEOMETRT, 

SECTION IL 
ON TANGENTS.. 

Definitions. 

27. A circumference and a straight line which have one 
point in common and no more, are tcmgent to one another; 
the straight line is a tcmgent, and the point it has in common 
with the circnmf erence is called the point of ta/ryenee, or of 
contact. 

It is evident that a tangent is infinite on eaoh side of the point of tangenee. 
However, if there be more than one tangent to a circumference from a point 
without it, the length of each of them is reckoned from that point toitB 
point of tangenee. 

28. A circumference and a straight line which have more 
than one point in common, are secant to one another : lilie 
straight line is a secant, and the points it has in common 
with the circumference are called its points of section ; the 
part thereof intercepted by the circumference is its diovL 
A centre secant is that which passes through the centre of the 

circumference. 

It is obvious that a straight line which meets a ciromnferenoe is either a 
tangent or a secant thereto. 

A secant is necessarily infinite on each side of the circumference to which 
it is secant. However, if several secants be drawn to a circumference from a 
point without it, the length of each of them is reckoned from that point to the 
farthest point of section ; the part of each of them contained between the 
same point and the circumference is its outer part. 

29. If two tangents, or two equal secants, be drawn to a 
circumference from a point without it, that of the two arcs 
intercepted between them which is nearest to their common 
point is convex to that point ; the other arc is conca/ve to the 
same point. 
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i straight line cannot meet a circumference in more than 
) points. 

^or, otherwise, the centre could be joined to the straight line by 
re than two equal straight lines, which is impossible [13 ii]. 
JoEOLiAKT. Through three pomta in a straight Ime there cannot he 
won a circumference, 

hhoUiMn. There is no common measure between a straight line 
I a circumference. 



Theobem 52. 

Of all straight lines tliat can be drawn to a circumference 
m a point without it, the greatest is that which parses 
ough the centre, 

let the point A without the circumference C, be joined to the 
it B thereof through the centre, and let any other point D of the 
umference be joined to A and to the centre. 




'he straight line A D is less than A C and C D together [6 i] ; 
the radii GB and D are equal to each other : there£oTQ AB \& 
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loBB than A and B together; that is, less than AB, which 
W. T. B. D. 

OoROLLART I. Oonyorsely, if a Btraigkt Une he the greaieti thai eon 
h9 drawn to a drown^irence from a pomt without it, it passes thnmgh 
th$ o«t»frc»« 

OoROLLART II. Of dU straight Unes that cam, he drawn to a drc/wn- 
fsrents from a point without it, the least is that the continuation 
cf which passss through the centre, and conyersely. 

OoaoLLA&Y IIL ^f two secants drawn to a circumference from the 
SMns point without it he equally ddsta/nt from the centre, they an 
f^qual to (*aeh o^W, and oonversely. 

OottOLLAfiY IV. From a point without a ovrcumference, there carmoi 
he drawn more than tx^o equal secants to it, 

0otiOLL4HY V. J(f two equal secants he d/rawn to a ci/rowmferefMB 
firom a point witlkout it, that point, the middle points of the convex and 
(^on^ai>9 art^s and qf their chords, are, with the centre of the drcumfer- 
mo^t points af the same straight line (47 i). 



Thbobbm 68. 

The aro$ of a cinmrnfercnce intercepted between two paraU 
hi i&ean(H aro equal to each other. 

TT Let A B and D be two 

parallels intercepting the 
arcs A and B D in the cir- 
onmferenoe 0. 
From the centre let OH 
. be a radios perpendicular on 
A B and consequently on 
OD. The arcs A H and BH 
are equal to each other [44]; 
also the arcs H and D H; 
therefore the difference of 
the arcs A H and H is 
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equal to the difference of the aroa B H and D H [iy] ; that is^ the 
arc A is equal to the arc B D, which W. T. B. D. Inversely 

If two a/rea be tmequal, the aeccmta passing through their eoitrenwtie$ 
are notpcMraUel to each other, . 

GoBOLLART I. Gonverselj, if two cures of a cvrcwmference he eqwd to 
each other, the chords jommg their extremities without crossing each 
other, are pa/raUel to each other. 

GoBOLLABt II. If two equal secamts he dra/von to a circumference 
from a point without it, the chords of the arcs intercepted hetween them 
are paraUel to each other. 



Theorem 54. 

A straight line perpendicular at the extremity of a radms 
is ta/ngent to the circumference. 

Let A B be a straight line perpendicular at the extremity of the 
radius O B. 

BO ^ 




Let any point G of A B, other than B, be joined to the centre ; then 
O will be an oblique to A B [10] greater than B [11] : but B 
is a radius; therefore the point G is outside the circumference 0. 
As the same construction and reasoning could be applied to any 
other point of A B but B, it is evident that every point of A B but B 
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is outside the circumference ; therefore the straight line A B 
only one point in common with the circumference : that is, A B is 
tangent to that circumference, W. W. T. B. D. Inversely 

A seccmt is oblique to the radius termvncUing at a point' of section. 

OoBOLLART. From a point without a circumference there moAf he two 
tangents thereto. 



Theobem 55. 

Conversely, a tangent to a circumference is perpendicuUr 
to the radius terminating at the point of tangence. 
Let A B be a tangent to the circumference at the point B. 



B C 



A 




Let the point of tangence be joined to the centre 0, then B, being 
a radius, will be shorter than C joining the centre to any other 
point of A B, all these points being outside the circumference [De/. 
27]. Then B is the shortest of all straight lines joining the point 
to A B ; therefore B is perpendicular to A B [11 i], which W. 
T. B. D. Inversely 

A straight Une oliUque at the extremity of a radius, is secami to thA 
circumfer&nce» 
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I 

ioROLiAET I. Through a point of a cvrcumference, there ccmnot he 

•e them one tangent to the circumference (9). 

loROLLAKY II. The tcungenta at the extremities of a diameter, are 

aUel to each other, and conversely. 

loEOLLABY HI. The o/rcs of a circumference intercepted between a 

gent and a pa/raUel seca/nt, or ta/ngent, a/re equal to each other. 



Theorem 66. 

The perpendicular raised on a tangent through the point of 
igence parses through the centre of the circumference. 

Jet A B be a tangent at the point B to the circumference 0, and let 
D be a perpendicular on A B at the same point. 




f the centre be joined to the point of tangence, the radius B 
I be perpendicular on A B [55], and consequently will coincide 
b B [9] ; tberefore, B will pass through the centre, W. W. 
J, D. Inversely 
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If the perpendictda/f dravm through the pomt of a sbraigU Im k 
common with a circumference does not pass throtigh the cenket ik 
strodght Une is seccmt to the ci/rcwmference, 

GoBOLLABT I. The chord jovimig the points of ta/ngence of Uoo ian^ 
gents dromn to a circumference from a point withowt it, is less thn^k 
dicumeter, 

Co&OLLAJLT H. The wrc convex to a point from which two imgeaHttOf 
two equal secants, a/re drawn to a drcwmference, is less thorn th on 
concave to the somis points. 

SchoUum, The chord pe^ndicular to a tangent throagh the point 
of tangence is a diameter. 



Theorem 57. 

Two tangents to a circumference dravm from a point vM- 
out it are equal to each other. 

Let A B and A C be two tangents from the point A to the circam* 
ference 0. 




Let B and C be two radii terminating at the points of 
tangence, and A N M a secant passing through the centre 0. ^^ 
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plane containing the figure be folded upon A M. Because M N 
diameter [Bef, 26], the arc M B N will coincide with the arc 
3 N [39]. Also the point B will coincide with the point ; for 
erwise, the radius B would take a position D, or E, on either 
) of C ; the tangent A B would become A D, or A E, and cut the 
ins C in a point I, and 0, being perpendicular on A C [55], 
lid be an oblique on A D [10], whilst D, or E, would be perpen- 
alar on A D [55]. The oblique I on A D, which is less than a 
iius, would then be less than the radii perpendicular D, or E, 
01 the same point, which is impossible [11] ; and the further D or 
ihonld be removed from G, the less I would become : therefore 
or E, coincide with and A B with A G ; that is, A B is equal to 
0, which W. T. B. D. Inversely 

If one of two tmequal straight Imes draton to a eircvmference from a 

hU without Ube a tangent, the other is a secant, 

uOROLLABY I. From a point without a circumference there cannot he 

're ihvn one ta/ngent to it on the same side of the centre secant from 

' same point. 

aOROLLABY II. The tangent is less tha/n amnf secant dra/um from the 

ne point without the ci/r^wmference, and greaier tha/n Us outer pa/rt. 

jOeollaby m. From a point without a circumference there cam/not 

wyre tha/n two equal stran^ht lines droAjon thereto. 

3oKOLLAB.Y lY. The tangents drawn to a oi/rcvmference from a point 

hmt it are sym/mei/ric to the centre secant from the sa/me point. 

3oROLLA.EY V. The straight Une droAJon through the centre from a 

"^ vnihout the evreu/mference, bisects the convex a/nd concave arcs to 

t point. 
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SECTION III. 
ON TANGENT CIRCUMFERENCES, 

Definitions. 

30. Two circumferences which have no point in common 
are inteimal to one another y or simply internal, when no part 
of the one is outside the other; they are external to &m 
another, or simply external, when no part of the one is within 
the other. 

3 1 . Two circumferences are concentric to each othtf or 
simply concentric, when they have the same centre, and 
excentric when they have distinct centres. 

32. Two circumferences which have one point in common, 

and no more, are tangent to one another, or simply tanged; 

their common point is the point of tangence, or o/coft-J^' 

tact. 

Two cirGumferences may be internally, or externally , tangent to otf 
another. 

33. Two distinct circumferences which have more than one 
point in common are secant to one another, or simply «ec<wii; 
the points in common are their points of section, and ^ 

straight line joining them is their common chord. 

Two secant oiroxunferences cannot have more than two points of sectioi 
since they wonld then coincide. 

It is dear that two oircxmiferences can have but five different positionB i«- 
latiyely to one another : they may be internal, internally tangent, seca^ 
externally tangent, or external to one another. 

34. The straight line which joins the centres of two cir- 
cumferences, is their centre line. 
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POSTULATB X. 

ly point may be the centre of a circumference of a given 

U8, 

Theorem 58. 

' two concentric circumferences have one point in common, 
coincide throughout with each other, 

t two circumferences have 
ame centre and the point 
common. 

t A be joined : then A 
leir common radius \_I)ef, 
Because the two circumfer- 
3 have the same radius, 
are equal to each other 
; now, they have the same 
•e ; therefore they coin- 
throughout with each other 
|,W.W.T.B.D. Inversely 
10 concentric d/rciimferencea which do not coincide throughout with 
other y have no point in common, 

aoLLABY I. If two circumferences have no less than one point and 
ore than two points in com/mon, they have not the same centre, 
aoLLABY n. T^ distance between two concentric cvrcumferences 
\al to the d^erence of their radii, 

lolium. Two concentric circumferences are throughout equally, . 
it from each other (Def 23). 

Theorem 69 

two concentric circumferences^ all chords of the greater 
I are tangent to the lesser, a/re equal to one another^ 
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Let two circumferences A D and I H have the same centre 0, anc 
let the chords A B and CD of the greater be tangent in I and H t( 
the lesser. 

Let I and H be 
joined. Because 1 and 
H are radii of the same 
circumference, they are 
equal to each other, and 
because they terminate 
at the points of tan- 
gence I and H, they are 
respectively perpendicu- 
lar to AB and CD [66]; 
thence the chords A B and 
CD are equally distant 
from the centre : there- 
fore they are equal to 
each other [60]. The same construction and reasoning would pro 
that all other chords of the greater circumference, tangent to t 
lesser, are equal to A B and consequently equal to one another, wbi 
W. T. B. D. 

OoEOLLABT I. In two conceutric cvrcumferencea, aU chords of 
greater which a/re tangent to the lesser, are bisected at the fM 
tcmgence. 

CoBOLLART 11. The intercepts of a secant "between two concenkic 
cwmferences are equal to each other, 

GoBOLiABT III. The locus of the middle points of all equal ch 
of a circumference is a concentric circvmference tangent to d 
them. 




Theobem 60. 

In two seccmt circvmferenceSy the centre line is the mi 
perpendicular of the common chord. 
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et and G be two circumferences secant to each other in A and 
let be their centre line, and A B their common chord. 




jet the centres and C be joined to A and B. Because the radii 

1 and B are equal to each other, and because the radii A and 

) are also equal to each other, the line C has two points, and C 

lally distant from A and B ; therefore C is the middle perpen- 

ular on AB [15 ii] , which W. T. B. D. 

JoKOLLAKY I. The poinU of section of two seccmt circumferences a/re 

vmetric to the centre 1ms, 

/OBOLLABY II. If the common chord of two seca/rU circv/mferences 

\ct their centre Hue, they are equal to each other, and con- 

3ely. 

'oBOLLAST m. Jf the common chord and the centre Une of two 

xl secamt cvrctmferences he equal to each other y each of these Unes 

reater tham, the radius. 

OBOLLABY lY. If the common chord of two equal seca/nt circum- 

nces he equal to their radius, their centre line is greater tha/n their 

'/us. 
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Theorem 61. 

If two circumferences have one point in common withoui 
ilmr centre line, they are secant to one another. 

Lot A B be the centre line of two oircnmforences, and let C be a 
]>oint in common to both of them, so that A C is a radius of the cir- 
cumferenoo A, and B C a radius of the circumference B. 




Let C D be a perpendicular on A B, and let it be produced to a 
point E symmetric of C. The line A B will then be the middle per- 
pendicular of B [28] ; A E will be equal to A [14], and B E to 
B C : thence the two circumferences drawn from the centres A and 
B with the radii A C and B C, will both pass through the point £; 
therefore the circumferences A and B are secant in C and E, which 
W. T. B. D. Inversely 

The point of tcmgence of two tcmgent circvmferences is in their centre 
line, 

GoBOLLAET I. If two circumferences have a point in common in their 
centre line, they are tangent to each other, 

GoBOLLABY II. If arvy number of circumferences he tangent to one 
another in the same point, that point and all the centres are in the 
iame straight Une, 
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If two circumferences be externally tangent to one another, 
hdr centre line is equal to the sum of their radii. 

For the point of tangence is in their centre line [61] : therefore 
be centre line is composed of the radii of both circumferences. 

CoEOLLAjaT I. Conversely, if the centre line of two cvrcumference8 
^e equal to the sum of their radii, those drcumferencea a/re externally 
cngent 

CoEOLLART H. If two ci/rcv/mferences he internally tangent, their 
"entre Une is equal to the difference of their radii, and conversely. 

Scholium, The centre line of two external circumferences is greater 
han the sum of their radii, and that of two internal circumferences 
3 less than the difference of their radii. 



Theorem 63. 

If two circumferences be secant to one another, their centre 
ne is less tha/n the sum of their radii and greater than their 
ifference. 

Let be the centre line of two circumferences secant to one 
lother, and let A be one of their points of section. 




The circumferences being secant to one another, the point of 
action A is without their centre line [61 i]. Let the point A be 
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joined to the centres and G; then A and A C will be the radii 
of the two circumferences. 

Firstly, the straight line O C is less than A and A G to- 
gether [6 i] ; that is, the centre line is less than the sum of the 
radii. 

Secondly, the straight line A is less than C and A C together 
[6i]. Then, the difference between OA and AC is also less 
than OC and AG together minus AG [ii], or less than OG: 
that is, the centre line is greater than the difference of the 
radiL 

Therefore, the centre line G is less than the sum of the radii 
A and A C, and greater than their difference, W. W. T. B. D, 



/ Theorem 64. 

Conversely, if the centre line of two circumferences be less 
them the sum^ and greater than the difference, of their radii, 
those circumferences are secant to one another. 

Let the centre line G of two circumferences be less than the 
sum, and greater than the difference, of their radii, and let A and B 
be the points of it and of its continuation where it is cut by the 
circumference 0. 

Should the circumference G cut the centre line between G and Ai 
the two circumferences would be external to one another, and their 
centre line greater than the sum of their radii, which is impossible 

Should the circumference G cut G in A, the two circumferences 
would be externally tangent to one another [61 i], and their centre 
line equal to the sum of their radii [62], which is impossible 
IHyp,-]. 

Should the circumference G cut the continuation of G in B, the 
two circumferences would be internally tangent to one another [61 i], 
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and their centre line eqnal to the difference of their radii [62 ii], 
which is impossible [Hyp.'], 




Finally, shonld the circumference cut the continuation of 
beyond B, the two circumferences would be internal to one another 
and their centre line less than the difference of their radii, which is 
impossible [Jffyj».]. 

Thus, the circumference G does not cut AB in its extremities, 
neither in its continuation between C and A, nor beyond B ; therefore 
it cuts A B : that is, the circumferences and G are secant to one 
another [36], W. W. T. B. D. 

GoBOLLABY I. If the centre line of two circumferences he greater 
them the av/m of their radii, those circumferences are external to one 
a/nother. 

GoROLLABT II. If the centre Une of two cvrcvmferences he less than 
the difference of thevr radU, those ci/rcumferences a/re internal to one 
another. 
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SECTION lY. 
ON COMMON TANGENTS. 

Definitions. 

35. A common tangent is a straight line tangent to two 
circumferences ; an intangent is a common tangent which 
crosses the centre line ; an exiangent is a common tangent 
which does not cross the centre line. The points of in- 
tangence, or ewtangence, of two circumferences are the points 

of tangence of their intangent s, or extangents. 

The length of a common tangent is its length between its points of tan- 
gence. 

36. A common secant is a straight line secant to two cir- 
cumferences. 

The length of a common secant is its length between its points of section 
which are the furthest from one another ; its outer part is that intercepted 
between the two circumferences. 



Theorem 65. 

If two circumferences he tangent to each otlier, the straight 
line tangent to one of them in their point of ta/ngence is tan- 
gent to the other. 

Let two circumferences and C be tangent to each other in A, 
and let the straight line A B be tangent to the circumference i& 
the same point A. 

Let the centre line C be joined : it will pass through the point 
A. [61]. Now B A is perpendicular on A [55], and consequently 
on its continuation A G ; but A G is the radiils of the circumference 
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therefore BA is tangent to the circumference [54], which 
T.B.D. Inversely 




If two drcumferencea he tangent to each other, the secant to one of 
em in their point of tangence, is secant to the other. 
CoEOLLABY I. There ca/nnot he more than one common ta/ngent to two 
rcmnferences internally tangent to each other, nor more than one 
Ucmgent to two circumferences externally tangent to each other. 

Corollary II. The intangent of two equal tam^ent circumferences 
J middle perpendicular on the centre line. 

Corollary III. The ci/rcvmference d/rawnfrom a point of the intan- 
ent of two externally tangent circumferences through their 'point of 
ongeftce, is tangent in that point to their centre line. 

CoRdLLARY lY. Of several circumferences tangent in the samie poi/tit 
the Sonne straight Une, the nearest to the straight line is that with the 
veaiest rad/ius. 

SchoUum. A straight line is an arc of the circumference the radius 
)f which is infinite. 



Theorem 66. 
The tangents drawn from a point of the intangent of two 
eternally tangent circumferences , are equal to each other. 
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Let and C be two circumferences externally tangent in A; let 
A B be their intangent ; let B D bB tangent to the circumference 0, 
and B E, a tangent to the circumference G. 




Because B D and B A are tangent to the circumference O, the line 
B D is equal to B A [57] ; because B E and B A are tangent to the 
circumference 0, the line B E is ^qual to B A : therefore B D is equal 
to B E [i], which W. T. B. D. Inversely 

The jpomt from which are drawn unequal tangents of two extemaO/y 
ta/ngent circumferences, does not belong to thei/r inta/ngent, 

CoROLLABY I. The intangent of two externally tangent cvrcv/mference$ 
bisects thei/r extangents, 

OoEOLLAEY II, The cWcvmference described on am, extam^gent to two 
externally ta/ngent d/rcv/mferences is tangent to their centre H/ne i/ry thevr 
point of ta/ngence. 



Theorem 67, 

The tangents d/r awn from a point without the intangent of 
two externally tangent ci/rcumferences are unequal. 
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Let the point K be without the intangent A B to the circumferences 
and O externally tangent in A ; let K D be a tangent to the cir- 
cumference C, and K E, a tangent to the circumference 0. 




Let K H be a second tangent in F to the circumference C [64 i] ; 
then B A will be greater than B H. Because K H is less than K B 
and B H together [6 i], much more is K F less than K B and B H to- 
gether : now B E is equal to B A [57], and K D is equal to K F ; there- 
fore K D is less than K E, which W. T. B. D. Inversely 

The poi/ntfrom which cure d/roAJtm two equal ta/ngents to two externally 
tomgent circumferences, belongs to their vnta/agent, (Conv. of 64.) 

CoBOLLABT I. If from a jpovnt on one side of their inta/ngent, two 
tcmgents he drawn to two extemaWy ta/agent ci/rcwmferences, the ta/agervt 
to the Gi/rcwmference on the sa/me side of the common ta/ngent is less 
tham, the other, 

CoBOLLABT II. If from the sa/me poi/nt there he two egual ta/ngents to 
two extemaUy ta/ngent cvrcu/mferences, the cyrcwmference droAJon from 
thai jpoi/nt as a centre with one of the tangents as a radius, is tan- 
gent to the centre Une of the two first cvrcmnfer'ences vn their point of 
tam>genc6. 
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Theorem 68. 

Two extangents to equal circumferences cure parallel to 
each other. 

Let A B be a tangent to the circumferences and C in A and B, 
and D E another tangent to the same circumferences in D and E. 




Let the centre line C be joined, and let the radii O A and G B 
join its extremities to A and B ; then A is equal to B G [87 ii]* 
Because A and B are perpendicular to AB [55], they are parallel 
to each other [16] : therefore A B is parallel to [21]. The same 
reasoning would prove that D E is also parallel to ; therefore A B 
and D E are parallel £b each other [17 iii], W. W. T. B. D. Inversely 

Two cvrcumferentes a/re wnequal if their exta/ngents he not paraM 
to each other, 

OoEOLLAEY I. Oonvcrsely, two circumferences are equal to eaek 
other, if their exta/ngenta he pa/rallel to each other. 

CoROLLAKY 11. If a tangent, or a secant, to one of two equal cvrewa- 
ferences he parallel to the centre Jme, it is tangent, or secant, to the other. 

OoROLLABT III. The middle perpendicular on the centre line of two 
equal circumferences hisects thevr exta/ngents and every common secmi 
pa/rallel to the centre Une, or outer part of such secant 

CoBOLLABY lY. If two common secants to two circumferences h 
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wtcmgent to equal circumferences concentric to the firsts they are 
equal to each other; also they shall he perpendicular to the chords 
jaming thevr extremdiieSf or those of thevr outer pa/rts, 

CoBX>iiiiAB.Y V. The common secant to two circumferences which 
passes through both centres is greater than any other. 

Theorem 69. 

Two extangents to the same circumferences are symmetric 
to the centre line. 
Let AB and C D be two extangents to the circumferenoes and C. 




Let A D and B E be joined. 

If A B be parallel to DE, then the circumferences and C will be 
equal to each other [68 i]. Because A D and B E are diameters 
[56 ii] perpendicular [55] to the extangents, they are equal [37 ii] 
and parallel [16] to each other; therefore AB andD E are symmetric 
to the middle line of AD and BE [33 i], that is, to the centre line. 

If A B and D E be not parallel to each other, then, if indefinitely 
produced, they will meet in a point H [18 i]. Let H be joined. 
Because the tangents H A and*H D are symmetric to H [57 iv], and 
the tangents HBand H E are equal to each other [57], the points B 
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and E are symmetric to K. But the point C is equally distant from 
the points B and E ; then H passes through the point G [29 i]: 
therefore AB and D E are symmetric to C, which W.T.B.D. 

GoROLULBY li There ccmnot he more them one extcmgent totwotk' 
cumferences oti each side of the centre Une. 

CoBOLLARY II. If the extangents of two circumferences he not prM 
to each other, they shall, if indefinitely produced, cut each other o»tt« 
continuation of the centre lime, 

OoBOLLABY III. The tangent to oner of cmy two circvmferefMet, 
through a point of extangence, is tangent to the other, 

CoBOLLABY lY. If two common secants to two circwnferencesh »• | 
tomgents to two circumferences concentric to the fvrst, they a/re ijfw- 
metric to the centre Ime, 



Theorem 70. 
Two intangents to the same circumferences a/re symmetn^ 
to the centre line, ' 

Let A B and D E be two intangents to the circumferences and 
C,and let F be their intersection. 




Let A D and B E be joined, and let H I be their middle line ; let also 
AE and DB be joined. Because FA is equal to F D and F Bto F E[67], 
the lines A E and D B are symmetric to H I [35]. Because H I is the 
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Idle perpendicular on A D and E B [28], its continnation will pass 

ongh the centres O and [44 i.] ; thence A E and D B are ajm- 

trie to the centre line G ; therefore A B and D E are symmetric 

00 [32 i] which W. T. B. D. 

[]oBOLLAB,T I. Neither of two circumferences has more them one point 

imicmgence on each side of the centre Vine, 

CoROLLAEY II. The ta/ngent to one of any two circumferences through 

point of intcmgence, is taaigent to the other, 

CoBOLLAKY III. Jf from the intersection of a/n intam^gent to two dr^ 

inferences with their centre line a ta/ngent he d/rawn to one of them, its 

wtimuttion is tangent to the other, 

CoBOLLAEY lY. The common secants through the points of inta/n- 

•«ce of two drcwmferences, or their outer penis, are symmetric to the 

nire line, 

CoBOLLAEY Y. If two coTwmon secemts to two circumferences he in^ 

ngent to circumferences concentric to the first, they a/re symmetric 

the centre Une, 



Thbobem 71. 
Ths intan gents of two equal drcfwmfer&ncea bisect each other 
the centre line. 




iCt A B and DE be two intangents to the circumferences O 
.0. 
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Let the centre line C be joined, and let the centres be joined to 
the points of intangence : then, because A B and D E are symmetrioto 
the centre line [70], they will cut each other in a point H thereof [SOiJ 
Becanse the circumferences and C are equal to each other [Ey$], 
A is equal to B [37 ii] ; because A and B C are both per. 
pendicular to A B [56], they are parallel to each other [16] : therefore 
C and A B bisect each other [26 i] ; that is, H is the middle point 
of A B. The same reasoning would prove that H is also the middle 
point of D E ; therefore A B and D E bisect each other on the 
centre line, W. W. T. B. D. Inversely 

Two cvrcumferences the intcmgents of which cut each other m w»« 
equal pa/rts, are not equal to each other, 

CoBX)LLAET I. Conversely, two circumferences the mtwngents ofwU^ 
bisect each other, are equal to each other, 

CoROLLAET II. The vntangents of two equal cvrcvrniferences hisect th 
centre line. 

CoBOLLABY III. The common secants through the povnts of in- 
twngence of two equal circumferences are parallel to each other; also 
they are perpendicular to the chords joining their extremities, of 
those of their outer pa/rts^ and conversely. 

Corollary IV. If from the middle point of the centre Jme of t/uoo 
equal circumferences, a tangent he d/rawn to one of them, its prolongO' 
Hon is tcmgent to the other. 

SchoUum. Each intangent of two equal circumferences is bisected 
by the centre line. 

Theobem 72. 

The intercepts of a com/mon seccmt through the points of 
tangence of two equal tcmgent circumferences, are equal to 
each other. 

Let two equal circumferences A H and C B H be tangent in H, 
and let A B be a common secant through the point H. 

Let E and D be two perpendiculars to AB from the centrea 
and C, and let E M and C D N be two circumferences drawn con- 
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oniric to the first with E and G D as their respectire radii ; let 
BO the centre line OC be joined: then AB is intangent to the 
rcumferences OEM and D N. 




Because O H is equal to C H [37 ii], the two circumferences 
' E M and D N are equal to each other [71 ii] ; therefore E is 
}nal to C D. The chords A H and H B are then equally distant 
om the centres and C [11] : therefore they are equal to each 
her [49 i], W. W^T. B. D. Inversely 

If the intercepts of a com/mon secant through the point of tan^ence of 
'0 tangent cvrcumferences he unegucd, the circumferencee are not 
ual to each other. 

CoBOLLA&T I. If the intercepts of a com/mon secant throtngh the point 
tangence of two ta/ngent circumferences he equal to each other, the 
'cwmferences wre equal to each other. 

CoBOLLARY II. The i/ntercepts of a cormnon secaml through the middle 
mt of the centre line of two equal ci/rcv/mf^ences are equal to each 
ler, and conversely. 

CoBOLLABY IIL The centre Ivne of two equal circu/mferences hisects 
J com/mon seca/nt passing through its middle point, ^rud conversely. 
OoBOLLABY lY. The continuation of the secant to one of two equal 
cwmferences through the middle point of the centre Une, is secant to 
I other. 
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Theorem 73. 

The common secants which join the extremities of two com' 
mon secants passing through the point oftangence of two egvd 
tangent circumferences , are parallel and equal to each other* 

Let A C H and B D H be two equal circnmferences tangent in H; 
let A B and G D be two secants through the point H, and let AD and 
B be joined. 
A 




Becacise the straight lines A B and D are both bisected in H 
[72], they bisect each other ; therefore A D and B are parallel [26] 
and equal [26 i] to each other, W. W. T. B. D. 

CoBOLLAJLT I. The chorda which join the extremities of two common 
secants passing through the point of ta/ngence of two equal ta/ngenai 
circumferences, a/re parallel a/nd equal to each other. 

CoBOLLAEY II. The common secants, or the chords, which join ike 
extremities of two comm^m seca/nts passing through the middle povni of 
five centre line of two equal circumferences, or the extremities of their 
outer parts, a/re pa/rallel a/nd equal to each other, 

CoBOLLAET III; The com/mon secants which join the extremities of 
two com/mon seca/nts passing through the point of ta/ngence of two equoi 
circumferences cut the inta/ngent at eqiMl dista/nces from the pdni of 
tangence. 
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Theoeem 74. 

If two parallel common secants to two equal tangent drcum- 

jferences be equally distant from the point of tangence, the com- 

^non seccmts joimng their extremities cut each other in the point 

cf tangence. 

Let AGE and B D E be two equal circumferences tangent in E, and 
let A B and D be two parallel common secants equally distant from 
the point E. 




Let H I be the intangent of the two circumferences, cutting A B 
in H, and CD in I: then H E is equal to E I [23]. Let CEandDE 
be joined and produced to N and M, and let M K be joined. Because 
MN is parallel to D [73] and passes through the point H [73 iii]» 
it coincides with A B [17 iv] ; thence the points M and N coincide re- 
spectiyely with the points A and B : that is, the continuation of D E 
passes through the point A, and that of G E, through the point B ; 
therefore the straight lines joining A to D and B to C cut each other 
in B, which W. T. B. D. 

CoBOLLABT I. If two parallel com/man secants to two equal tangent 
evrcvmferences he equally dista/nt from the point of tangence, they are 
equal to eaxih other, 

CoBOLLABY II. The parallel com/mon secants through the points of 
section of two equal secant circumferences, are eg[ual to eacli otKer, 



PROBLEMS. 

The following problems are here solved as examples for stnAents. 

The only instnmients allowed for the solution of problems are the Ruler 
and Compattet ; the Buler being used for drawing and producing straight 
lines, the Compasses for describing circumferences and transferring dis- 
tances. 



Pkoblem 1. 
To find the sum of two given straight lines. 
Let A B and C D be the two giren straight lines. 



E 

J— 



D 

-J 



Produce A B indefinitely and take, on the prolongation, B E equal 
to C D ; the line A E is the required sum. 

Because B E is equal to C D, the sum of AB and B E is equal to 
that of A B and C D [iij ; thence A E is equal to the sum of AB and 
CD ; therefore the sum of the given straight lines A B and D has 
been found, which was to be done. 

F&OBLEH 2. To find the sv/m of several straight Imes, 

Feoblem 3. To fimd the product of a given sira/bght Une by a given 
number, 

Fbobleh 4. To find the difference of two given stradgh^ lines, 

Pkoblem 5. 

Tlirough a point given in a given straight line, to draw a 
perpendicular to that line. 
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Xet X "Z be the given straight line and A the given point. 

lake the points B and G on X Y at equal distance from the point 

; from the centres B and C, with a radius greater than half of B 0, 




describe two circumferences: they will cut each other in a point 
D [62]. Draw a straight line through the points D and A : the 
line A D is the required perpendicular. 

Because the point D belongs to both the equal circumferences B 
and C, its distance from the centres B and is equal to the common 
radius ; therefore the point D is equally distant from the points B 
and C. Because AB and AG are equal to each other IConaf], the 
line A D has the points A and D, equally distant from the points 
B and G ; thence A D is the middle perpendicular to A B [14] : that 
is, A D is a perpendicular to X Y : therefore through the point A 
given in the given straight line X Y, a perpendicular has been drawn, 
W. W. T. B. D. 

Pboblem 6. To d/roAJo the irdddle perpendicula/r to a given straight 
Une, 

Fbobleh 7. To bisect a given straight Une, 

Vboslbm. 8. To bisect a given a/rc 
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PSOBLEM 9. 

Tlirough a point given without a given straight line, to draw 
a perpendicula/r to that line. 

Let X Y be the given straight line and A the giren point. 




From the centre A, with a radias greater than the distance of 
A to XY, describe a circumference cutting XY in two points B 
and G ; from the centres B and 0, with a radius greater than 
half of B describe two circumferences cutting each other in D, and 
through the points A and D draw a straight line: the line AD 
is the required perpendicular. 

Because B and C are points of the same circumference, their 
distances from the centre A are equal to each other ; therefore the 
point A is equally distant from B and G. Because the point D 
belongs to both the equal circumferences B and G, its distances from 
the centres B and G are equal to each other; thence the line A D has 
two points A and D equally distant from the points B and Q, and 
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the middle perpendicnlar to B C [14] : therefore A D is perpen- 
cular to X Y,^ which W. T. B. D. 

Pboblem 10. Through a point gwen without a given straight line, to 
raw a parallel to that Une. 

P&OfiLEM 11. ' 

To divide a given straight line into a given number of equal 
iris. 

Let AB be the given straight line to be divided into f/oe equal 
rts. 




rhrongh the point A, draw the straight line A C in any direction ; 
^e any distance A D and set it off npon A five times successively 
AD, D B, E F, F G and G H ; join H B, and through the points 
F, E and D draw GI, FK,ELandDM parallel to HB [Proll, 
I : the line A B is divided by the points M, L, K and I into five 
lal parts. 

Let A N be a parallel .to 5 B. Because the intercepts of A C 
;ween parallels H B, G I, F K, E L, D M, and A N, are equal 
each other [Const.'];, they are equally distant from each other 
i ii]; thence the intercepts of AB between the same parallels 
) equal to each other [23 i]: therefore the straight line AB 

Aflin the theorems, the student must supply here, and in the demonstration of most 
9r problems, the rest of the reasoning suppressed for the sake of brerity. Also the 
lent should find, for each problem, other solutions than those givexi in. Tl^ ELlfixaeats. 
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is divided by the points M, L, K and I into' five equal 
W. W. T. B. D. 



Problem 12. 

(DUeussed.) 

Through a given point, to draw a tra/nsversal to two given 
pa/ralleU between which the intercept shall be equal to a given 
straight line. 

Let be the given point, A B and D the given parallels, and BP 




the straight line to which the intercept oi the required transversal 
must be equal. 
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Prom any point H of A B, with a radius equal to E F, describe a 
ircamference cutting C D in a point I ; join H I, and through the 
wint draw K parallel to HI [Prohl 10]: the line OK is the 
'equired transversal. 

Let L K be the intercept of K between the parallels A B and 
J D. Because O K and 5 1 are parallel to each other [Const], the 
ntercepts L K and 5 1 between the parallels A B and C D are equal 
« each other [22]. But H I is equal to E F [Const] ; then L K 
s equal to E F [i] : therefore K is a transversal, the intercept 
LKof which, between the parallels AB and D, is equal to E F, 
ffhich W. T. B. D. 

The given straight line E F may be equal to the distance of the 
parallels A B and C D from each other, or it may be greater, or 
nnaller. 

Let H G and O M be perpendicular to C D : then, they are also 
perpendicular to AB [17]. If E F is equal to the distance of the 
parallels AB and C D from each other, it is equal to H G [11,] then 
ihe circumference described from the point H with a radius equal to 
SP will be tangent to D in .the point G [52] : but the intercept of 
3M between A B and D is equal to H G [19] ; therefore M will 
>e the only transversal satisfying the data. 

If E F is greater than the distance of A B and C D from each other 
fc is greater than H G [11], and the circumference described from the 
K)iiit H, with a radius equal to E F, will cut C D in two points I and 
; therefore, if H I and H J be joined, and parallels O K and O N to 
^em be drawn through the point O, there will be two transversals, 
^K and N, satisfying the data of the problem. 
If E F is smaller than the distance of A B and C D from each 
"^er, it is smaller than H O [11], then the circumference described 
^ the point 5 with a radius equal to E F will not touch the line 
^ : therefore there will be no transversal satisfying the data of the 
oblem ; that is, the problem will be impossible, 
llierefore the problem may have two solutions, or one only, or 
Qe. . ^ 
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Problem 13. 
(Euci. m. 1.) 

Through three given points, to describe a circumference* 
Let A, B and C be the three given points. 




Join AB and BO; draw D E middle perpendicular to AB [ProhL 
6], and H F middle perpendicular to B ; from the intersection 
of D E and H F, describe a circumference through the point A : the 
circumference is the required circumference. 

Because the point 6 belongs to the middle perpendicular to AB, 
it is equally distant from the points A and B [14] ; therefore the cir- 
cumference will pass through the points A and B. Because the 
point belongs to the middle perpendicular to B 0, it is equally 
distant from the points B and C ; thence the circumference will 
pass through the points B and : therefore the circumference will 
pass through the points A, B and 0, which W. T. B.D. 

Pboblem 14. To find the centre of a circumference, or an arc. 

P&OBLEM 15. To complete the ci/rcwmference of a given a/rc. 
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Pboblem 16. 

To find ths sum of two arcs given in a given cirmim- 
J&rence, 
Let be the given circumference and AB, CD, the two given 

arcs. 




Join D, and from the centre B, with a radius equal to D describe 
a circumference cutting the circumference in E : the arc A E is 
the required sum. 

Join B E. Because B E is a radius of the circumference B, the line 
B E is equal to C D [Const'] ; because the arc B E is equal to the arc 
C D [43 i], the sum of the arcs A B and B E is equal to that of the 
arcs A B and C D [ii]; therefore the arc AE is equal to the sum of 
the arcs A B and D, which W. T, B. D. 

Pboblem 17. To find the 8wm of two arcs given in two gvoen equal 
drcumferences, 

Pboblem 18. To fi/nd the difference of two arcs given in a given cir* 
eumference, or in two given equal circumferences. 

Pboblem 19. To find the product of a given arc hy a given rwmher. 
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Problem 20. 

{Eucl. in. 17.) 

Through a point given in a given circumference, to d/raw a 
ta/ngent to the circumference. 
Let O be the given circumference and A the given point. 




Join the point A to the centre O, and draw A B perpendicular to 
A [^Prohl, 5] : the line A B is the required tangent. 

For AB is perpendicular at the extremity of the radius OA 
IConsf] ; therefore it is tangent to the circumference in the point 
A[53],whichW.T.B.D. 

Problem 21. 

. 

Through a point given without a given circumference, to 
draw a tangent to the circumference. 

Let be the given circumference and A the given point. 

Join A O ; from the centre A, with a radius equal to A 0, describe 
a circumference A. From the centre 0, with a radius double of that 
of the circumference 0, describe another circumference cutting the 
circumference A in a point B. Join B, cutting the circumference 
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1 a point C, and draw a straight line through the points A and ; 
line A C is the required tangent. 




Because the radius C is half of O B lOonsf], and B is a chord 
the circumference A, the line AC is perpendicular to OB [44 i] ; 
at is, A is perpendicular at the extremity of the radius C : 
erefore AC is a tangent to the circumference [53], which 
'. T. B. D. 
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N ANGLES AND PROPORTIONAL LINES. 



CHAPTER I. 
ON ANGLES. 



SECTION L 
ON ANGLES GENERALLY. 

Definitions. 



" A plane angto la the inelliuitioii of iwo llnei to one 
another in a idane, yihUL meet together, but axe not iu 
the lame direction." Bvolzd. 

" When two straight lines meet, the greater or lesser 
quantity by which they recede from each other, as to 
their position, is called an angle." Laamna 



"An angle is the infinite portion of a plane oon« 
tained between two straight lines which cut eaeh 
other." BxETBAxn (of GeneTa). 

" The flgnre formed by two straight lines which out 
each other is called an angle." Blamobmk. 



I. An angle is the figure formed by two straight lines 
bich have one extremity in common ; the straight lines 
iiich form the angle are its sides, and their common ex- 
Bmity is the veiisx of the angle, or the angular point. 

Is the straight line is infinite in magnitnde and only one extremity of the 
«B oi an angle is determined, the other extremity is at an infinite distance 
m the vertex. 
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An angle is distinguished by the letter at its Tertex. If two or more 
angles have the same vertex, eaoh angle is distinguished by a letter at sodm 
point of each side, together with the letter at the vertex* taking eaxe to read 
the latter between the two others. 

2. The angular magnitude is the difference in the direc- 
tion of the sides of the angle. 

Thus the magnitude of an angle is wholly independent of the length of 
its sides, but increases or diminishes according to their direetionsj so that 
the sides of an angle may be shortened or lengthened, made equal or on* 
eqnal, without altering the magnitude ol the angle itself. 

From the preceding definition^ it follows, that two an^es are equal irhen 
the difference in the directions of their »des is the same. It is ob^om that 
two angles, the sides of which coincide, are equal in magnitade, siiioe tiba 
difference in direction of tiieir sides is one and the same ; also, if an an^ il 
applied upon its equal, so that the vertex and one of the sides ooinoide^ tiM 
other sides coincide also, and th^i the two figures lona only one aofl^ 
although the other extremities of the sides m%y not coincide. 

If two indefinite strfdght lines have one extremity in eommcn, one of 
them may be conceived to turn on their common point, and have at first a 
direction very little different from that of the other, so that the aogle 
formed by these lines is yeiy little, if reckoned from one side of one ol the 
two lines, but is much greater if reckoned irom the other side of the 
same line. Thus every angle has two magnitudes, one of which inoroaM 
when the other dinunishes, and diminishes when the other inereases.* 

. 3. Each of the two magnitudes of an angle is the ex^k- 
tnent of the other* Two angles are explemeada^ when tlie 
magnitade of one is equal to the explement of the other; 
each of the two angles is alfio the explement of the other. 

An angle contained in a plane divides it into two portions, one of whi^ 
increases or diminishes with the angle, whilst the other increases or diminishoB 
with the explement of the anglle. 

4. The portion of the plane containing an angle^ whkh 



1 ThroQgliofnt The Elements, when the magnitude of va. angle is spoken of yitSasA 
suiythjng £nrther being said* the Immt ms^g^nitude 0Ti|y is Tv^oft w ^i 
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Qcreases or diminislies as the angle increases or diminishes^ 
s the cmgular space. All points of the angnlar space are 
nside the angle^ or in the opening of the angle ; all points 
i the plane not contained in the angular space^ are outside 
he angle. 

The two sides of an an^e may be oblique or perpendicular to one another ; 
hey may even be the oontinnation of each other ; that is, have opposite 
irections, so that they form a straight line : in the latter case the angle is 
ailed a itraight angle. Thus 

5* A straight angle is an angle each side of which is the 

^ntinnation of the other. An angle which is less than a 

traight angle is a projecting angle; an angle which is 

preater than a straight angle is a receding angle. 
Henoe, the two sides of a straight angle form a straight line. 

6. Two angles which have the same vertex and one com- 
Qon side are adjacent to each otiier, or simply adjacent 

H one side of an angle be produced beyond the vertex, the two angles thus 
nmed, having one side in common, will be adjacent to each other. If both 
ides of an angle be produced beyond the vertex, each of the four angles 
lus formed with a common vertex will be adjacent to two others ; the oppo- 
ite angles, that is those that are not adjacent, are said to be the vertical of 
ach other. Thus 

7. Vertical angles are two angles such that the sides 
f the one are the continuation of the sides of the other 
►eyond the vertex. 

8. The line which joins two points of the sides of an 
ogle subtends the angle. 

9. Two points of the sides of an angle, which are equally 
iistani» from the vertex^ are symmetric pointa of tlks ^si^\a.. 
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The straight line which joins two symmetric points of an 
angle subtends the angle symmetrically, 

lO. The hisectrix of an angle is the straight line wliicli 

divides the angle into two equal parts. 

It f dUows from the definition of the angle that the biseotriz passes thro# 
the yertez. 



Thbobbm 1. 

Si/mla/r cmghs a/re equal to each other. 

Let there be two similar 
angles ABC and D E F. 

If the sides ABandBG 
be eqnal to the sides DE 
and E F respectivelj, let the 
two angles b€ applied to each 
other ; then, because the two 
angles have the same form, 
they will coincide with eack 
other: therefore they are 
equal to each other. 
If the sides of the angle A B C be not equal to those of the angle 
D E F, let B H be equal to E D and let B I be equal to E F ; then the 
angles H B I and D E F are equal to each other \_I>em.'\ ; therefore 
the angles ABC and D E F are equal to each other, which was to 
be demonstrated. Inversely 

Unequal a/ngles cute not similar to each other. 




Theorem 2. 
Equal angles have equal explements. 
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Because thej are eqqal to each other, they may be made to coin- 
nde; their explements will then be one and the same for all of them, 
[nversely 

Angles which have unequal explements a/re unequal, 

CoaoLLAKY. Conversely, angles which have equal explements are 
iqual to ea^h other. 

Theorem 3. 

Eucl, L 16.) 

Vertical angles are equal to each other. 
Let A B and D be two vertical angles. 




Then A C and B O D are two straight lines [De/. 7]. Let O A, B 
C, and O D be eqnal to one another; let A B, C D, B C, and A D 
be joined ; and let H I be the middle line of B C and A D ; then H I 
passes through the point [I. 26 ii]. Because A B and D are 
symmetric to H I [I. 33 iii], the lines A and O D are symmetric 
to H I ; also, B and D are symmetric to the same line. Now, 
let the plane containing the figure be folded upon HI; then OA 
will coincide with its symmetric D, and B with : that is, 
the angle A B will coincide with the angle COD; therefore the 
angles A B and COD are equal to each other, W. W. T. B. D. 
Inversely 

If two amgles hamng the same vertex he unequal, and one side of one 
of them he the continuation of one side of the other, the other sides 
are not the continuation of each other, 

CoaoLLAEY I. If one of the angles formed i>i/ two straiglit Uue% c/\>it- 
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ting each other he equal to iie adjacent, the four angles are eqwi 
to one another, 

CoBOLLAUT n. The hieecMx of a/n a/ngle bisects its vertical and tli 
explement, 

C0EOLLA.BT III. The prolongations of the sides of a projecimg angU 
are outside the a/ngle, and conyerselj. 

CoBOLLAUT IV. The prolongations of the sides of a recedmg antjU 
are within the a/ngle, and conyerselj. 



Theorem 4. 

A straight a/ngle is equal to its explement. 
Let A B C be a straight angle. 



"15 



Then the straight line B C is the continuation of the straight line 
A B ; that is, A C is a straight line. Let the angle A B C be divided 
into two parts bj the straight line B D, and list B D be produced 
to E beyond the vertex B ; then the angle A B E is equal to its 
vertical DBG [3], and the angle E B C is equal to its vertical 
A B D : therefore, the angles ABE and E B C are together equal 
to the angles A B D and DBG [iv] ; that is, the straight angle 
A B G is equal to its explement, W.- W. T. B. D. 

GoROLLAJLY. The explement of a projecting angle is a receding 
angle, and conversely. 
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Theorem 5. 

Conversely, an angle equal to its exphment is straight. 
Let A B C be an angle equal to its ezplement. 




Let B D be the prolongation of A B bejond the vertex B ; then 
B D is a straight line. Let the plane containing the angle be 
Ided upon A B D ; then all points of A B D will remain in their 
rst position [I. 2] and B C will take a position B E on the other 
de of B D ; therefore the angle ABO will be equal to the angle 
B £. Bat the angle A B C is equal to its explement ISyjp.']^ that 
» to AB E and E B C together: then the angle A B E is also equal 
> the angles ABE and E B C together [i] ; therefore the angle 
B has no magnitude at all and the lines B C and B E coincide 
ith BD. Bat ABD is a straight line lOonsf]; then AB C is a 
raight line, or, B C is the continuation of A B : therefore the angle 
B is straight, W. W. T. B. D. 

CoBOLLABT. If the ojpposites of fov/r a/ngles ha/ving the same vertex he 
uoZ to each other, they are vertical. 

SchoU/u/m. The bisectrices of vertical angles are the continuation 
each other (2 ii). 



Theobem 6. 

Two points of the sides of an angle equally distant from the 
rtex are symmetric to the bisectrix of the angle. 

Let the points A and C of the angle A B C, be equally^distant from 
B vertex B. 

Let B D be the bisectrix of the angle ABC, and let the plane 
Qtaining the angle be folded upon BD. Because the angles 
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A B D and DBG are equal to each other [Hyp."], the side A B will 
coincide with the side G 6, and because B A is eqnal to B G, the 




point A will coincide with the point G ; therefore the points A and 
G are symmetric to B D [I. D^. 22], which W. T. B. D. Inversely 

Two points of the sides of an angle which a/re not spm/metric to (kt 
bisectrix, are unequally ddstant from the vertex. 

GoROELARY I. Gonvcrsely, two points of the sides of an a/ngle wM 
are symmetric to the bisectrix are symmetric points of the angle, 

GoROLLARY II. The portions of the sides of a/n angle contaiMd 
between the vertex and symnfietric points, or between syrwmetric powU 
a/re symmetric to the bisectrix. 

GoROLLARY III. The bisectrix of an angle bisects every angle formA 
by lines joining any point thereof, to symmetric points of the an^le. 

GoROLLARY lY. The lines joining the symmetric points of vertical 
angles, are symmetric to the common bisectrix of the angles. 



Theorem 7. 

The bisectrix of cm angle is the middle perpendicular o^ 
every straight line subtending the angle symmetrically. 

Let A G be a straight line subtending symmetrically the angle 
AB G, and let B D be its bisectrix cutting A G in D. 
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lints A and C, being symmetrio points of the angle ABC 
are symmetric to the bisectrix BD [6]; then BD is the 
erpendicular on A [I. 28J which W. T. B. D. 




LABT I. Conversely, the middle perpendieula/r on the straight 
ending an amgle symmetrically, is the bisectrix of the a/ngle, 

LABY II. The perpendicular drawn from the vertex on the 
H/ne subtending an am^gle sym/metricaMy, bisects the laMer amd 
a/ngle, 

LAJiT m. The straight Une perpendicula/r to the bisectrix of an 
>4s the sides in symmetric points, 

LABT rV. Two straight lines subtending a/n angle sym/metric' 
pa/rallel to each other, 

LABT Y. If two straight lines subtend an amgle symmetrically, 
joind/ng their vmMhe extremities cut each other on the bisectrix, 

Theobbm 8. 

line joining the vertex to the middle point of a straight 
^tending am, angle symmetrically, is the bisectrix of the 



L and G be two symmetric points of an angle ABC, joined 
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by the straight line A C, and BD a straight line joining the yerbex 
to the middle point of A G. 




Then A D is half of the straight line A G. Let B E be the bisectrix 
of the angle A B G, catting A G at the point E ; then E is the 
middle point of A G [7], and A E is half of A G. But A D is abeadj 
equal to half of A G ; therefore A D is equal to AE [i], and the points 
T> and E are one and the same point. Because the straight hnes 
B D and B E, have two points in common, they coincide through- 
out with each other ; therefore B D bisects the angle A B G, which 
W. T. B. D. 

GoRoU&BY. The straight line passvng through the middle 'povnU of 
two straight Imes subtending an a/ngle symmetrically, passes aUo 
through the vertex and bisects the amgle. 



Theorem 9. 

If the sides of two angles having the same bisectrix, cut each 
other, the points of section are symmetric points of both 
angles. 

Let BD be the bisectrix of the two angles AB G and A D G, the 
sides of which cut each other in A and G* 
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Xet the figare be folded upon B D ; the angle A B D being equal 
the uigle C B D, the line B A will coincide with B C ; also D A 




mil coincide with DC, and they Yrill cut the coinciding lines 
B and B A at the same point : that is, the points A and C will 
3omcide with each other ; thence B A is equal to B C and D A is equal 
#0 D G ; therefore the points A and C are symmetric points of both 
uigleB,W.W,T.B.D. 

C0BOLLAB.T I. Conversely, if the sides of two angles cut each other in 
nfVMnetric poi/nte, the Ime passing through the vertices is the bisectrix 
yf both a/ngUs, 

CoBOLLAST II. If the sides of two ambles, Kavi/ng the sa/me bisectrix, 
yui each oHher, the points of section arre syrn/metric to the bisectrix^ 
ind conyersely. 



Theorem 10. 

Each point of the hieeetrix of an angle is egually distant 
from the eides of the angle. 

Let A B C be an angle and B its bisectrix. 
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From any point of the bisectrix B 0^ let there be drawn A aad 
O C, perpendicular on B A and B C respectively, and let the figure 




be folded upon B 0. Because the angles O B A and O B C are 
equal to each other IHyp,"], the lines B A and B C will coincide 
with each other, and also the perpendiculars A and O C [L 10]; 
the latter are then equal to each other [I. 3 i] : but the perpendica- 
lars A and C measure the distance from the point O to the 
lines B A and B C [1. 11] ; therefore the point O is equally distant 
from the sides of the angle, W. W. T. B. D. Inversely 

Any povnt not equally distomt from the sides of an a/ngle does not 
belong to its bisectrix, 

CoEOLLABT I. Eo^h jpoint of the bisectrix of am, amgle is equally dis' 
ta/ntfrom sym/metric points of the angle. 

OoEOLLART II. The projections of a povnt of the bisectrix^ on the 
sides of a/rv angle, a/re sym/metric points of the a/ngle, and conversely. 

OoBOLLAHY III. The vntersection of the bisectrices of two a/ngle$ 
formed by a straight H/ne toith two others, is equally distam,t from the 
three li/nes. 

SchoUu/m, Each point of the bisectrix of a straight angle is equally 
distant from symmetric points of the angle (L 14). 
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Theorem 11. 

Any point without the hisedrix of an angle is unequally 
iista/ntfrom the sides of the a/ngle. 

Let B O be the bisectrix of an angle ABC, and K any point 
withont it. 




'' Let K A and K be perpendicular on B A and B C ; let be the 
point O where K A cut the bisectrix; let also D be a perpendicular 
on B C, and let K D be joined : then K D is less than K and D 
together [I, 6i]. Because OAand OD are equal to each other [10], 
ED is less than KO and OA together, that is, less than KA: 
but K C is less than K D [1. 11] ; much more is K C less than K A ; 
therefore the point K is unequally distant from the sides of the 
angle ABC, which W. T. B. D. Inversely 

Every point equally d/letantfrom the sides of an angle belongs to the 
bisectrix of the a/ngle. 

CoBOLLABY I. Every point equally distant from symmetric points of 
Mn amgle "belongs to the bisectrix of the angle. 

CoROLLABT U. The straight H/ne which has two of its points equally 
dista/nt from the sides, or from symmetric points^ of an a/ngle, is the 
bisectrix of the angle, 

CoBOLLABT III. The straight Une passing through the vertex, and one 
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povnt of which is equally dista/nt from the sides, or from spm/drii 
points, of an angle, is the bisectrix of the c/ngle, 

CoEOLLAJLT lY. Every point of a Vine which divides a prc^ecUki 
angle into unequal portions ^ is fwrther dAsta/nifrom the side wUh vihiiDk 
it forms the greain.r angle, and oonyersely. 

Scholium, Every point equally distant from symmetric points of i 
8traij|;lit angle belongs to the bisectrix of the angle (L 15). 



Theobeh 12. 

Symmetric points of an angle a/re each equally distant 
from the other side of the angle. 

Let A and C be symmetric points of the angle ABC. 

C 



h 




Let AD be perpendicular on B 0,"and OB perpendicular on 
A B, the point F being their intersection ; also let O be perpen- 
dicular on B€, and A O perpendicular on B A, the point O being 
their meeting point. Because the lines AO and 00 are perpen- 
dicular on the sides of the angle ABC, through symmetric points, 
their meeting point is a point of the bisectrix of the angle [10 ii] ; 
thence O A is equal to 00 [10]. The lines OC and AD, being 
both perpendicular to B C, are x>&i^llel to each other [1. 16] ; also 
A and E are parallel to each other ; then A P is equal to C 
[L^land € !P is equal to A; therefore AP is equal to C P£i]. 
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The point F, being equally distant from symmetrio points of the 
igle ABO, belongs also to the bisectrix of the angle [11 i]; there- 
re PD is equal to PB [10]. But AP is equal to C P IDem.']; then 
F and F D are together equal to C P and P E [iy]: that is, AD is 
lual to E ; therefore the distance from the point A to the side 
C is equal to the distance from the point G to the side B A [1. 11], 
hich W. T. B. D. Inversely 

Points wnequciXiy distcMtfrom the sides of cm a/ngle a/re not symmetric 
yiwts of the angle. 

OoEOLULRY. The 'projections of each of symmetric points of cm cmgle 
I the other side a/re symmetric of the ar^le. 



SECTION II. 
ON RIGHT ANGLES. 

Definitions. 

11. A right angle is one of which the sides are perpen- 
Lonlar to one another. An obtuse angle is that which is 
reater than a right angle ; an acute angle is that which is 
88 than a right angle. 

12. When two angles are together equal to a right angle 
ey are complementary angles, and each of them is the com^ 
ement of the other j when two angles are together equal to 
TO right angles, they are svpplementary angles, and each of 
em is the supplement of the other. 

Theobem 13. 

{Eucl. I. Def, 10.) 

If a strcdght line form with another two adjacent angles 
ual to each other, it is perpendicular to it. 

Let G D be a straight line forming with the straight line A B two 
Ijacent angles, A G D and DGB, equal to each other. 



146 



TSE ELEKBNT8 OF QEOMBTRT, 



Then D is the bisectrix of the straight angle A C B, formed by' 
the two portions C A and C B of the line A B. Let A and B be 

D 



A C B 

symmetric points of the straight angle A C B ; then any point D of 
the bisectrix C D is equally distant from A and B [10 i]. Now the 
straight line C D has two of its points, C and D, equally distant 
from the extremities of A B ; therefore C D is perpendicular to AB 
[L 15 ii], which W. T. B. D. Inversely 

An ohUque to a straight Une forms with the latter unequal aSja^ 
a/ngles. 

Corollary. If two straight lines cut each other, the bisectrices of 
two a^'acent a/ngles a/re perpendicular to each other. 



Theorem 14. 

Conversely, a perpendicular to a straight line forms wUh 
the latter two adjacent angles equal to each other. 

Let C D be a perpendicular on the straight line A B, and let two 
poiijits A and B of A B be equally distant from the point 0. 

The straight line C D being the middle perpendicular on A B, any 
point D of it is equally distant from A and B [1. 14]. But A and B 
are symmetric points of the straight angle A G B formed by the two 
portions C A and C B of the line A B ; then G D, passing through 
the vertex C, and having the point D equally distant from^the sym- 
metric points A and B^ is the bisectrix of the angle AC B [11 iii]: 
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re the angles ACD and DCB are equal to each other, 
T. B. D. Inversely 

ID 



(L 



straighit line form with cmother two adjacent angles not equal 
', other, U is ohUque to the latter. 

)LLABT. If two straight Unes cut each other perpendieula/rh/f the 
%gle8 thus formed eyre equal to one a/nother. 



Theobem 15. 

(EmcZ. -4a?. 11.) 
right angles a/re eqtial to one a/nother, 
ABC and D E F be two right angles. 

A D 



S C H B P 

the sides B C and E F be produced beyond the vertex in I 
'. ; then the lines A B and D E will be respectively perpen- 
• on the lines 1 and H F [Def 11], Now, let the two figores 
•lied to each other so that the lines I C and HF coincide with 
bher, and so that the point B coincide with the point E ; then the 
idicnlars AB and DE will coincide also [I. ^~\*. Yi^iicib Niiti& 
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angles ABO and D E F coincide with each other; therefore thqr are 
equal to each other, W. W. T. B. D. Inversely 

If one of two unequal a/ngUa is a right a/ngle, the other is not a rigid 
cmgle. 

Corollary. The complements and supplements of equal angles on 
equal to one another, and conversely. 

Scholium. The magnitude of the right angle being constant, it 
may be used advantageously as a unit for measuring all angles. 



Theorem 16. 

{EucU 1. 18.) 

Two adjacent angles formed by a straight line meeting 
another are together equal to two right angles. 

Let the straight line G D meet another A B in the point 0. 

E 




^ 



Let E be a perpendicular on A B in the same point 0. The angle 
E C B is composed of the angles E G D and D G B ; hence tbd 
angles AGE, E G D and D G B are together equal to the angles 
AGE and E G B : but the angles AGE and E G D form together iihe 
angle A G D, and the angles AGE and E G B are two right angles 
[Def 11] ; therefore the angles A G D and D G B are together eqnal to 
two right angles, W. W. T. B. D. 
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/OuoLLABY L A straigM oungle U equal to two right angles* 
/OBOLLABT II. If one of two adjacent a/nglea formed hy a straight 
i meeting amather is a right angle, the other is a right angle also. 
^OBOLLABY 111. All the o/ngles made hy a/ny number of straight 
V meeting in one point on oim side of a straight tine, are together 
al to two right angles. 



Theobbm 17. 

If two straight lines cut each other ^ the four angles thus 
mad a/re together equal to four right angles. 

jet AB and C D be two straight lines catting each other at E. 




[he angles A E D and A E are together equal to two right angles 
1] ; also the angles E B and B E D are together equal to two 
ht angles: therefore the four angles A ED, A EC, E B, and 
S D are together equal to four right angles [iv], W. W. T. B. D. 
!y0B0LiAB,T L An angle and its expl&ment are together equal to 
T right a/ngles. 

]JoBOLLART 11. All the OMgles formed hy any number of straight 
es meeting in one point, are together equal to four riqJd augles. 
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Theorem 18. 

{Euel. 1. 14.) 

If two adjacent angles, having tits sa/me vertex, he together 
equal to two right a/ngles, the sides which are not comnm 
are the continuation of each otJier. (Conv. of 16.) 

Let ABC and B D be two adjacent angles equal together to two 
right angles and having the same vertex B. 




D 



Let B C be produced in E beyond the vertex B. Becaose the 
angles ABC and ABE are together equal to two right angles [16], 
and the angles ABC and C B D are also together equal to two right 
angles [Syp."]^ the angles ABC and ABE are together equal to the 
angles ABC and C B D [i] ; hence, the angle C B D is equal to the 
angle ABE [viii]. Likewise the angle AB C is equal to the angle 
E B D ; hence the angles ABC and C B D are together equal to the 
angles ABE and E B D, or the angle A B D is equal to its exple* 
ment : therefore the angle AB D is straight [5] ; that is, AD is a 
straight line, W. W. T. B. D. 

CoROLLAEY. The angle equ(d to two right cungles is straight. 



SECTION III. 
ON TEE COMPARISON OF ANGLES. 

Each angle of the two groups of angles formed by two straight lines u^ 
% transversal, has received a different name when taken with one of the 
other group. 

13. Two angles, that is, one of each group of angles 
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formed by two straight lines and a transversal^ taken on 
the same side of the transversal, are interior angles if they 
are both inside the two straight lines; exterior angles if 
they are both outside the two straight lines ; and corres- 
pondinff angles if they are one inside and the other outside 
the two straight lines. 

14. Two angles, that is, one of each group of angles 
formed by two straight lines and a transversal, taken one 
on each side of the transversal, are internally alternate, or 
simply alternate, when they are both inside the two straight 
lines ; and externally alternate when they are both outside 
the two straight lines. 



Theorem 19. 

Two ambles the sides of which are the symmetries of each 
other, each of each, are equal to one another. 

For, if the plane containing them be folded upon the line of sym- 
metry, their sides wiU coincide and their vertices also; they will 
then form one and the same angle: therefore they are equal to 
each other. 

GoEOLLABY. The a/ngles made by symmetric Imes with their line of 
aymm^Pry, are equal to each other ^ 



Theorem 20. 

{EucU I. 29.) 

Alternate angles formed hy two parallels ami a tramps- 
versal, a/re equal to each other. 

Let A B and C ^D be two parallels cut by the transversal E P at H 
and I. 
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Let KI and HL be two perpendiculars to AB andOD[Ll^ 
throngh the points H and I, and let K L be joined, cutting HI in 




O ; let MN be the middle line of the intercepts HL and KI,A&d 
let PQ be the middle line of the intercepts HK and LI: then 
M N and P Q cut each other in [I. 26 iii]. Because H K and LI 
are symmetric to M N [1. 33 ii], the lines I H and L K are symmetric 
to M N [L 32 i]; hence the angles HIL and LKH are eqnftl 
to each other [19]. Because HL and KI are symmetric to PQ 
[I. 33 ii], the lines H I and K L are symmetric to P Q [1. 32 i] ; also 
H P and K P are symmetric to the same line [L 27 ii] : therefore tlie 
angles I H P and L K P are equal to each other [19]. But the angles 
HIL and LKH are equal to each other [JDem.]; therefore the 
angles HIL and I HP, that is, the alternate angles E I A and F H D> 
are equal to each other [i] : now, their verticals and supplements, 
which are also alternate angles, are equal to each other ; therefore 
the alternate angles formed by the two parallels A B and C D with 
the transversal E F, are equal to each other, W. W. T. B, D. Inversely 
Two etraigM Jmes formmg with a tra/nsversal v/nequal dliemaU 
angles, cure not pa/r<dlel to each other. 
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ROLLART I. The corrMpondi/ng cmgles formed by two pardUeU 
a trcm8ver$al, a/re eqttal to each other, 

iKOLLABT II. The vrderior cmd exterior cmgles formed by two 
UeU with a tranevereal, a/re $upplementa/ry, 

Theobem 21. 

(EueU I. 27.) 

inversely, if two straight lines form with a transversal 

tI altemater a/ngles^ they a/re parallel to each other, 

Bt AB and C D be two straight lines cut by the transversal E F, 
let the alternate angles H I B and I H C be equal to each other. 




at M N be a parallel to C D, through the point I ; then the alternate 
«s H I N and I H C are equal to each other [20]. Because the angle 
B is equal to the angle IHG [Hyp^y the angles HIB and 
N" are equal to each other [i] ; therefore the straight lines A B 
MN coincide with each other: but MN is parallel to CD; 
efore the line A B, which coincides with it, is also parallel to C D, 
Jh W. T. B. D. Inversely 

00 straight Unes, not parallel to each other, form vnth a trane* 
d, unequal aUemaie angles. 
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Cosolulbt I. If two HraigJU Unes form wUh a trcmsimsal eqwl] 
corresponding angles, they are paraMd to each other. 

CoBOLLABT II. If two straight lines form with a transversal tif'' 
plenientary interior or exterior angles, they are paraUd to each oAflr. | 



Theobem 22. 

If two straight lines cut each other, the interior wnglti] 
formed by a transversal towards their intersection, arebh 
gether supplementary to the angle forrned by tlte skoifU^ 
lines towa/rds the transversal. 

Let AB and CD be two straight lines catting each other isA^ 
and forming with the transversal B D the. interior angles ABDand, 
ADB. 




Let AH be a parallel to D B through the point A. Thentto 
alternate angles A B D and BAH, formed by the parallels AB a&^ 
D B with the transversal A B, are equal to each other [20] ; 
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CQrrespoiidiiig angles ADB and C AH, formed by the same 
iJlels with the transversal G D, are equal to each other [20 i.] : 
refore the angles ABD and ADB are together equal to the 
^es BAH and CAH, thaf is, to the angle BAG. But the 
;leBAG is the supplement of the angle DAB; therefore the 
;les ABD and ADB are together supplementary to the angle 
L D, which W. T. B. D. Inversely 

f two straight Imes form on one aide of a trcmsversal, vnterior 
ilea wJUeJi are together equal to, or greater than, two right angles, they 
w>t, however far 'produced, mset on the s&me side of the trwnsversaL 
HoBOLiABT L If two straight lines form on one side of a trans- 
toil interior angles which are together less than two right a/ngles, the 
) straight Unes, indefinitely produced, shaU meet on the same side of 
transversal (1. 18 i). 

jQBOLLABT IL The straight line subtending a right or obtuse 
informs towards the vertex two a>cute angles, 
jQBOLLABT III. The straight line subtending a right angle forms 
^(xrda the vertex two complementary angles, 

IHosoLLABT TV, The bisectrices of the interior angles formed by two 
raUels with a transversal are perpendicular to ea^h other, 
UoKOLLABY Y. If one of two angles subtended on the same side by 

same straight Une, has it§ vertex in the angular space of the other, 

first is greater than the second. 



Theobem 23. 

Two angles the sides of which a/re parallel each to each, 
i ha/ve the same direction, a/re equal to one another. 

jet A B G and D E H be two angles such that the sides B A and 
) be parallel to one another, and also the sides B G and E H. 
^et the sides ED and BG be produced indefinitely until they 
each other in I [1. 18i]. Then the alternate angles ABC and 
E, formed by the two parallels A B and I E with the transversal 
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B I, are equal to each other [20] ; also the alternate angles B I E and 
D E H, formed by the parallels B I and £ H with the traDBversal 
I E, are equal to each other : therefore the angle A B C is equal to the 
angle D B H [i], which W. T. B. D. 

CoBOLLAET I. Tvoo (mgUs^ ths ddes of which cere paraUd Mck io 
each cmd have opposite direcUons, a/re equal to each oUier. 

Corollary II. If the sides of aai OMgle he paraUel eo/ch to eac^ if 
those of a/tnother angle, one with the same direction and the other wHk 
the opposite direction^ the two angles are supplementary to each other. 




Scholium, Two angles the sides of one of which are parallel, each 
to each, to the sides of the other, are either equal or supplementary 
to each other. 
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Thsobem 24. 

If two angles have the same vertex, and if the lines 
forming one of them he ^perpendicular on the same side of 
the linss fotming the otlier, each to each, the two angles 
ire equal to each other* 

Let the angles ABC and D B E haye the same vertex B; let also 
B D be perpendicular on B A, and B E perpendioolar on B C. 

The right angles 
ABD and CBE 
are equal to each 
other [15] : bnt 
they have in oom- 
inon the angle 
€ B B ; therefore 
the angles ABC 
and D B E, which 
are the parts not 
in conunon, are 
equal to each other 
Cyiii], W.W.T.B.D. 

CoBOLLiitY I. If 

the lines forming E 
two cmgles he perpendicula/r each to each, cmd if the paraUeU to the 
Imes fonmng one of them, ihrov^h the vertex of the other, he on the 
same side of the lines formi/ng the latter, the two angles are equal 
to each other, 

CoBOLLABT II. Jpf the Imos forming two onglei he p&rpendicular^ 
each to each, and if the parallels to the lines forming one of them, 
fiwough the vertex of the other, he not on the sa/me side of the lines 
formdng the loiter, the two cmgles a/re supplementary to each other. 

Scholium. Two angles the sides of one of which are perpen- 
dioolar, each to eaoh, to the sides of the other, are either equal or 
supplementary to each other. 
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SECTION lY. . 
ON CENTRE ANGLES. 

Definitions. 

15. A centre angle, or angle at the centre^ is tliat which 
is formed by two radii of a circumference ; the aro inter- 
cepted between the sides of the angle is its a/rc ; the 
chord subtending the arc also subtends the angle; and 
the angle stands upon its arc. In the same circumference, 
or equal circumferences, complementa/ry arcs are those 
of a centre angle and its complement; sujoplementary 
arcs are those of a centre angle and its supplement; 
explementary arcs are those of a centre angle and its 
explement. 

16. An inscribed angle, or angle at the circumference^ \& 
that which is formed by two chords meeting at a point 
of the circumference ; the arc intercepted between the 
sides of the angle is its arc; the chord subtending 
the arc subtends the angle; and the angle stands upon 
its arc. 

17. A circumscribed angle is that which is formed by 
two tangents to the same circumference; the arcs deter- 
mined by the points of tangence, are its a/rcs : the arc 
convex to its vertex is its convex arc ; and the arc concave 
to its vertex is its concoAfe arc. A circumscribed angle is 
said to be circumscribed at the points of tangence of its 
jsidas. 
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Theobem 25. 

(Euci, in, 26.) 

In the same circumference, the cures of equal centre angles 
are equal to ons another. 

Let A O B and C D be two equal centre angles in the circum- 
ference O, and let the radius OH be the bisectrix of the angle 

BOO. 

Let the bisectrix 5 be 
produced beyond the vertex 
to a point I of the circum- 
ference : then IH is a dia- 
meter. Let the plane contain- 
ing the figure be folded upon 
IH; then the two halves 
of the circtimference will 
coincide with each other 
[L 39]. Because the two 
angles HOB and H G are 
equal to each other [Gonsf], 
OB_and will coincide with each other; also the point B will 
coincide with the point 0. Because the angles A B and GOD 
are equal to each other {Hyp,'], the point A will coincide with 
the point D : then the arcs A B and G D will have the same ex- 
tremities ; therefore they are equal to each other, W. W. T. B. D. 
Inversely 

In the 8€ume ciroMnference, centre cmgles etcmdmg upon unequal curoe 
4ire wneqvfil, 

GoBOLLABT L In equal m'cwmferencee, the arcs of equal centre 
cmgles are equal to one another, 

GoBOLiiABT U. The alt&iifiate area det&rmmed hy two cUa/meters, are 
^qual to each other, 

GoBOLLABT IH. Two diameters perpendicular to each other divide 
the circumference into four equal parts. 
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Theobem 26. 

(Euel. JIL 27.) 

In the same cirov/mference^ the arcs of unequal centre angles 
are unequal. 

Let A B be a centre angle greater than another COD in the 
same ciroumferenoe 0. 

Let the centre angle AOE 
be equal to the angle GOD. 
Because the angle AOB is 
greater than the angle C D| 
it will be greater than the 
angle AOE, and the differ- 
ence in direction between 
A and B will be greater 
than the difference in di* 
rectionbetween O A and OE; 
therefore the radius E will 
have a position between A 
and B. Let AB and AS 
be joined, and let I be the point where AB cuts the radius E. The 
straight line A E is less than A I and I E together [L 6 i] ; also 
B is less than I and I B together : therefore A E and B are 
together less than A I, I E, 1, and I B [v], or less than A B and 
E. Because B and E are two radii, they are equal to each 
other; thence AE is less than AB [y] : therefore the arc A E is 
less than the arc A B [I. 43 ii]. But the arcs G D and A E are 
equal to each other [25] ; therefore the arc G D is less than the are 
AB, which W. T. B. D. Inversely 

In the ea/me cvrcttmference, centre cmglea sta/ndmg upon equal a/rcs 
a/re equal to each other. (Gonv. of 25.) 

GoROLLART I. In equal cvrcumferences, centre a/ngles atamdvng upon 
equal arcs are equal to one another. 

GoROLiARY II. In the samie circumference, or m equal (nrcwnfef' 
ences, a greater am^le stands ujpon a greater arc, and conyersely. 
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GoBOLLABT III. The radius perpendicular to a chord, i$ the hisectrioi 
of the centre amgle ivhtended hy the chord. 

Theorem 27. 

(Euel. Ill, 20.) 

An inscribed angle is equal to half the centre angle standi 
ing upon the same arc. 

One of the chords forming the inscribed angle may pass through 
the centre of the circumference, or there may be one chord on each 
side of the centre, or both chords may be on the same side of the 
centre. 

Let ABC be an angle 
inscribed in the circumfer- 
ence O, and let one of its 
sides A B pass through the 
centre. 

Let O C be joined, and let 
the diameter ED be the 
bisectrix of the angle A C. 
Because the vertical centre 
angles E O B and A D are 
equal to each other [3], the 
arcs E B and A D are equal 
to each other [25]. Because 
also the centre angles A D 
andD C are equal to each other [^Oonst.'], the arcs A D and D are 
equal to each other ; therefore the arc E B is equal to the arc D G [i], 
and the chords E D and B C are parallel to one another [1. 53 i]. Be- 
cause the corresponding angles A D and ABC are formed by 
the parallels E D and B 0, they are equal to each other [20 i] ; but 
the angle A D is half the angle A C IConsf] : therefore the angle 
A B G is equal to half the angle A G. 

Let H B G be an angle inscribed in the circumference 0, and let 
the centre be between its sides. 
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Because the angle A B G is equal to half the angle A O C and, 
the ungle H B A is eqxtal to half the angle H O A {Dem*'], the angles 
ABC and H B A are together equal to half ihe angles A O G and 
H O A togethei: [li] : that is, the angle E! B G is •equal to half the 
«a>gle HOG. 

Lastly, let G B I he an aAgle in iihe cfircumfepeaoe O, «ad let the 
centre O he outside the angle. 

Let O I be joined. Because the tmgle A B C is equal to half the 
vngle A O, and the iingle AB I is equal to half the angle AOI 
^£)efrt.], the difference of liie angles A B I amd ABO is 'Oqaal to half 
the difiepence i»f the angles AO I arod AOO [ii]^ that is, the ang'e 
€ B I is equal to halfthe angle GO L 

Therelore, any inseribed angle is half Hie centre «ngle standing 
wpon the same arc, W, W. T. B. ©. 

GoBOLLABT L Aoi vfiscrihed cmgle Is equoSL fa hdJf ibe ceaUre <mgU 
^cmSJmg 'wpon cm equtd a/rc, and conversely^ 

GoEOLiAKT IL In fhB same i^ircmmf&rence or t» equal cvrcwmfereneeSt 
^iThscribed angles sikandJing v/pon the'sa/ms^sMrc^r equal *turcSf are equal 
%B one iWfO^ier, and xscmversely, 

OoKOLiABT nL In the soms drcvmtferesfice 9T i» ^uotl wrGumfer* 
rniCBSy a greaier 'msombed anfie ^skinAs v^pon a ^reaier <wc^ and eon' 
versely, 

THBOlfcBM 28, 

An xmgle Wie veriex of w%ic3i is wiifhin five ^ciroumferenM, 
is equod io the su/m 'of the mscr^ed unghs etandmg ujpon 
Us arc cund fha!t ^f Us vertlcaL 

Let A B'G he an angle the vertex of ^hidi is within the circum- 
ference A BG. 

Let its sides be produoed beyond the vertex to the points £ and D 
*of the civoun^fepenoe; let E H be u chord parallel to A D through the 
point £, and let A £ be joined. The corresponding angles A B G and 
fi J2 G formed by the parallels H £ ^oid AD, are equal to each other 
[20 a];; tbatiis, tl^ 4i\gle ABC is «qual to the angles JlJB G and 
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A E K together. Because -the arcs A H and D E, intercepted be- 
tween the paralleis H B «nd A D^ are equal 4o eack^tber [I. ^3], the 
inscribed angles A E H and 
E A D are eq«ialto«aobotber 
[27 ii] ; therefore !the angle 
AB C is eqasA. to the angles 
AEC and SAD which 
stand up^ its arc Jind that 
of its vertical, W. W. T. B. »• 

GoBOMAET. j^ am, eiMfk ^, 
formed hy iwo wccuni^ tmd 
if Us ventex he^thotetthe cvT' 
eumference, U is efi^d ^0 ihe 
difference of i\e inscribed 
angles skmdmg 4tpen 4he twQ 
arcs intercepted hy its sides. 

8c%oUtM!». A centre angle 
is equal to twice the ki- 
scribed angle standing upon Its arcs, or that of its 'veiAietEi (2^ 




Thegrbm 2a. 

'(EucL UI. 32:^ 

The amgle formed iy a tangent and a chord terminatinf 
at the pomt ^f ian>gence^ is egual to Juilf ffie cewtrs am^gU 
fuhtended hy the dkerdu 

Let A B C be .an ai^gle formed 1>7 a tangent A13 to the .cii> 
cumference Q, imd l^e chord B terminating at fhe pcnnt of 
bangence. 

Let BOO be a centre angle standing 'upon the arc BC and let 
D be a radium ^perpendicular on B C : .then <D D is the bisectrix of 
the angle BOG [26 iii]. Because the lines forming th^; angles ABQ) 
smd BOD are perpendicular each to each, and the parallels A' and 
GVto B A. and B D through the Tertex O^.aie 43n the .same ..aide <flf 
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O B and D, the angles ABO and B D are equal to eaoh other 
[24 i]; but the angle BOD is half the angle BOO; therefore 




B A 

the angle A B is equal to half the centre angle BOO, which W. 
T. B. D. ' 

CoROLLAB,Y I. Oonversoly, the etrodght Ime which forms at the 
extremity of a chord subtending a centre angle, on the side opposite to 
the vertex, cm cmgle equal to half the centre angle, is tangent to ilM 
cvrcv/mference^ 

CoROLLART II. The angle formed hy a tanfigeni am,d a chord terminaii/ng 
at the point of ta/ngence, is equal to the inscribed cmgle subtend^ ly 
the chord, and conversely. 



Theosem 80. 

A circumscribed angle is supplementary to the centre angle 
standing upon its convex arc. 

Let A B be a circnmsoribed angle, andlet A and be the points of 
tangence of its sides ; let A be a centre angle standing upon the 
convex arc ADO. 

Because the radii forming the centre angle A are perpendi- 
cular to the tangents forming the angle ABO, each to each [I. bh], 
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and beicanse the parallels B A' and B C to A and G tlirongb tlie 
vertex B are not onthe same side of B A and B G, the angles ABC and 




AO C are supplementary to each other [24 ii] ; therefore the circnm- 
scribed angle AB G is supplementary to the centre angle standing 
upon its convex arc, W. W. T. R D. 

Corollary L The oungles formed towards the vertex hy a strcdghi 
line suhtendvng a circwmecrihed angle^ are together equal to th$ 
centre a/ngle sta/nding tijpcm the convex a/rc (22), 

Corollary II. Each of the angles formed towa/rds the vertex of a 
cvrcumscrihed angle hy the chord of the convex arc, is equal to half 
the centre angle standing npon the sa/me arc. 

Corollary III. Two angles circumscribed to the sa/me ci/rcn/mference 
and having equal convex or concave arcs, a/re equal to each other. 

Corollary IY. A greater circumscribed amgle has a greater conea/oe 
arCf or a smaller convex arc, and conversely. 

Scholiwm. The angles formed towards the vertex by a tangent sub- 
tending a circumscribed angle are together supplementary to thafe 
angle. 
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SECTION T. 
OSr TBE MEASUREMENT OF ANGLES, 

SjBriKITIOKSw 

IT it l)e woLpgosoi that t^veytioes of all anglesvare tbe ceafire»Qf the same 
Aom^r of equal eircamferenoes (thait is^ circiizi^erenoe» of equal radii), then 
the axes of all equal angleS' will be equal to each otker [25jl , and eoaversely all 
aagles standing upc»i equal ares wiQ be eqval te^ eadi other [26}. Thus all 
aokgleB standmg^upon aztare of oxte degree will be equal tooite another: eaokof 
IEmzb IB ealled an an^e- of ene degree. Mb tii& degree is generally used as 
a unit to meaauze aH ares, 80 the angle of ooe degree ia- mort generally 
vsed a» a unit to measure aE angular magxBtude&. 

An. angle and an aro yrbicsb. bear tiie some relation to fiieir re[q>ectiYe units, 
are enddenfiy c^the same value {Gen. Def, 1S\ ; eadk is called th» measwre of 
file other. Hence, 

iS. An angle and an arc are said to be the measure of 
cacli ctlier^when thej haye tlie same value. 

Xhuff tbe measure of an angle (^ one degree is the are of one degree. 

It is> obvious that angles which have the same measure are equal to one 
mother [26] , and conversely, that arcs which ase the measure U equal 
snglea are eqiial to each other [25}. 

Theobiim si/ 

(Eucl. VI, SS.) 

In the game circumference, iwo centre angles are to ecuih 
other as their arcs. 

Let A OB and COD be anj twa centre angles in the circnm- 
ferenoe O. 

Let tbe area A B and C D be divided into equal parts, small enough 
to be contained an exact iramber of times in each ; let, for instance, 
AB contain sezren, and CD, three of these parts; the arc AB is 
then to the aro 1> as seven is to three [x]. 

Let th^e be a radius to each pcnnt of division c^ both arcs. Because 
all tbe centre angles thus formed stand upon equal arcs [Coim^.], they 



are equal to ono another [26}; therefore the uigle A B la to the 
angle C O D M fenen is to three [z]. 

Thererore, the angle A O B 
is to the angle C D as 
the arc AB ia to the aro 
CD [i]. 

Shoold the ares AB and 
C D be iaoommeaBnrable, let 
them be imaftmed to be di- 
yided into thdr infinitely 
HmaT? elements i fmct throoxh 
eaob point of diviaion, let 
a radios be im^^ed. The 
two angles A B and C D 
win be diTtded into a num- 
ber, finite or infinity ot 
oeotre angles standing npon eqaal arcs [Pott. ZX] ; therefore these 
partial angles will be all eqoal to one another [25]. However 
email these pu^tial angles maj be, it b evident that the nomber 
of the angles, will be eqoal to that of the arcs in each of the 
angles A B and O D ; therefore they are still as their arcs, 
W. W. T. B. D. 

OoBOLLiiBT I. Im equal <nrom^ereno6», tvto eetttfo aaglat are to 
eixA other at their ares. 

CoKOLUBT n. In the tame oinmmferenee ot mi eguol etnum/ereiwaa 
two ineoribed or ehvmmcribed tmgles are to each other as their aret. 

BehoUitm. Two angles are to each other as the arcs desoribed with 
the some radius between their sides, and with their vortioes aa 
(xntres. 




The measure &f a centre angle ia its are. 
Let AOB be any centre angle and let GOD be the angolar onit. 
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Let the arc D be the unit of aro. Beoause the angle A B is to 
the angle D as the arc A B is to the aro C D [31], the ratio of the 

angle A O B to the angular 
unit is the same as that 
of the arc A B to the ni^ 
of arc : that is» their value 
is the same [Gen. D^. 15]; 
therefore the arc A B is the 
measure of the angle A B* 
[Def, 18], which W. T. B. D. 
CorollabtI. Thsmeatun 
of the right angle is (ke 
fowrth 'part of the drewnfvh 
ence, and conversely. 
COBOLLABT 11. The mM* 
8v/re of a straight a/ngle is half the circwmference, and conversely. 
SchoUum, The right angle is an angle of 90 degrees. 

Theobem 33. 
The meaawre of cm vnscrihed cmgh is half of its arc. 
Let A be the aro of an angle ABO inscribed in the drciim- 

ference 0. 

BL,^ ^ Let the centre be joined 

to the points A and C. 

Because the aro AO is 

the measure of the an^ 

AOO [32], half the arc 

AO is the measure of 

half the angle AO'O 

[vii] ; but the angle ABO 

is equal to half the angle 

AOO [27] : therefore half 

the arc AO is also the 

measure of the angle ABO 

[i], which W. T. B. D. 
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CosoLLAST I. An cmgle stomdimg upon a semidrcumference is a right 
€Mgle. 

GoBOLLABT H. An angle standing upon a circula/r arc is an acute 
angle, and an a/ngle standmg upon a semicircular arc is an obtuse 
engle. 

GoBOLLAJELT III. Angles sta/ndmg upon opposite arcs are supple- 
mentary to each other, 

CoBOLLAST TV, The circumference described on a straight line which 
Bubtends a right a/ngle, passes through the vertex. 



Theorem 34. 

The measure of an am,gle the vertex of which is within 
ihe circumference, is half its arc together with half that of 
its vertical. 

Let A B C be an angle the 
vertex of whicli is within the 
circumference. 

Let its sides be produced 
beyond the vertex to D and 
E, and let E H be a parallel 
to A D. Because the cor- 
responding angles ABC 
and H E C are equal to each 
other [20 i], and half the 
&rc H G is the measure of 
bhe angle H E G [34], 
balf the arc HC is also 
bhe measure of the angle 
A.B C [i]. But the arc HO is 

composed of the arcs A and H A, and the arc H A is equal to the 
MPC B D [I. 63] ; therefore half the arc A C together with half the 
ire E D form the measure of the angle ABC, which W. T. B. D. 

CoBOLLABY 1. ]fa/n angle be formed by two secants, and its vertex be 
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without the circumferenee, its measwre ig ha^ the differemee of ike am 
intercepted between ita sides. 

C0E0LLAB.T II. J^the vertices of two swpjptementcsrff a/ngles subtenM 
hy the same straigJit line, he on opposite sides of the latter, the veiHtrn 
and the extremities of the snbtending Uae axe points of the sane etr* 
cumference. 

CoBOLiABT III. jy imo chords of a drcwnferenee cwt each 0^ 
perpendicularly y the arcs of two verticai angles th/iis for7aed,airetogeSi0t 
equal to a sendcireumference^ 



Theobem 85. 

Tfw meastcre of cm angle forraed hy a ta/ngeni and • 
chord terminating at the point of tcmgeiMie, ia half the m 
subtended hy the chord. 

Let AB G be an angle formed by a tangent AB to the ciroaA* 
ference BCD, and the chord BG terminating at the point of 
tangence B. 




Let C D be a chord parallel to A B. . Because the alternate angitt 
ABC and BCD are equal to each other [20], and half the arc BD isthfi 
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measure of t&e amgle BCD [38}, batf the arc B D iff also the 
tneasnre of the amgle ABC But the arrcs B C and B B are equal to 
Mch other [I. 5& iii}; therefore, half the are B C is the measure 
rfthe angle AB C, which W. T. B. D. 

GoBOXJLABT* Oonrverseljv if the measv/re of fhe cmgle formed Inf a 
Qwrd and a s^aigJU line passing througib its esBtrermttf he equal to half 
^ arc avsbt&nded hyf the shord, the gtra/Hght Hne is^ ta/agent to the dr- 
nmference^ 

SchdUumt. The measure of the angle fbrmed bj a tangent and the 
liameter terminating at the p<Hnt of tangence> ia the fourth part of 
bhe cirettm&rence (1. 55)1 



THXOEeEM 3S. 

The unea^ure of a eircum^cnbed anffle i» half the dif- 

'irmiee of it9 ares. 

Let A B C be an angle fcMioed by the two tangents B A and B C» 
lad let O and D be the points of tangence* 




Let D E be a chord parallel to B O through the point D. Because 
he measiire of the angle A D E is half the arc D E [35], and the cor- 
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responding angles A D E and A B G are equal to each other [20], the 
measure of the angle ABC is also half the arc D E [i]. Bat the 
arcs E and D are equal to each other [I. 53] ; the arc D E is then 
equal to the difference of the arcs E D and C H D ; therefore the 
measure of tlie angle AB G is half the difference of the arcs C ED 
and C H D, which W. T. B. D. 

GoBOLLAET. The measure of cm a/ngle formed hy a tcmgent and a- 
secantf the vertex of which is without the circumference, is half ik» 
difference of the a/rcs intercepted hy its sides. 

Scholium, The angle formed by two straight lines tangent at the 
extremities of a diameter is nought (1. 55 ii}. 



CHAPTER II. 
ON PEOPORTIONAL LINES. 

SECTION I. 

ON 8TJRAIQBT LINES CUT BY PARALLELS. 

Definitions. 

19. Straight lines are proportionally, or similarly , divided 
ken any two adjoining parts of one of them are propor- 
anal to two adjoining parts of each of the others ; the 
)ints of division separating the homologous parts are caUed 
rmologous points. ' 

20. When the sides of an angle are cut proportionally by 
raight lines, the portions of the latter intercepted between 
le sides, subtend the B,ngle proportionally , 



Theorem 37. 

^ two parallels tvhicJi cut both sides of an angle, determine 
I one side two equal portions thereof, the portions of the other 
de are equal to each other. 

Let AB C be an angle the sides of which are cut by the parallels 
E and A C, and let the portions B D and D A determined by the 
u*allels on the side B A, be equal to each other. 
Let B H be a parallel to D E and A C [1. 17 iii], through the point 
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S. Beeaase fhe interoeprts of B A between tke tkree paraUdglfl* 
DE and AC are equal to eack other £^]fpj,thfi paraUaIi3I«ii' 




A C -are equally dktant from tTie line 15 E [1. 24] : therefore fl» mte^ 
cept9 of B O hetween the same parallels, are ^uai 4x) •each othff j 
[I. 23], W. W. T. B. D. Inversely 

If two parallels wJdch cut T)oth sidee of an a/iftgle detemiwM'9% ow 
side two mfiequcA porUona 'thereof, 4he portvons •dstermim^S, xm ft< 
other side ^a/re 'waeqnaL 

Corollary, If the aides jof tun, a/ngls he tvi, ty <Mty sMumAter &f jjafal- 
lelsj and the porEons determmed on one side hy the parallels he egv^ 
to one another, the poriOone deteroMaied -en the M^er mde are oIm 
equal to one amoiher. 



Theorem 58, 

(Eucl. yi, 2^ 
The sides ef -em amgle <xre iMt ^cgportlonan^y hy two pa/ral' 
lets. 

Let there -be tin angle ABC, l9ie sides of which are cut by tbe 
parallels © E and AC. 

Let the portions B D and D A of the Tine A B be divided into equal 
parts, smaH ^nou^li .to -be contained an ezadi number of times in 
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it, for instance, BD contain seven and DA three of these 
hen B D will be to D A as seven is to three [x]. 




let tbere be «> parallel to D E throo:^ «»c?h pom* ci division 
l&en BO will be divided inbo eqaal parts hj these parallels 
3 S win oontain ^even^H these parts and £ G ij^^e <]£ /them : 
e BD win be (to ETD as ^even is to fAv^ee {zj. 
fore, BD is to D A as B E is to B Cp]. 
d the liaes B D and D A be incommensura'hle, let ihem be 
d to^e di^ded into tbeir infinitdy small ^elements, which are 
B for both lines IPo«<. TV], and through each point ctf division, 
■allel to D E he imagined? then BO will dso be •divided into a 
, finite -or infinite, of parte «qnal to one anol3ier [37 i]. How- 
1.11 these parts may he, it is evident that iSiere w31 be the 
.^ib^ <^ them in B E -as in B D, and the same nnmherin E 
L; therefore B D will be «tiU to DA, as BE as to E C ': that 
portions determined by the parallels on the sides of the 
re proportional, W. W. T. 3. D. 

XlAAT L The sides of vertical cungle8aa'e^utj>rqportiana%hff)jf 
iOeU, 
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CoeollabtII. Any mmiber ofpwralleU cid proportionaJh/ thetidu' 
of an angle, or vertical angles. 

CoaoLLiLBT m. The intercepts of two transversals between thm 
pa/rallels, are proportionaL 



Theobem 39. 
{Eucl. VL 2.) 

Conversely, two straight liites which cut proportionally tte 
sides of an angle^ are pa/rallel to each other., 

Let the angle A B be cut proportionally by the straight lixui 
A and D E, so that E be to BE as DA is to BD. 




Let A H be a parallel to D E, through the point A. Then E H is to 
B E as D A is to B D [88]. Because EC is to B E as DA is to BD 
IHyp,"], the line E H is equal to E [xvii] : therefore, the points H and 
C are one and the same point. Because the straight lines A C and AH 
have^wo points in common, they coincide throughout with each othff 
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{L 4] : now, A H is parallel to D E [CoiMt,] ; therefore A C is also 
jwallel to D E, which W. T. B. D. 

GoBOLLAJLT. Two strcdght Vines which out proportionaUy the sides 
€f vertical a/ngles, a/re pa/raUel to one a/nother, 

Bcholvwm. Two straight lines which determine equal parts of each 
^ the sides of an angle, or vertical angles, are parallel to each other 
<L26v). 

Theobsh 40. 

If the sides of an angle be cut by parallels, the distances 
Tfnm the vertex to the points of section are proportional. 
Let the sides of an angle AB be cut by the parallels D E and 

B 



D 



Because B D is to D A as B E is to E G [38], the lines B D and 
DA together are to B E and E as BD is to BE [zy] ; that is, 
BAistoBOasBDistoBE: therefore B A is to BDasBC is to 
BE[xiii]i which W.T.B.D. 



"& 



lyS 



THE ELBMENTS OF QBOMETBT. 



CoROLLABT I. Conversely, if two straight Unea cut the iide of » 
angle, and if the distances from the vertex to the poimU of stfim h 
proportional, the straight lines a/re paraUel to each other, 

CoBOLLABT II. If the sides of vertical angles he cut (y pa/rMtt 
the distances from the vertex to the points of section a/re propor^md, 
and conversely. 

CoEOLLAEY III. If the sides of an cmgle, or vertical angles, h (d 
by pa/rallels, the distances from the vertex to the points of section art 
proportional to the distances from the vertex to the intersecting p<miMt, 
and conversely. 

CoBOLLART IV. If the sides of an angle, or vertical angles, hecdl^ 
parallels, the distances from the vertex, of the points of section ofeaA 
parallel, a/re proportional to those of any of the others, and convene^* 



Theorem 41. 

The intercepts of two parallels between the sides of an angU 
are proportional to the distances from the vertex to their p(Mi 
of intersection with one side. 




Let A B C be an angle the sides of which are cat by the panQeli 
D E and A Q. ^ 
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Let E H be parallel to B A. Then AH is to AC as BE is to B C 

[HO]; bat the intercepts D E and A H between the parallels E H and 
£Aare equal to each other [t. 22] : therefore DE is toAGasBE 
bito B 0, which W.T. B. D. 

CosoLLAAT I. If two parallels subtend an angle, a/nd if the portions 
tmhieh they determine on one side he egf^ol, the subtending Une nearer 
Be the vertex is equal to half the other, 

GoBOLLABT II. The intercepts of two parallels between the sides 
tf vertical angles, are proportional to the distances from the ver- 
^ to their points of intersection with one side and Us prohmgar 

CoBOLLAAT III. If two parallels subtend an angle and Us vertical, 
wd if the portion which they determine on one side and Us prolongor 
ion, be equal, these lines are equal to each other, 

CoROLLABT lY. The intercepts of a/ny number of paraUels between* 
\s sides of an angle, or vertical angles, are proportional to the dis- 
ances from, the vertex to their points of intersection with one side, 
r Us prolongation. 

GoBOLLABT V. The intercepts of parallels between the sides of an 
ngle, or vertical angles, are proportional to their distances from the 
ertex. 



Theobeh 42. 

Two parallels are cut proportionally by three transversals 
'-awn from the same point. 

Let the transversals A B, A 0, and A D, which cut the straight 
le BD in B, and D, also cut its parallel EH in E, F 
dH.' 

Because the lines E F and B C are portions of two parallels inter- 

pted between the sides of the angle B A C, the line E F is to B C 

A F is to A C [41] ; also, because F H and D are portions of 
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the same parallels intercepted between the sides of the angle GAl 

A 




the line F H is to D as A F is to A C : therefore, E F is to BO 
as F H is to C D [i], and E F is to F H as B is to D [xiii], ^ 
W. T. B. D. 

CoBOLLABY I. If Ujoo poToilleU he cut hy transversciU dra/umfr^ 
one point, and if the vnterc&pts of one of them between the troMtf* 
sals, he equal to one another, the intercepts of the other a/re equd ^ 
one another, 

OoEOLLAJELT 11. Parallels are cut proportionally hy am/ number o, 
transversals drawn from the same ^ovnt. 



Theorem 43. 

Conversely, if the straight lines which pass through tJ 
7/ omologous points of two parallels divided proportionally, 1M 
each other, they meet at the sa/me point. 
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lA^B and C Dbe two parallels divided by the transversals A C, 
nd BD, so that FD be to CF as E B is to AE. 




H be the meeting point of A C and E F and let H B be joined, 
ig C D in a .point I. Because F I, C F, E B and A E are the 
epts of two parallels between three transversals from the same 
. the line F I is to C F as E B is to A E [42] ; but F D is to F 
3 is to A E [Hyp.] : therefore F I is equal to F D [xvii] ; that is, 
ints D and I are one and the same point. Because the straight 
BD and B I have two points in common, they coincide through- 
leir extension [1. 4] ; therefore B D meets A and E F in the 
H, which W.T.B.D. 

olium. The straight lines passing through the extremities of 
aequal straight lines having a common middle perpendicular, 
the latter in the same point (1. 30), 



Theoeem 44. 

{Eucl VL 3.) 

e straight line subtending an a/ngle is divided by the 
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hisedrix into portions, proportional to the distances from ft« 
vei'tex to their intersections with the sides. 

Let A G be a straight line subtending an angle ABC and letBD 
be the bisectrix of the angle, cutting A C in D. 

Let the side B A of the angle be produced beyond the vertex, ani'L 
let B H be the bisectrix of the adjacent angle C B E thus formed; 

let also G E b^ I 
parallel to DB 
through the point 
C: then the paral- ■ 
lels D B and CS 
cub proportionally 
the sides of the 
angle C A E [38]; 
that is A D is to 
DC as AB is to 
BE. BeoanBeBH 
is perpendicalarto 
BD[13i].andEC 
is parallel to BD 
[Gon8t.\ the line 
B H is perpendica- 
lar to E C [L 17], 
and E C subtends 
sjmmetricallj the 
angleCBE[7iiil 
that is, BE is equal 

to BO: but AD 

is to DO as A B is to BE [Pern.]; therefore AD is to DO as 
A B is to B C, which W. T. B. D. 

CoaoLLiLRY I. Conversely, if the straight line which auhtmAs (M 
angle, he divided into portions proportional to the distances from ik» 
vertex to their intersections with the sides, the straight line joining tt« 
foint of section to the vertex is the bisectrix of the angle. 
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GoBOLLABT TL If a straigJU line meet another, the prolongation 
a straigJU Une gvhtendvng one of the angle thiis formed, to a 
mt of the hiseeirim of the adjacent angle, and the subtending 
«e itself together toith its prolongation, are proportional to the 
istanees from the vertex to their intersections with the sides, and 
VATerselj. 

B^liunn, The bisectrix of an angle bisects the straight line sub- 
ending the angle symmetrically (7). 



SECTION II. 
ON STRAIGHT LINES IN THE CIRCUMFERENCE. 

Definitions. 

21. Two straight lines are in medial ratio when the 
jpfeater is a mean proportional between their sums and the 
esser. 

22. A straight line divided into two portions, is said to 
le medially divided, or divided in extreme and mean ratio, 
rhen the two portions thereof are in medial ratio : the 
Teater portion is called the m^an of the straight line, and 
lie lesser its extreme. 



Theobeh 45. 

If 4hers he a tangent and a secant to a circumference from 
point without it, the tangent is a msan proportional to the 
cant and its outer part. 

Let there be a tangent AB, and a secant A G of which the enter 

urt is A I). 

Let A E be the bisectrix of the angle B A C ; let AB' b^ qq^qI t^ 
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A B, and A D', equal to AD ; let also B C, B D and B' D' be joined. 
^ Because D and D' are symmetrio 

points of the angle BAG, they an 
symmetric to the bisectrix AE [6] ; 
also B and B' are symmetrio to 
AB ; thence B D and B' D' cut each 
other in a point E of A E [1. 32]. 
Because B E and B' E are symme- 
tric to A E, and because A B and 
AB' are also symmetric toA E, 
the angle A B E is equal to the 
angle AB'E [19]; because the 
measure of the inscribed angle 
BCD [33] is also the measure of 
the angle A B D formed by the 
tangent A B and the chord BD 
[35], the angle ABDorABEis 
equal to the angle BCD: therefore 
the angle B C D or A C B is equal 
to the "angle A B' E [i]. Because 
the corresponding equal angles 
AOB and AB'D' are formed by 
the straight lines B C and D' B' 

with the transversal A C, the line D'B' is parallel to B [21 i]; 

hence AC is to AB' as AB is to AD' [40]; but AB'is equal to 

A B IConsf], and A D', equal to A D ; therefore A C is to A B as 

A B is to A D, which W. T. B. D. 

Corollary. If a point he joined to a circumference by a secant cmd 

a tangent equal to the chord of the latter, the secant is dvoided ui ee- 

treme and mea/n ratio. 




Theorem 46. 
Conversely, if there he a secant and another at/raigJit line 
drawn to a circumference from a point without it, and if 
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ihe latter line he a mean proportional to the secant and 
Us outer part, the straight line is tangent to the ciraim- 
ference. 

Let there be a secant^ A B, of which the points of section are B 
and D, and the straight line A C draym from the same point A to 
the same circumference; let also AB be to AG as AG is to 
AD. 




« Let A E be the bisectrix of the angle BAG; let A G' be equal to 
A 0, and AD' equal to A D ; let also B G, G D and G' D' be joined. 
Because D and D' are symmetric points of the angle BAG, they are 
symmetric to the bisectrix A E [6] ; also G and G' are symmetric to 
AE : thence G D and G' D' cut each other in a point E of AE [I. 32]. 
Because G E and G' E are symmetric to A E as also A G and A C\ the 
angle A G E is equal to the angle A G' E [19]. Because A B is to 
AC as A G is to AD [5yp«]» and because AG' and AD' are equal to 
AG and A D respectively [OonatJ], A B is to A G' as A G is to AD' ; 
therefore D' G' is parallel to G B [40 i]. Because 'the corresponding 
angles A B G and A G' D' are equal to each other [20 i], and because 
the angle AG'D' is equal to the angle AGD \_Dem.'], the angles AG D 
and A B G are equal to each other [i] : but the chord G D, forming with 
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A C the angle A C D, subtends the inscribed angle ABC; tberefore 
A C is tangent to the circumference BCD [29 ii], which W.T. B.D. 

CoKOLLABY. If there he a secant d/ranvn to a cvrcumferente from 
a point without it, any straight line which is a mea/n ^oportvmd \a 
the secamt and its outer jtartf is equal to the tam^ent from the taiM 
point. 

Scholium, If there be a circumference through the extremities of 
the mean of a straight line, and if another straight line equal to 
mean join the other extremity to the circumference, the latter 
is a tangent to the circumference. 

Theorem 47. 
Tlie portions of two chords ^hich cut each other, are re- 
ciprocally proportional. 

Let there be two chords 
A B and C D, cutting each 
other in E. 

Let CB and AD be 
joined and let H I be the bi- 
sectrix of the angle AEGr 
let also E C be equalto E G, 
and EB' equal to EB; 
and let C B' be joined. 
Because B C is the symme- 
tric of B' C [6 iv], the line 
B E is the symmetric of B'E, 
and the angle E B' 0' is equal 
to the angle E B [19] or 
ABC: but the inscribed 
angles ADC and ABC are equal to each other [27 ii] ; therefore the 
angle E B' C is equal to the angle ADC [i]. Because the corres- 
ponding angles E B' C and EDA are equal to each other, the lines 
B' C and D A are parallel to each other [21 i] ; then A E is to C E as' 
D E is to B' E [40] ; but B'^ is equal to B E (Const), and C E is equal 
toCE; therefore A E is to C E as D E is to B E, which W. T. B. D. 
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Theorem 48. 

ersely, if the distances froTrk the vertex of vertical angles 
dersections of the sides with two straight lines, be re^ 
ly proportional, the four intersections are points of the 
'cumference, 

ere be two straight 
J and D E cutting 

of the Tertical an- 
CandDBEinthe 
L,C,D and E; and 

be to BC asBD 




tere be a circumfer- 

mgh the points A,G 

utting the side B E 

ecause A F and C D 

chords cutting each 

PistoBOasBDis 

7]. ButBEistoBC 

toBA[S^.]; then 

[jual to B F [xvii] : that is, the points E and F are one and 

I point ; therefore E is a point of the circumference A C D, 

. T. B. D. 

[«ABT. If the distances from the vertex of vertical angles to the 

ons of the sides with two straight lines, he recvprocaHy prO' 

!, the cmgles formed by each line towards the vertex are eqv^l, 

ich, to those formed by the other. 



Theorem 49. 

Jiord be bisected by another, each half of the f/rst is 
proportional to the two portions of the other. 
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Let a chord A B be bisected by a chord G D. 

Because the chords A B and G B 
cut each other, G £ is to A E as 
BE is to ED [47]; but AE is 
equal to E B IHyp*"] : therefore C E 
is to AE as A E is to EB, which 
W. T. B. D. Inversely 

If one portion of a chord ctrf* 
ting another is not a mean propov' 
tional to the two proportions of th 
other, it is not equal to the othr 
portion of the sa/me chord, 

GoeolIlAjly I. Gonversely, if om 
portion of a chord cutting another, he a mea/n proportional to the ivoo 
portions of the other, it is equal to the other portion of the same chord. 
GoaoLLARY 11. The perpendicula/r to a ddameter, drawn from a 
point of the circumference, is a mean proportional to the two portioM 
thereof 



Theorem 50. 
If two secants be drawn to a circumference from a point 
without it, they are reciprocally proportional to their outer 
parts. 

Let there be two secants A B and A drawn to the circumference 
B G D from a point A without it, and let A D and A E be their outer 
parts. ' 

Let there be a tangent A F drawn from the point A to the circmn* 
ference BGD; then AF is a mean proportional to AG and its 
outer part A E [45]. Let G A be produced to a distance A G equal 
to A E ; let there be a circumference through the points B, 
and G, and let B A be produced to a point H thereof; then AB is 
to A G as A G is to AH [47] : but A G is equal to AE [Const]] 
therefore A B is to A G as A E is to AH. 



• I 
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Let the point A be joined to the centre and, tbrongb the same 
point, let I K be a chord perpendicular to A ; then I K is bisected 




in the point A [1. 44 i]. Becanse A I is a mean proportional to A C 
and A G [50], and because A E is equal to A G IConsiJ], the line A I is 
also a mean proportional to A and AE ; therefore A I is equal to 
A F [xzii]. Because A H is to A I as A I is to A B [49] and because 
AF is equal to AI, the line AH is to AF as AF is to AB : but AD 
is also to A F as AF is to AB [45]; then AH is equal to AD [xyii]. 
Kow» A B is to A G as A E is to AH [Dem.] ; therefore A B is to 
A as A E is to AD, which W. T. B. D. 

CoBOLLABT. If the distances from the vertex of cm cmgle to the inter' 
tecHona of the sides with two straight lines he reciprocally propor- 
tional, the fowr intersections a/re points of the same circumference (48). 



•^ 






, oJicl if 
'^ tie inter- 
pro- 





JJek \C ttsfc ^^ ^ vQHiL jBiE JK IH be » riB|^i ni to tlie 
cnQ QsraomftraH^ ^ ^d^* ^nuu S ^ ^3^ BboiKe tin angis 
ACS s iTinT TT Virr Tmpr TlITT [^ il^ laif ifn tm^h\ IT TT T lh»i1 
IQ 1^ »u^ B.SH::: ^«(i»u» «feW ^i» »^ A£I is eqvd to its 

^f8rtaeaIBgHX» ^^ ^"' ■*"' ww^m ACS «^ BDSareeqiad 
to cMk okkar [T vvi ^» Soms AC vvi DB are parallel to one 
noifter [^r[r tkenfora A£ is «» BS » C£ is to DE [38 i], 
wliidiW.T.R])L 

CowoiLLAMJ 1, If am mmgCt mr vfrftMil a ay fc t^ W MiMmMM ^ |M- 
raUeUf ike dremm/eremeB fmstwrnf Munmfk&e vnrfear on^ tib« tfarfrntdiM 
// iduh of ihe mblemding Umeg, is tamgad fo Ukai pasting tibroii^ 
and fh€ €titr€miiie9 of am Mer . 
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CoBJOT^LJUBLT II. The intercepts of a common secant through the point 
' tangence of two tangent circumferences, are proportional to their 

Scholium, The intercepts of a common secant througli the point 
I tangence of two equal tanjgent circumferences, are equal to each 
ther CI. 72). 



PBOBLEMS. 

Pbobleh 1. 

At a point given in a given straight line, to construct an 
angle equal to a given angle. 

Let X Y be the given straight line, A the point given in it and 
BOD the given angle. 




From the centres and A, with equal radii, describe two oircnm- 
ferences cutting B, D and A Y in E, F and H ; join E F ; from 
the centre JGE, with a radius equal to E F, describe a circumference 
cutting the circumference A in a point I, and join A I :. the angle 
H A I is the required angle. 

Join HI; then HI is a chord of the circumference A. Because 
the circumferences and A have equal radii IConsf], they are eqiuJ 
to each other [I. 38]. Because H I is a radius of the circunoferenoe 
H, the line H I is equal to E F lOonst.'], But H I and E F are chords 
of the equal circumferences G and A ; then the arcs H I and E F are 
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equal to each other [I. 43] : therefore the centre angles H A I and 
EOF are equal to each other [26] ; that is, the angle H A I is equal 
to the angle BCD, which was to be done. 

P&OBiiEM 2. To find the sum of two, or any number of, given 
mgles, 

Pboblem 3. To fi/ad the product of a given angle hy a given 
umher, 
P&0BLEM 4. Tofmd the difference of two given cmgles. 



Pboblem 5. 
To bisect a given angle. 
Let A B C be the given angle. 




From the centre B, describe a circumference cutting the sides 
of the angle AB in the points D and E ; from the centres D and 
E, with a radius greater than half the distance of the points D and 
E, describe two circumferences secant in F, and draw a straight 
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use B M and H N are parallel to each other [_Const.'], A B is to 

A M is to MN [38] ; bat B H and A M are respectively equal 

andEF: therefore AB is to CD asEFistoMX; that is, 

a fourth proportional to the lines A B, C D and E F, which 

5.D. 

tLEM 7. To find a third projpcrtional to two given straight lines. 



PEOBLElf 8. 

iivide a given straight line in a given ratio, 

IB be the given straight line to be divided in the ratio of 
three. 




igh the point A, draw a straight line A C in any direction ; 
Y distance A D, and set it off upon A G fi/oe times successively 

D E, E F, F G and G H ; jom H B, and through the point E, 
1 1 i)araUel to H B [L Froh. 10] : the line AB is divided by 
at I, in the ratio of two to three. 

use A D is a common measnre to A E and E H, and because 
d E H contain that measure two and three times respectively, 

to E H as two is to three [x]. Because E I and H B are 
i to each other [Const.'], Kl is to IB as AE is to EH [38]; 
re A I is to I B as two is tothree [i] : that is, A B is divided in 
LO of two to three, W. W. T. B. D. 



i 
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Fboblem 9. To dwide a gwen straight U/ne proportionaUy to merd 
given numbers. 

Feoblem 10. To dmide a gi/oen straight line simila/rly to a given 
divided straight Une. 

Pboblbm 11. 
To find a mean proportional to two given straight lines* 
Let A B and C D be the two given straight lines. 




Produce A B to a distance B E equal to the length of G D, and on 
A E describe a circumference A M E [I. Bef, 26] ; through the point 
B draw a perpendicular to A E, meeting the circumference A ME in 
a point F : the line B F is the required mean proportional. 

Because A E is a diameter of the circumference A M E [Con«i>l 
and B F is a perpendicular to A E [(7on«^.], the line B F is a mfian 
proportional to AB and BE [49 ii] : but D is equal to BB 
\_Gon8t.']\ therefore BF is a mean proportional to AB and OR 
which W. T. B. D. 

Problem 12. 

To divide a given straight line into extreme and fii^an 
ratio. 
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Let A B be the given straight line. 

Through the point B draw a perpendicular B equal to half of 




A B [I. JProh. 6] and join A ; from the centre describe, through 
the point B, a circumference cutting A C in a point D, and from the 
centre A describe, through the point D, a circumference cutting A B 
in a point E : the line A B is divided by the point E into extreme and 
mean ratio. 

Produce A to a point F of the circumference C ; then D F is 
a diameter of the circumference C. Because A B is perpendicu- 
lar to the radius B C [Const,'], the line A B is a tangent to the 
circumference [I. 54]; then AF is to AB as AB is to AD 
[46] : therefore the difference of A F and A B is to A B as the dif- 
ference of A B and AD is to A D [xv]. Because the radius of the 
' circumference is equal to half of A B [Const.'], the diameter D F is 
equal to A B [vi] ; also the radii A D and A E of the circumference 
A are equal to eadh other ; then the difference of A F and D F is to 
AB as the difference of A B and A E is to A E, or AE is to A B as 
E B is to A E : therefore AB is to AE as AEisto EB; that is, 
A B is-medially divided in the point E [De/. 22], which W. T. B. D. 
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CHAPTER I. 
ON REOTILINEAR PLANE FIGURES. 



SECTION I. 

ON POLYGONS GENERALLY. 

Dbfinttions. 

1. A plcme figure is a determinate portion of a plane. 

It has been shown [Gen, Def, 5] that every portion of a surface is 
'limited by lines; consequently, a plane figure is limited by one or more 
lines. A plane figure is rectilinear or curvilineart according to the kind of 
fines by which it is liiaited. Whence 

2. A rectilinear plane figure, or polygon, is limited by 

straight lines, called its sides ; two sides having one point 

in common are adjacent to each other. The perimeter of a 

polygon is the sum of all its sides ; the semiperimeter is half 

that sum. 

It is evident that no plane figure can be formed by less than three 
^aight lines. 

3. The angles formed by adjacent sides of a polygon are 
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the interior angles, or simply the angles, of the polygon; 
those formed by each side with the prolongation of its ad- 
jacent, are the ext&inor angles ; their vertices are the anjuJor 
points, or vertices of the polygon. Adjacent vertioea of a 
polygon are the extremities of the same side. 

4. A diagonal line, or simply diagonal, joins two verticeB 
not adjacent to each other ; the diagonals adjacent to one 
side are terminating at its extremities. The primary diago- 
nals subtend the interior angles ; the secondary diagonab 
subtend the angles formed by the primary diagonals and 
the sides. 

5. A convex? polygon has only projecting angles; stconcoM 
polygon has one or more receding angles.^ 



Partioolar names have been given to polygons of a certain nmnber of sidei. 
Thus 

6. A polygon of three sides is a triangle, or trig on; 



four 


)} 


quad/rangle, or t6trag(^1 


five 


^» 


pentagon ; 


six 


)} 


hexagon ; 


seven 


}} 


lieptagon ; 


eight 


» 


octagon; 


nine 


>} 


ennea^on ; 


ten 


)> 


decojgon ; 


twelve 


}} 


dodecagon ; 


fifteen 


» 


pentedecagon. 



> Whenever in The Elements a polygon is spoken of, without anything fartherlNiog 
said, a convear polygon is always meant. 
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7. An equilateral polygon is that of which all the sides are 
lal to each other ; an equiangular polygon is that of which 
the angles are equal to each other. 

Theorem 1. 
In every polygon there are as many vertices as there are 

Tor if the sides be nnmbered, the first will begin ai the first 
tex and meet the second side ; the second will begin at the second 
tex and meet the third side ; and so on to the last side, which will 
^ at the last vertex and meet the first side at the first vertex. 
^OEOLLABT. The straight Unes joining a point withi/n, a polygon to 
its angular points, divide the polygon into as mam/y triangles as 
re are sides. 



Theobem 2. 

If all the diagonals be drawn from one vertex of a polygon, 
re a/re three diagonals less than there are sides, 

Sach vertex may be joined to all the others by as many straight 
38 as there are other vertices [Post Y], that is, one less than there 
sides : but two of these straight lines are sides of the polygon, 
I the others, diagonals ; therefore there are three diagonals less 
n there are sides, W. "W. T. B. D. 

IJoKOLLABT. The diagonals d/rawnfrom one vertex, divide the polygon 
as mam/y triangles as there a/re sides hut two. 



Theoebm 3. 

{Eucl. 1, 32.) 

The three angles of every triangle are together equal to two 
M a/ngles. 



204 



THB ISLBMBlSrra OF QEOllBTRT. 



Let A B G be a triangle. 

Because the straight lines A B and B meet in B, the transveml 
A forms two interior angles BAG and B G A, which are toge^Mr 

supplementary to tbe 
S angle ABO [H. 21]: 

therefore the three aa* 
gles are together ecioal 
to two right an^ 
W. W. T. B. D. 

GOBOLLABT L J»9t 

terior cmgU of atrial^ 
ia equal to the nm 4 
the two o^osUei/iiUti^ 
a/ngles. 

GOBOLLABT lUffc* 

a/ngles of a triangU U 
equal to two angUB (f 
another, the thkdof^ 
oftheoneisequalio^ 

third of the other. 

CoEOLLAET III. In a triam^le there cannot he more thajn> one ri§»t 
or obtuse, am^le, 

SchoHwm, If two angles of a triangle be known, the third u 
determined. 




Theobem 4. 

(Eucl. I. 82 i.) 

All the interior a/ngles of a polygon a/re together equal to 
twice as many right angles as the figure ha^ sides minus /ouf 
right angles. 

Let ABGDEFbe a convex polygon. Let a point O within the 
polygon be joined to each vertex : the polygon is now divided into 
as many triangles as there are sides. Now, the sum of the angles of 
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fiese triangles is the sum of the interior angles of the polygon, to- 
other with the angles formed at O ; but the angles of each triangle 
re together equal to ■ 

wo right angles [3], B 

nd the angles formed 
1 are together equal 
o four angles [11. 12 
1} : therefore the an- 

rles of the polygon 

«e together equal to / ^\ 7*0 

wioe as many right 

ugles, as the figure 

las sides minus four 

ight angles, W. W. 

P. B. D. 

GosoLLABY. The ex- 
orior cmgles of a corwex E 

>ohfg(mf a/re together 
ijtta? to twice fowr right a/ngles, 

Scholmm, The four angles of a quadrangle are together equal to 
bur right angles. 




SECTION II. 



ON TRIANGLES. 



Definitions. 

8. The interior, or exterior, angle formed by two sides of 
I triangle is opposite to the third side, and to the angles 
brmed by these lines. 

9. A right-angled triangle is that which has a right angle ; 
he right angle is formed by the right sides, and is 
abtended by the hypothenuse ; the angles at the hypothe- 



or 



- ^- * 



» '-*^ 2? 









^iiisimfi&. At dUmsB^nglei 






If 



''•^■■■^y*^ tmi te ofts li^ 



"^iUc '■■K IC HL IXDEsSfaS A^Wkll^^ lIlfllHUifH' f^SIBBlllCd^ W 






isdiepeipen- 
; dBeTeitexistlie 
ilns ahitnde. Ik 



df tittle *n? 



cz. TSf? mpjiUom zn msrr si? ^rf & tFuxogle ia the strsiglit 
iZ!ne potsezz^ ti L p ^ iij A ics Trrifetrt?- pjisit and througli fto 
'Cl^posdie T9xi:€x ; iibs pormr cFf izttarsecdoii of ibe medians 

i* caJl<cd njbe cew.;!b^ of die tMMigEe'/ 

Thxosjoe 5. 

/n any triangle, one side is less {han the sum of the two 
others and greater than their difference, 

I Ia The KLeinfiBi^ bj t JU ottihi^ of a tnuii^, £1 « alfia js 11^^ 
I Wbtdi k tlM lowest in the diagrsm, or, if there Ib so dxagmn, any one of the tbree- 
snleee the sense hMfinttes otherwise. 

, this p<^t is eaDed the etmtn 9f frmntf of the triangle. 
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Let A B O be any triangle. 

firstly, each of the straight lines A B, B and A which Join the 
ints A, B and is less than the sum of the two others [I. 6i]; 
arefore any one side of the B 

angle AB is less than 
9 sum of the two others. 
Secondly, because the side 
C is less .than the sides 
B and B G together, the dif - 
rence between the side A 
id the side B.O is less than 
e difference between the 
des AB and B C together 
id the side B [iii], that is, 
88 than A B: therefore the side A B is greater than the difference of 
le other sides. The same reasoning would prove that each of the 
des B C and A G is greater than the difference of the other sides : 
lenoe any side of the triangle is greater than the difference of the 
!her sides. 

Therefore, any side of the triangle A B G is less than the sum 
' the two others, and greater than their difference, W. W. T. B. D. 
iversely 

If one of three straight lines he not less them the sum of the others, 
' not greater tha/n their difference, they cannot form a triangle. 
CoKOLLABT. If there he two triangles having two vertices of the one 
^indding with two vertices of the other, and if the third vertex of the 
le he without the other triangle, so that two sides intersect each other, 
•e swm of the i/ntersecti/ng sides is greater tha/n that of the other sides 
'Oit are not common to hoth tria/ngles. 

Theorem 6. 

If two angles of a triangle be equal to each other, the 
liddle perpendicular on the side forming them, passes 
hrough the thi/rd vertex. 
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Let the angles A and C of the triangle A B C be eqaal to escSi 

other, and let D E be the middle perpendicular on the side AG. 

Let the triangle be 
folded upon DB: tbei 
AD will coindde irilk 
D G, and the point i 
with its symmetrio d 
Because the angles A 
and G are equal to euk 
other, the sides AB lod 
B will coincide: theie- 
fore AB and GB irOl 
meet the line of eyn* 
metry D E in the bum 
point [L 30]; that is, tta 
perpendicular BE will 
pass through the vertei 
B, which W. T. B. D. 
Liversely 
If the middle perpendicular on cmy side of a triangle does notj^ 

through the opposite vertex, the two a/ngles formed hy thai side are «(rf 

equal to each other, 

CoROLLABT. The wdddle perpendicular on every side of m egwr 

a/ngula/r triangle, passes through the opposite vertex. 




Theobem 7. 

(Eml. L 6.) 

If two cmgles of a triangle be equal to each other, ^ 
sides opposite to them a/re equal to each other. 

Let the angles A and C of the triangle A B C be equal to each 
other. 
Let D E be the middle perpendicular on A C. Because D E passes 
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le vertex B [6], 
)oints A and 
imetric to D E 
i lines A B and 
symmetric to 
eefore AB is 
B C, which 
). Inversely 
ifles opposite to 
al sides of a trir 
u/nequaZ to each 

lbt I. An equir 
ricmgle is equi- 

LET n. The cm- 
9C(dene triangle, 
al to each other. 

SOBEM 8. 
ucl. I. 5.) 

gles at the hose 
sceles triangle, 
I to one another, 

3 sides A B and 
3 triangle ABO 
to each other. 
) be the bisectrix 
Tie ABC; then 
ices A and C, 
aetric points of 
le ABC. Be- 
B and CB are 
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symmetric to B D [II. 6 ii], and the two portions AD and D C of t^e 
base, are symmetric to the same line [I. 27 ii], the angles B AD aa^ 
BCD have their sides symmetric to B D : therefore they are equal 
to each other [II. 19], W. W. T. B. D. Inversely 

The sides opposite to tmequal angles of a triangle, are wiequd. 

Ck)ROLLARY I. All the i/nterior, or exterior', angles of an equUakrd 
triangle, are equal to one another, 

CoEOLLARY II. If the equal sides of an isosceles triangle he po- 
duced beyond the base, they form with the ba^e two equal exterwr 
angles. 

Corollary III. If the angles of a triangle be unequal, the 
is scalene. 

Corollary IV. The altitude of an isosceles triangle is the bisecim ' 
of the angle at the apex, and conversely. 

Corollary V. The altitude of an isosceles triangle divides its ])en- 
meter into two symmetric pa/rts. 

SchoUum. The equal sides of an isosceles right-angled triangle 
are those which form the right angle (1. 11). 

Theorem 9. 

{Eucl 1. 19.) 

A greats angle of a triangle is opposite a greater side. 

In the triangle A B C, let the angle B A C be greater than the 
angle B C A. 

B 




Let an angle D A C be equal to the angle B C A : then the side 
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A, in the triangle AD C, is equal to the side D C [7]. Because 
Jl is less than B D and D A together [5], B A is less than B D and 
C together IPogt, 11] ; that is, B A is less than B C, which W. T. B. D. 
.tersely 

-4 greater side 6f a tricmgle is opposite a greater aiigle. 
Scholium, The greatest angle of a triangle is opposite the greatest 
le, and the smallest angle opposite the smallest side, and conversely. 



Theoebm 10. 



In a right-angled triangle, the median from the vertex oj 
e ri^ht angle is equal to half tlie hypothenuse. 

Let A B C be a triangle right-angled in B. 




Let the angle A B D be equal to the angle A : then the triangle 
B D is isosceles [7] ; that is, BD is equal to A D. Because the angles 
B and C are complementary to equal angles [3], they are equal to 
ich other [n. 15 i] ; consequently the triangle DB C is isosceles [7], 
id B D is equal to D C : therefore A D is equal to D [i] ; that is, 
D is a median of the triangle ABC, and is equal to half of A C, 
hich W. T. B. D. Inversely 

An a/ngle of a triangle is not a right angle, if the median from its 
yrtex he not egucd to half the opposite side. 
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CoKOLLAET I. Converselj, cm cmgle of a triangle is a rigJit angle, if 
the medial' through its vertex he equal to half the opposite side. 

CoBOLLABT II. In OAvy triangle, the media/n through am, ohtntxe angU 
is less than the opposite side, a/nd the median through an acuis crngh 
is greater than the opposite side, and conversely. 



Thboeem 11. 

The middle line of two sides of a triangle, is equal to half 
the third side. 

Let D E be the middjp line of the sides A B and B C of the tri- 
angle ABO. 




Because the sides of the angle ABC are cut proportionally bf 
D E and A 0, the lines D E and A C are parallel to each other [E 
39] : therefore D E is equal to half of A C [II. 41 i], which W. T. B.D. 

CoEOLLART I. The middle line of any two sides ofatria/ngle isparM 
to the third side. 

CoEOLLABY II. The media/n to each side of a tria/n^gle hisecU df* 
middle Une of the other sides, 

CoEOLLABY III. The middle lines of the sides of a/n isoscdes or 
equilateral tria/ngle, divide it into fou/r isosceles or eqvMaieini 
triangles. 

Corollary IY. The parallels through the vertices of an isoseeUiitf 
equilateral triangle, form am> isosceles or equilateral triangle. 
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Theobem 12. 
In eveinj triangle^ the middle perpendiculars on the three 
tides meet at the^same point. 

Let D E, F H aaid I K be the middle perpendiculars on the sides 
of the triangle ABO. 




^ Because A B and B C are not parallel, the lines D E and F H per- 

i*pendicnlar thereon will meet, if indefinitely produced [I. 18 ii]. 

? Let be the intersection of D E and F H. Because the point 

^ belongs to the middle perpendicular on A B, it is equally distant 

from the vertices A and B [1. 14] ; because the same point belongs 

to the middle perpendicular on B 0, it is also equally distant from the 

Vertices B and C ; hence the point is equally distant from the vertices 

-A. and C [i], and belongs to the middle perpendicular on A C [1. 15 i] : 

therefore I K will meet D E and F H at 0, which W. T. B. D. 

O0BOLLA.B.T. The three altitudes of a triangle meet at the same point. 

Scholiwm,, The middle perpendiculars on the sides of a triangle are 

the altitudes of the triangle formed by the middle lines of the sides. 



Theorem 13. , 

In every triangle, the bisectrices of the three angles meet 
at tJie same point. 
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Let A B be a triangle. 

Becanse the straight lines A B and B G meet in B, the transvenal 
A C forms two interior angles BAG and B G A, which are together 

supplementary to the 
angle ABO [11.21]: 
therefore the three an- 
gles are together eqnal 
to two right angles, 
W. W. T. B. D. 

GoBOLLAAT L Jnes^ 
terior cmgleofatriangU, 
is equal to the 9wn qf 
the two opposUeintefior 
cmgles, 

GOBOLLASY n. JfftWO 

cmglea of a triangle he 
equal to two a/ngUt of 
another, the third aatgU 
of the one is equal to (ke 
thvrd of the other, 
GoEOLLART III. In a iHoAfigle there ca/nnot he more tha/n one rigUt 
or obtuse, a/ngle, 

SchoUwm. If two angles of a triangle be known, the third Ib 
determined. 




Theobem 4. 

{Eucl. I. 82 i.) 

All the interior cmgles of a polygon a/re together equal io 
twice as many right angles as the figure has sides minus fovff 
right angles. 

Let ABGDBFbe a convex polygon. Let a point O within the 
polygon be joined to each vertex : the polygon is now divided into 
as many triangles as there are sides. Now, the smn of the anglei of 
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these triangles is the sum of the interior angles of the polygon, to- 
gether with the angles formed at ; but the angles of each triangle 
are together equal to ■ 

two right angles [3], B 

and the angles formed 
at O are together equal 
to four angles [11. 12 
if] : therefore the an- 
gles of the polygon 
are together equal to 
twice as many right 
angles, as the figure 
has sides minus four 
right angles, W. W. 
T. B. D. 

G0BOLI.AB.Y. The ex- 
terior cmgles of a corvoex I* 
Volygon,^ a/re together 
eqwd to tvjicefowr right angles. 

SchoUum, The four angles of a quadrangle are together equal to 
four right angles. 




SECTION n. 



ON TRIANGLES, 



Definitions. 

8. The interior, or exterior, angle formed by two sides of 
a triangle is opposite to the third side, and to the angles 
formed by these lines. 

9. A right-angled triangle is that which has a right angle ; 
the right angle is formed by the right sides, and is 
subtended by the hypothenuse ; the angles at the hypothe- 
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Let C D be the bisectrix of the angle A C B and let there be a circum- 
ference BCD through the points B, C and D. Because the angle ABC is 

equal to half the an- 
gle AOB [Hi/]).] tte 
angleABC is equal 
to the angle BCD; 
therefore D is 
equal to B D [T]: 
also the angle ABC 
isequaltotheani^ 
A C D ; therefore 
the angle ADC 
is equal to the an- 
gle A OBtSii]. Be- 
cause the an^ 
BACandAOBaie 

equal to each other 
[8],theangleBAC 

is equal to the angle 
A D C [i] ; consequently C D is equal to A C [7] : hut C D is equal 
to B D [Dem.] ; therefore A C is equal to B D [i]. Because the angle 
A C D and the inscribed angle D B C are equal to each other, AC is 
a tangent to the circle BCD (II. 29 ii]; thence A B is to AC as 
AC is to A D : therefore AB is to B D as BD is to AD ; that is, 
the point D divides A B in extreme and mean ratio, and the base A C 
is equal to the mean B D, which W. T. B. D. 

CoROLLABY I. Conversely, if the hose of an isosceles triangle he egud 
to the mean of one of the equal sides, each angle at the base is double of 
that at the apex, 

CoKOLLAEY II. If each angle at the base of an isosceles triangle h 
double of that at the apex, the bisectrix of each of them is equal to ihe 
base and divides the opposite side in extreme and mean ratio. 

Corollary III. If the angle at the apex of an isosceles triangle h 
equal to three times each angle at the^ base, each of the equal sides i« 
equal to the mean of the base, and conversely. 
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SECTION ni. 

ON THE COMPARISON OF TRIANGLES. 

Definitions. 

nality of triangles is best proyed by the method of superposition, 
nsists in applying them to one another, either by folding the plane 
itains both, or by slipping one oyer the other, in order to ascertain 
:hey will coincide or not. 

»ws immediately from the definition of equality [Oen.Def, 18] that 
grles which are equal to one another, thstt is, which coincide exactly 
)lied to one another, haye all their parts, sides and angles, equal, 
swh. 

[te hovbologous sides, angles or vertices, of two equal 
>s are those which coincide when the two triangles 
le to coincide. 

a triangle a greater side is opposite a greater angle, so it must 
be in equal triangles ; that is, the homologous sides are opposite 
logons angles. It is eyident that, if all the parts of two triangles, 
I angles, be equal, each to each, so that the sides opposite the 
les be equal fo each other, 'the two triangles will be equal, for, if 
pplied to each other, they wUI coincide in all their parts. 

he definitions of similar figures [Gen. Bef. 19] , it follows that the 
of two triangles is best proyed by showing that they will be equal 
:her if they be reduced to the same magnitude. 

?he homologous sides, angles, or vertices, of two 

triangles are those which coincide, when the two 

)S are reduced to the same magnitude and made 

C5ide. 

reduction of a figure, eyery part of it preseryes the same form 
, and similar angles are equal to each other [II. 1] . Thence, 

Postulate X. 
^eduction of a plane figure does not alter its angles. 
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Theorem 16. 

(EucL L 26.) 

If two triangles have oiie side of the one equal to cm s 
the other, and if the two angles formed by the equal side 
one he equal to the two angles formed by the equal sid^ 
otJier, each to each, the two triangles are equal to one ai 

Let ABC and D E F be two triangles in which the side 
equal to the side D E, the angle A equal to the angle D, i 
angle B equal to the angle E. 




Let the triangle A B be placed in a position D H E on 
of D E opposite to that of the triangle D E F, so that A B 
with its equal D E, and the angle A be adjacent to its equal 
the angle B will be adjacent to its equal E. Thus the ang] 
is equal to the angle F D E, and the angle H E D is equi 
angle D E F ; that is, the line D E is the bisectrix of both tl 
H D F and H E F : therefore the points F and H are symr 
D E [II. 9 ii]. 
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Let the figure be folded upon D E ; then the symmetric points F 
i H will coincide with each other ; also E H will coincide with 
F, and D H with D F : that is, the triangle D HE will coincide 
th the triangle D F E : therefore the triangles DE F and D H E 
e equal to each other. But the triangle D H E is no other than 
le triangle ABC IGonst.']; therefore the triangles ABC and DEF 
•e equal to each other, W. W. T. B. D. 

CoBOLLAEY I. If two triangles have two ambles of the one equal, each 
\eachf to two angles of the other, and if the sides subtending one of the 
ludl a/ngles, he also equal, the triangles are equal to each other, (Eucl. 

• 26.) 

CoEOLiARY EC. If two right-angled triangles have the hypothenuse 
nd an a/ngle at the hypothenuse of the one, respectively equal to the 
ypothenuse and an angle al the hypothenuse of the other, they are 
lual to eaxih other, 

C0E0LLAB.T III. Two right-angled triangles are equal to each other 
' they have one of the right sides equal, a/ad either the opposite angle, 
'the am^gle formed hy the equal sides and the hypothenuse, also equal. 
Corollary IY. If two isosceles triangles have the angle at the apex, 
' an angle at the base, and the opposite side of the one, respectively 
mi to the angle al the apex, or to an angle at the base, amd the opposite 
ie of the other, they are equal to each other, 

Theoeem 17. 

(Eucl, I. 4.) 

If two triangles have two sides- of the one equal to two 
ies of the other, each to each, and if the angles formed by 
e equal sides he equal, the triangles are equal to each other. 

Let two triangles ABC and DEF have the side A B equal to 
e side iJ E, the side A C equal to the side D F, and the angle A 
ual to the angle D. 

Let the triangle A B C be placed in a position D H F on the side of 
F, opposite to that of the triangle DEF, so that AC coincide 
th its equal D F, and A B be adjacent to its equal D E ; then the 
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angle A will be adjacent to its equal D. Thus D H is equal to DE, 
and the angle H D F is equal to the angle E D F. 




Let the figure DEFH be folded on DF; then the side DE 
will coincide with the side D H, and the point E with the point 
H; also the side EF will coincide with the sideHF [1.3]; that 
is, the triangle D E F will coincide with the triangle D H F ; there- 
fore the triangles D E F and D H F are equal to each other. But 
the triangle DHF is no other than the triangle ABO [Cowi.]; 
therefore the triangles ABC and D E F are equal to each other, 
W. W. T. B. D. Inversely 

If two tricmgles have two sides of the one equal to two sides of ih 
other f each to each, and if the^hird sides he unequal to ea^h othetf <fc« 
angles formed hy the equal sides a/re unequal to eoAih other, 

CoaoLLAEY. If two rvght-o/ngled triangles have the perpendievkr 
sides of the one equal to the perpendicula/r sides of the other, each to 
each, they a/re equal to each other. 

Theorem 18. 

{Eucl. I. 8.) 

If two triangles have the three sides of the one equal to the 
three sides of the other, eaeh to each, they are equal to each 
other. 
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B C and D E F be two triangles haying the sides A B, B C 
severally equal to the sides D E, E F and D F. 




be triangle AB C be placed in a position D H F on the side 
pposite to that of the triangle, D E F, so that A C coincide 
equal D F, and B be adjacent to its equal E F. Thus D H 
I to D E, and forms with it the angle H D E ; also H F is 
E F, and forms with it the angle E F H. Because the points E 
u*e symmetric points of both the angles E D H and E F H 
the line F D is the bisectrix of the angles E D H and E F H 
; therefore the points E and H are symmetric to F D [II. 6], 
he figure D E F H be folded upon F D ; then the sym- 
points E and H will coincide with each other ; also H D 
icide with E D, aud H F with E F ; that is, the triangle D H F 
icide with the triangle D E F ; therefore the triangles D E F 
I F are equal to each other. But the triangle D H F is no 
lan the triangle ABO ISyjp.'] ; therefore the triangles ABO 
i F are eq^al to each other, W. W. T. B. D. Inversely 
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If two triangles have two sides of the one equal to two sides of th 
other, eoAih to each, and if the angles formed by these sides he not equd 
to ea^h other, the third sides a/re tmequal, 

CoBOLLAEY I. Two equiloierol triangles which have one side of th 
one equal to one side of the other, a/re equal to each other, 

Co&OLLABT II. Two isosccles triangles which have the hose and 
side of the one equal to the hose and side of the other, each to eachf are 
equal to each other. 

Corollary III. The middle lines of the sides of a triangle divide 
the triangle into four eqvAil triangles. 

Theorem 19. 

{Eucl I. 24.) 

If two triangles have two sides of the one equal to two 
sides of the other, each to each, and if the angles formed by the 
equal sides be not equal to each other, the third side subtend' 
ing the greater angle is greater than the third side svhtend^ 
ing the lesser. 

Let ABC and D E F be two triangles having the side AB equal 
to the side D E, and the side B C equal to the side E F ; and let the, 
angle B be greater than the angle E. 

Let the triangle A B C be placed in a position D E H on the side 
of D E opposite to that of the triangle D E F, so that AB coincide 
with its equal DE, and BC be adjacent to its equal EF; then 
the angle D E H is greater than the angle D E F, and E H ifl 
equal to E F ; that is, H and F are symmetric points of the angle 
HEF. 

Let E I be the bisectrix of the angle F E H. Because the angle 
D E H is greater than the angle D E F, the bisectrix E I of the whole 
angle F E H will fall within the angular space of the angle DEE 
and cut D H in a point O. Let F be joined. Because the point 
O belongs to the bisectrix of the angle F E H, the line F ifl 
equal to OH; but OF and OD are together greater than DF 
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]: therefore HO and OD"are together greater thanDF; tluit 
H D is greater than D F. But the triangle H E D is no other 





lan the triangle ABC, and the side H D no other than the side 
. {_Con8t,'] ; therefore the side A is greater than the side D F, 
hich W. T. B. D. Inversely 

If two triangles have two sides of the one equal to two sides of the 
her, ea^h to each, and the third sides he not equal to each otlier, the 
'eater third side subtends a greater angle, (Eacl. I. 25.) 



Theorem 20. 

If two triangles have one amgle of the one equal to one 
ngle of the other, if tlie sides forming another angle he equal, 
ich to each, a/ad if the third angle he acute in hoth triangles, 
le two triangles a/re equal to each other. 
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Let ABC and D E F be two triangles in which the angle B is 
equal to the angle E, the side A B eqnal to the side E F, tlie aide , 
A G eqnal to the side D F, and let the angles G and D be both 
acute. 




Let the triangle A B G be placed in a position E H D' on the ai 
of E D opposite to that of the triangle E D F, so that the points B 
and E coincide with each other, and B G coincide with E D, and let 
D' be the point of E D coinciding with the point G ; then the side 
A B will be adjacent to its equal E F. Thus E H is equal toEF, 
or the points H and F are symmetric points of the angle HE F; 
also the angle H E D is equal to the angle F E D, or E D is the Inseo- 
trix of the angle H E F : therefore the points H and F are symmefcrio 
to E D [II. 6]. 

Let F I be a perpendicular to E D drawn from the point F, and 
F K an oblique equal to F D drawn from the same point ; now 
let the figure E H F D be folded upon E D : then the point H irill 
coincide with its symmetric F. Because H D' is equal to P D lHfp,\ 
and because the point F cannot be joined to ED by more than 
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equal straight lines [II. 13 ii], the line H D' will coincide with F D 
ith F K ; that is, the point D' will coincide with the point D or 
1 the point K. Becaase F D and F K subtend right angles, the angle 
E is an acute angle, and F K £ is an obtuse angle [II. 22 ii] ; but 
angle H D' E is acute [Hyp.], then H D' coincides with F D and 
point D' with D : that is, the triangle H D' E will coincide with 
)F; therefore they are equal to each other. But the triangle 
)' E is no other than the triangle ABC [Const] ; therefore the 
tngles ABC and D E F are equal to each other, W. W. T. B. D. 
JoROLLAJLY I. If two triangles have one angle of the one equal to 
of the other, if the sides formvng another angle he equal, each to 
hi and if the third angle he ohtuse in hoth triangles, the two 
ingles a/re equal to each other. 

!oROLLAB.Y H. If two triangles have one angle of the one equal to 
of the oth&r, and if the sides forming another angle he equal, each 
•ach, the thvrd angle of each i/i^ngle is either equal or supple- 
tary to the third a/ngle of the other. 



Theorem 21. 

f two right-angled triangles have the hypothenuse and one 
lie right sides of the one, respectively equal to the hypo- 
vase and one of tlie right sides of the other , the two triangles 
equal to each other. 

3t A B C and D E F be two right-angled triangles having the 
)thenu8e B C equal to the hypothenuse E F, and the side A C 
J to the side D F. 

it the triangle A B C be placed in a position E H F on the side 
! F opposite to that of the triangle D E F, so that B C coincide 
its equal E F and A C be adjacent to its equal D F ; then H F is 
I to D F. Because the point F is equally distant from the sides 
le angle D E H [1. 11], the line E F is the bisectrix of the angle 
F [II. 11 iii] ; then the angle D E F is equal to the angle H E F : 
efore the triangles E H F and E D F are equal to each other 
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[16 ii]. Bat the triangle E H F is no other than the triangle A.BG 

B £ 





[Const] ; therefore the triangles ABC and D E F are equal to eaA 
other, W. W. T. B. D. 

CoROLLART. If two isosceles right-angled tria/ngles have the hfffO' 
thenuse of the one eqiwl to the hypothemise of the other, they an 
eqiial to ea>ch other. 



Theorem 22. 

Two svmilar triangles h(we their homologmis angles equals 
each to each, and their homologous sides proportional. 

Let the triangles ABO and D E F he similar to each other, and 
let the vertices D, E and F be respectively homologous to the Te^ 
tices A, B and 0. 

If these two triangles be equivalent \_Gen, Def. 21], they are eqnal 
to each other [Gfen. Def 18]: therefore their homologous angle* 
are equal, each to each; also their homologous sides are prop<^ 
tional, having to one another the ratio of equality. 
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iangles AB C and D E F 
[uivalent, and if they be 

the same magnitude 
22], they will then be 
each other, and their 

IS angles will be equal, 
ach : but the reduction 
riangles to the same 
J will not have altered 
les [Post X] ; therefore 
^logons angles are equal, 
ach. 

triangle D E F be ap- 
le triangle A B so that A 
c E coincide with its 
IS B, and the side E D 
)mologous BA; then,be- 
^omologous angles E and 
lal to each other [Dem.], 

1 F will coincide with its 
IS B 0. Let H and I be the points of B A and B coin- 
h the points D and F ; then D F will have the position H I. 
le corresponding angles B H I and BAG are equal to each 
n.], then H I is parallel to A [II. 20 i] : therefore B H is 
Blis to BC[II.40] and HI is to AOasBHistoBA 
hat is, the homologous sides of the triangles B H I and 
proportional. But the triangle B H I is no other than the 
) E F [Const^ ; therefore the homologous sides of the tri- 
3 and D E F are proportional, W. W. T. B. D. Inversely 
vngles, the angles of which are not equal, each to each, or the 
kich a/re not proportional, are not simila/r to each other, 

JIT I. The perimeters of two svmila/r triangles are to each 
sir homologous sides (xiv). 

jtT II. If two 8vmila/r triangles houoe one side of the mie 
le side of the other, they are equal to each other. 
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Theorem 23. 

{Eucl, VL 4). 

Two triangles which hwve two angles of the one equa] 
angles of the other, each to each, are similar to each oh 

Let ABC and D E F be two triangles having the angle 
to the angle D, and the angle B equal to the angle E. 

If the side A B be equi 
side DE, the two trian 
equal [16], and consequer 
lar, to each other. 

If A B be not equal tc 
one of the triangles be 
until the sides AB anc 
equal to each other \_Fo8i 
the triangle DBF will 
to the triangle ABO [1( 
fore they were similar 
other before the reduct 
i}e/.19],W.W.T.B.D. I 
If two triangles he no 
riot more than one angle > 
is equal to one angle of th 
CoROLLABY I. Two 
which have the sides oj 
respectively parallel, or 
cula/r, to the sides of the 
si/milar to each other, 
OoROLLAAT II. Two right-cmgled triangles which have 
angle ai the hypothenuse, or two isosceles tricmgles whicl 
equal angle at the base, are svndla/r to each other, 

OoKOLLABT III. All equilateral triangles are similar to one 
OoBOLLABT lY. The triangle formed by the middle lines oJ 
•/ a triangle is svmila/r to the latter. 
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Theorem 24. 

{Eueh VI. 6.) 

[angles which have an equal angle fanned by pro- 
sides, are similar to each other. 

G and D E F be two triangles having the angle B equal 
e E, and let AB be to D E as B C is to E F. 
e equal to D E, the side 
bl to E F [Gen. Bef. 28] : 
bhe two triangles are 
and consequently simi- 
i other. 

not equal to DE, let AB 
than D E [Qen. JDef. 28] ; 
\ greater than E F. Let 
B D E F be applied to the 
B C, so that the vertex 
with the vertex B, and 
D with the side BA; 
ise the angle E is equal 
e B [Hyp,'], the side E F 
e with the side BC. Let 
3 the points of B A and 
iing with the points D 
len the side D F will 
lition HL Because the lines HI and AC subtend pro- 
the angle ABC [Hyp.'], they are parallel to each other 
ence the corresponding angles B H I and B A C are equal 
ber [II. 20 i] ; therefore the triangle A B C is similar to 
le H B I [23]. But the triangle H B I is no other than 
e D E F {Gonsf] ; therefore the triangles A B C and D E F 
• to each other, W. W. T. B. D. Inversely 
icmgles have two sides of the one proportioned to two sides of 
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the other y and if the third sides he not proportional to the jir«<,tti 
angles formed hy the proportional sides are wnequal. 

Co&OLLABY I. Two right-angled triangles having proportmd f^* 
pendicular sides, are similar to each other. 

CoROLLAJLY II. Two isosceles triangles which have an eqwd angh d 
the a^ex, are similar to each other, 

OoBOLLAEY III. Two isosceles right-angled triangles are similaffc 
each other. 



Theobem 25. 

{Eucl, VI. 6.) 

Two triangles which ha/ue the three sides of the one ff^- 
portioQial to the three sides of the other, are similar to m4 

other. 

Let ABO and D E F be twotfr 
angles sach that A B be to I) S ii 
B istoi; F andas A Cis toDF. 

If the side A B be equal to the 
side D E, the side B G is equal .| 
toEFand AC to DF [Cfen.D^. 
28] ; therefore the two triangtea 
are eqnal [18], and consequently 
similar, to each other. 

If AB be not eqnal to DE,lei 
AB be greater than DE ; thenBC 
is greater than E F [Oen, Def.28]. 
Let BH be eqnal to ED; lefc 
B I be eqnal to E F, and let HI 
be joined : then B A is to B H as 
B C is to B I, and as AG is to 
DF [Hyp, 2. Because the lines 
H I and A C snbtend proportion* 
ally the angle ABC, they tf« 
parallel to each other [11. 39]; 
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e B A is to B H as A is to HI [n. 40]: but BA is 
to BHas AOis toDF lEyp.']; then HI is equal to DF 
berefore the triangles H B I and D E F are equal [18], and 
ently similar, to each other. Because the lines HI and 
parallel to each other [Bern.'], the corresponding angles 
ud B H I are equal to each other [11. 20 i] ; therefore the 
3 A B and H B I are similar to each other [23] : but 
agle H B I is similar to the triangle D E F [Dem.] ; there- 
i triangles ABC and DEF are similar to each other, 
. B. D. Inversely 

tria/ngles have two sides of the one proportional to two sides of 
', a^d if the a/ngles formed by these sides he not equal to each 
i third sides of the triangles are not proportional to the other 

LABY. Two isosceles triangles which have the hose a/nd one side 
*ne, proportional to the base and one side of the other, are 

each other, 

imi. Equilateral triangles are similar to one another. 

Theobem 26. 
{Eucl VI. 7.) 
;o tria/ngles have one cmgle of the one equal to one 
)f the other, if the sides forming another am^le he 
lonal, and if the third angle be acute in both tri- 
the two tria/ngles are similar to each other, 

B G and D E F be two triangles having the angle B equal to 
e E ; let AB be to D E as A is to D F, and let the angles 
be both acute. 

side A B be equal to the side D E, the side A is equal 
ide DF; therefore the two triangles are equal [20], and 
3ntly similar, to each other. 

1 be not equal to D E, let A B be greater than'D E ; let also 
)qual to DE and let HI be a parallel to AC : then HI is to 
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AC as BH is to BA [11.41]. Because D F is to A C as D E is to AB 
[ffi/p.]» and D E is equal to B H IConsf], the line HIistoACasDF 
is to A C [i] ; therefore H I is equal to D F [xvi]. Because the corre- 
sponding angles B IH and BOA are equal to each other [IL 20 i] 
and the angle B A is acute, the angle B I H is also acute [i] ; there- 
fore the triangles H B I and DEF 
are equal [20], and consequently 
similar, to each other. Because the 
triangles ABC and HBI have 
the angle B in common, and the 
angle B C A equal to the angle BIH 
[Dem.], they are similar to eadi 
other [23]: but the triangle HBI 
is similar to the triangle DBF 
[Dem.]; therefore the triangles 
ABC and DEF are similar to 
each other, W. W. T. B. D. 

CoROLLAEY I. If Uoo triangle 
have one angle of the one equal k 
one angle of the other, if the sidM 
forming another angle he projpor- 
tiondl, and if the third a/ngle h 
ohtuse in both triangles, the two 
tria/ngles a/re similar to eofik 
other. (Eucl. VI. 7.) 

CoROLLABY II. If two triangles have one angle of the qne equal to 
one angle of the other, and if the sides forming another angle hepropor- 
tional, the third OMgle of each triangle is either equal or swpplemefUairy 
to the third angle of the other. 

Theorem 27. 




If two right-a/ngled triangles have the hypothenuse a/nd one 
of the right sides of the one^ respectively proportional to the 
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leniLse and to one of the right sides of the others the 
'angles are similar to each other, 

1 B C and D E F be two right-angled triangles, and let the 
enase B G be to the hypothenase E F as the side B A is to 
3 ED. 

A be equal to E D, then B is eqnal to E F ; therefore 
3 triangles are equal [20], and consequently similar, to each 

A be not equal to E D, let B A be greater than E D ; then 
I be greater than E F. 
H be equal to ED, 3 
B I be equal to EF; 
» H I be joined : then 
to BKas BG is to 
p.]. Because the lines 
1 AG subtend pro- 
1,117 the angle A B G, 
*e jiarallel to each 
n. 38]; hence the 
mding angles BAG 
[ I are equal to each 
[I. 20 i] : therefore 
ngle B H I is right- 
in n. Because the 

Lgled triangles BAG and B H I have the angle B in common, 
e similar to each other [23 ii]; because the right-angled 
s B H I and D E F have the hypothenuse B I and the side 
the one respectively equal to the hypothenuse E F and the 
) of the other [Oon«^.], they are equal [21], and consequently 
to each other ; therefore the triangles A B G and D E F are 
;o each other, W. W. T. B. D. 

^m. Two isosceles right-angled triangles are similar to each 
iriii). 
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Theorem 28. 

(EueUYLS.) 

In every righUcmgled triangle, the altitude of the vertex of 
the right cmgle divides the triamgle into two triangles similar 
to each other. 

ltd A B C be a right-angled triangle, and let AD be a perpen- 

dicnlar to B C. 

A 





The partittl iriaugles DBA and D A C are right-angled in D, and 
have each an angle at the hypothennse in common with the triangle 
ABC; then both are similar to the triangle ABC [23 ii]: there- 
fore they are similar to each other, W. W. T. B. D. 

CoROLLABT I. In every right-cmgled triomgle, the altitude of the 
vertex of the right cmgle, divides the 1/riomgle into two partial triaatglet 
similar to the whole. (Eacl. VI. 8.) 

CoBOLLAKT II. Eoxih One of the jperpendlcvlar sides of a right-angled 
triangle, is a mean proportional between the h/ypothenuse and its prO' 
jedions on the latter, 

CoBOLLAET III. In every right-angled triangle, the altitude of the 
vertex of the right angle, is a mean, proportional between the tvoo portions 
of the h/ypothenuss, determined by its foot, and conversely. (EncL VI. 8 i.) 

CoBOLLABT IV. If the hypothenuse of a right-angled triangle be 
divided medially by the alUtude, the mean is equal to the right side 
non'odjacent 

BchoU/um, The perpendicular to a diameter drawn from a point of 
the circamference is a mean proportional to the two portions there- 
of d^ermined by its foot [11.49 iQ. 
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SECTION IV. 
ON QUADRANGLES, 

Definitions. 

5. Opposite sides, angles, or vertices of a quadrangle are 

le which are not adjacent. 

qnadrangle is designated by the letters at its vertioes, or som$times by 
3tters at two opposite vertioes only. 

3. The altitude of any vertex of a quadrangle is the per- 
licular drawn from that vertex to the diagonal joining 
adjacent vertices. 

\ A lozenge, or rhombus, is a quadrangle the sides of 
h are equal to one another. 

!. A squa/re is a lozenge the angles of which are equal 
le another. 

loe, since the four angles of a square are together equal to four right 
I [4] , each one is a right angle ; that is, each side is perpendicular to 
TO adjacent ones. 

I. A rectangle is a quadrangle each side of which is 
endicular to the adjacent one. 

ice, a square is a rectangle the sides of which are equal to one 
er. 

'. A parallelogra/m is a quadrangle the opposite sides of 

h are parallel to each other. The altitude of a parallelo- 

L is the distance of one of its sides from the opposite 

which is then called the hase. 

Loe, a rectangle, or a square, is a parallelogram. 
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21. Two parallelograms which have two adjacent sides of 
the one parallel to two adjacent sides of the other, and the 
diagonals to a common vertex in the same straight line, are 
said to be about that line, and are called diagonal paraflelo- 
grams. 

22. A trapezium is a quadrangle two sides of which, called 
the bases, Sire parallel to each other; the other sides are 
called the lateral sides. The altitude of a trapezimn is the 
distance of its bases. 

23. An isosceles trapezium is a trapezium, the lateral 
sides of which are equal, but not parallel, to each other. A 
trapezium the lateral sides of which are not equal to 
other is termed scalene. 

24. A right-angled trapezium has one of its lateral si 
perpendicular to the bases. 



Theorem 29. 

In every parallelogram^ the opposite sides a/re equal to each 
other. 

For they are the intercepts of two parallels between two parallels 
[I. 22]. 

CoROLLART I. Eoch diagonal of a jparallelogram dAmdes it into iv}0 
equal triangles. 
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Theorem 30. 

Conversely, a qiiad/rangle, the opposite aides of which are 
ual to each other , is a parallelogram. 

Let a quadrangle A C have A B equal to C D and A D equal to 
C. 




Let the diagonal B D be drawn ; the quadrangle A C will be then 
Hvided into two triangles having the side B D in common. Because 
he triangles A B D and B D C have the sides A B and A D respect- 
vely equal to the sides CD and B [29], and the side B D in com- 
non, they are equal to each other [18] ; therefore their homologous 
Qgles are equal to each other. Because the alternate angles A D B 
nd C B D are equal to each other [I>em,\ A D is parallel to B C [II. 
Oi] ; because the alternate angles A B D and C D B are equal to each 
fcher, A B is parallel to D C : therefore the quadrangle AC is a 
arallelogram [Bef. 20], W. W. T. B. D. 

CoROLLABY I. Ev&ry lozenge is a pa/rcdZelogram. 

CoBOLLAEY II. A qiMLdnranghf two opposite sides of which are equal 
nd pa/rallel to ea^h other, is a pa/rallelogram. 



Theorem 31. 

The opposite angles of a parallelogram are equal to each 
ther. 
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Let A B C D be a parallelogram. 
B 




Because the lines A D and B are parallel to each other, the k' 
terior angles A and B are together equal to two right angles [11.20 
ii] ; because the lines A B and D C are parallel to each other, the in- 
terior angles B and are equal to two right angles : thence the an^ 
A and B are together equal to the angles B and [i] ; therefore 
angles A and C are equal to each other [viii]. The same reasoning 
would prove that the angles B and D are also equal to each other; 
therefore the opposite angles of the parallelogram A B C D are equal 
to each other, W. W. T. B. D. 

Corollary I. The opjposite angles of a lozenge are equal to ea«i 
other. 

Corollary II. A parallelogram of which two adjacent angles are 
equal to each other, is a rectangle. 

Corollary III. If two parallelograms have an angle of the one equd 
to one angle of the other, the remaining angles of the first are equal, 
each to each, to the remaining angles of the second. 

Scholium. The lozenge of which two adjacent angles are equal to 
each other, is a square. 



Theorem 32. 



Conversely, the quadrangle of which the opposite angles are 
equal to each other, is a parallelogra/m. 
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Iliet A B C D be a quadrangle of which the angle A is equal to the 
itogle C, and the angle B equal to the angle D. 




D 

Because the angles A and B are respectively equal to the angles 
C) and D, the angles A and B are together equal to the angles C and 
^ [iy]. Because the four angles A, B, C and D are together equal to 
&nr right angles [4], the angles A and B are together equal to 
^^ right angles [vii] : therefore the lines B G and A D are partdlel to 
^idi other [II. 21 ii]. The same reasoning would prove that the lines 

[ AB and D G are parallel to each other ; therefore the quadrangle 

V AB D is a parallelogram, W. W. T. B. B. 

CoROLLABY." The quodro/ngle of which two opposite sides are parallel 

% Qttd^o opposite a/agles equal to each other, is a parallelogram. 



Theobem 33. 

The dmgonah of a pa/rallelogram bisect each other. 

For they join the unlike extremities of two equal parallels [1. 25 i]. 

CoBOLLABY I. Convcrsely, the quad/ra/n,gle of which the diagonals 
Used each other, is a parallelogram, 

CoEOLLABY II. The dda^onals of a rectangle a/re equal to each other. 

CoBOLLABY HI. The diagonals of a lozenge a/re the middle perpendi' 
e/ida/r on ea^h other. 

GoBOLLABY IV. The vnter section of the diagonals of a parallelogram, 
biseetg every etrcdght Ime dra/um through it a/nd terminating at the 
perimeter. 
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Theorem 34. 



The middle lines of the adjacent sides of every giuidrangle 
form a parallelogram. 

Let E F, F H, H I and I E be the middle lines of the adjacent sides 
of the quadrangle A B C D. 




Let A C and B D be the diagonals of the quadrangle. Becanse 
E F and I H are parallel to A C [11 i], they are parallel to each other 
[1. 17 iii] ; because E I and F H are parallel to B D, they are parallel 
to each other : therefore the quadrangle E F H I is a parallelogram, 
W. W. T. B. D. 

CoBOLLARY I. The middle Imes of the opposite sides of a quadTomgU 
bisect each other. 

Corollary II. The middle Imes of the adjacent sides of a rectcmgh 
form a lozenge; those of the adjacent sides of a lozenge form a rec- 
ta/ngle; and those of the adjacent sides of a square form a square. 



Theorem 35. 

The middle line of the lateral sides of a trapezium, is equal 
to half the sum of the bases. 
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Let A B and C D be the lateral sides of the trapezium A C, and let 
H I be their middle line. 




Let B I be joined, and let A D and B I be produced until they meet 
in E. Because C I is equal to I D [^yj?.], and the vertical angles 
B I C and DIE are equal to each other [II. 3], and also the alternate 
uigles B C I and IDE are equal to each other [II. 20], the tri- 
nngles BIG and DIE are equal to each other [15] : therefore D E is 
cqaal to B ; that is, A £ is the sum of A D and B C ; also I E is 
equal to BI. Because HI is the middle line of BA and BE, 
it is equal to half of A E [11] : therefore H I is equal to half the sum 
«f the bases A D and B 0, which W. T. B. D. 

CoBOLLABT I. The middle line of the diagonals of a trapezium is 
tqual to half the difference of the hoses. 

OoBOLLASY II. A parallel to the bases of a trapezium divides the 
lateral sides proportionally [II. 38 iii]. 



Theobem 36. 



The angles at each base of an isosceles trapezium are equal 
to each other. 

Let A B D be an isosceles trapezium, and let A D and B be its 



Let B be a parallel to B A; then A B G E is a parallelogram. 
Because E is equal to AB [29], and A B is equal to G D [Hyp.], 
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the line C E is equal to C D [i] ; therefore the angle C E D is equal to 
the angle ODE [8]: now, the corresponding angles BAD and 





£ 



C E D are equal to each other [II. 20 i] ; therefore the angle B A Dj 
is equal to the angle C D A [i]. 

Because the angles ABC and D C B of the trapezium are respeo-, 
tively supplementary to the angles A and D [II. 20 ii], and becauii 
the angles A and D are equal to each other [Bern.'], the an^ j 
A B C is equal to the angle D C B [II. 14] : therefore the angles li 
each base of the isosceles trapezium A C, are equal to each other, 
W. W. T. B. D. 

CoEOLLA£Y I. Conversely, if the angles at one hose of a trapessim 
he equal to each other, the trapezium is isosceles. 

CoROLLAEY II. Hie diagonals of a/a isosceles trapezivm are eqvd 
to each other. 



Theorem 37. 



Tlie middle line of the bases of cm isosceles i/rapezhm « 
their middle perpendicula/r. 

Let E F be the middle line of the bases of the isosceles trapezium 
ABCD. 

Let the sides AB and D C be indefinitely produced ; then they will 
meet in a point H [1. 18 i]. Because the triangle A H D baa the 
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A equal to the angle D, the side A H is equal to D H [7] ; 
B is equal to D [Hyp,'], therefore HB is equal to H [iv]. 
E F be produced, 
e AD and BC 
i symmetrically 
igle AHD, the 
r, indefinitely pro- 
will pass through 
int H and bisect 
jleAHD[n.8i]; 
re E F is perpen- 
to AD and B O 
sfhich W. T. B. D. 

OLLABY I. The 

ngle wMch has the 

Ime of the oppo' 

i8 for their middle 

^/vculwr, is cm iso' 

apezvu/m, 

[jiABY IL Th^ lateral^ sides of cm isosceles trapeTmm a/re sym- 

the middle Ime of the bases. 

LLAAY m. The rrMdle Ime of the bases of cm isosceles trope- 

wides it i/nto invo egriaZ right-a/nghd trapeziv/ms, 

LLABY lY. The rrdddle points of the bases of cm isosceles 

vm, the meeting povnt of the Icderal sides cmd the intersection 

lagonals, a/re poi/nts of the same straight Une, 
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SECTION Y. 
ON THE COMPARISON OF POLYGONS. 

Definitions. 

25. The homologous sides, angles, vei^ces, or diagc 
of two equal, or similar, polygons are tliose which coii 
when the two polygons, being reduced to the same nw 
tude, are made to coincide. The homologous triangles of 
equal, or similar, polygons, are those which are formei 
homologous sides, or diagonals. 

26. Two polygons are equilateral to each other ^ or si 
equilateral, when the sides of the one are equal, eac 
each, to the sides of the other ; the corresponding ( 

sides are called the homologous sides of the two polygo: 

Hence, two eqnal polygons are equilateral to eaoh other, for whi 
two polygons coincide, their sides coincide, and consequently are equi 
to each. 

It is obvions that two equilateral triangles, or two squares, havi 
eqnal side, are equilateral to each other, and that their homologooE 
may be chosen indiscriminately. 

27. Two polygons are equia/ngular to each other, or si 
equiangula/r, when the angles of the one are equal, ea 
each, to the angles of the other ; the corresponding 
angles are called the homologous angles of the two poly 

Hence, two parallelograms having an equal angle are equiangular i 
other [81 iii] . 
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Xt is e-vident that two equal polygons are eqniangnlar to each other, and 
Kso that two eqniangnlar polygons, the homologous angles of which are 
kvmed by sides eqnal each to each, are equal to each other, for they may be 
Isde to coincide. 

All rectangles and squares are obviously equiangular to each other, and 
^ homologous angles may be chosen indiscriminately. 



Theorem 88. 

Two equal polygons may he divided into the same number 
f iria/ifbgles equal each to each. 

Let A B C D E F G and A' B' 0' D' E' F G' J)e two equal polygons 
f whicli the vertices A', B', C, etc., are respectively homologous to 
lie Tertices A, B, 0, etc. 





Let the diagonals A 0, A D, etc., and A' 0', A' D', etc., be drawn ; 
len the two polygons will both be divided into tbe same number of 
iangles [2i]. Now, let the two polygons be applied to each other 
> that the homologous vertices coincide, then the triangles ABO, 
D, etc., will coincide with the triangles A' B' 0', A' 0' D', etc. ; 
lerefore the triangles A B C, A D, etc., are equal, each to each, to 
le triangles A B' G', A 0' D', etc.; which W. T. B. D. 
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CoEOLLAST I. In equal polygons, the Jiomologous diagonals are eqwi \ 
to each other. 

CoiioLLAB,T n. The homologous trumgles of equal polygons are e^ 
to each other. 



Theorem 39. 



Conversely, if two polygons he composed of the saw$\ 
number of triangles equal each to each and simih/rly jpIaceJ,' 
they a/re equal to each other. 

Let the polygons A^BCDEFG and A' B' C D' E' F G' be com- 
posed of the same number of triangles ABO, ABD, etc., anJ 
A'B'C, A' CD', etc.; let the triangles composing one of thepoly' 
gons be eqnaJ, each to each, to the triangles composing the 
polygon. 




Let the two polygons be applied to each other, so that the equal 
triangles ABO and A'B'O' coincide; then the diagonal A C will 
coincide with the diagonal A' 0', and the angle A D will coincide 
with its equal A' 0' D' : therefore the triangle A D will coincide 
with the triangle A' 0' D'. The same reasoning will prove that all 
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,ngles composing the polygon A B C D E F G, will coincide 
Dse composing the polygon A' B' 0' D' E' F' G' ; therefore they 
il to ea<;h other, W. W. T. B. D. 
LLARY I. Two squares hcuoing an equal side are equal to each 

jLARY n. Two rectangles which have two adjacent sides of the 

il to two adjacent sides of the other, each to each, are equal to 

er. 

jLJlry HL Two parallelograms having an equal angle formed 

equal each to ea^h, are equal to each other, 

AjkB.Y TV. Two trapeziwms which have the sides of the one 

ihe sides of the other, each to each, are equal to each other. 



Theorem 40. 

vo polygons have the angles formed by one side of the 
h the adjacent sides and diagonals equal, each to each, 
angles fcyrmed by an equal side of ihe other with the 
it sides and diagonals, they a/re equal to each other, 

le side A H of the polygon ABODEFGHbe equal to the 
H' of the polygon* A' B' C D' E' F' G' H' ; let also the angles 
by the side A H with the adjacent sides and diagonals be 
ach to each, to the angles formed by the side A' H' with the 
b sides and diagonals. 

ise the triangles A B H and A' B' H' have the sides A H and 
[ual to each other, the angle BAH equal to the angle B' A' H', 
angle B H A equal to the angle B' H' A' [Hyp.], they are equal 
other [16] ; therefore the side A B is equal to the side A' B'. 
ise the triangles ACH and A' C H' have the side A H equal 
dde A' H', the angle A H equal to the angle C A' H', and 
le H A equal to the angle C H' A' [Hyp.], they are equal to 
ier [161; then the diagonal AC is equal to the diagonal A' C. 



£48 



TEE ELSMEXrS OF QlEOMJSTET. 



Now, the triangle! ABC and A' B' C have the angle BAG eqtial to 
the angle B' A! C [flyi?.]* the side A B equal to the side A F, and 

the side AC equal 
"D B to the side A' C 

[Dem.]; therefore 
they are equal to 
each other [17]. 

Because tlie tri- 
angles AD Hand 
A' D' H' have the 
side A H equal to 
the side AH',tl». 
angle D A H equal 
to the angleD'A'H', 
andtheangleDHA 
equal to the angle 
D'H'A'[Bi/i>.],tbey 
are equal to ea^ 
other [16]; then 
the diagonal AD 
is equal to the diar 
gonalA'D'. Now, 
the triangles A C D 
and A' 0' D' have 
the angle CAD 
equal to the angle 
C'A'D'[fli/i>.],the 

side A equal to 
the side A'C, and 
the side A"D equal to the side A' D' [Bem.l ; therefore they are equal 
to each other [17]. 

The same reasoning would prove that the remaining triangles d 
the polygon ABC DE FGH are equal, each to each, to the remam- 
mg triangles of the polygon A' B' C D' E' F' G' H' ; that is, the two 
polygons are composed of the same number of triangles equal each 
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tx> each and similarly placed : therefore they are equal to each other 
C391W.W. T.B.D. 



Theorem 41. 
{Euci. VI. 20.) 

Two simila/r polygons may he divided into the same number 
Hf tria/ngles similar each to each. 

Let A B D B F G and A' B' C D' E' F G' be two similar polygons. 




If the two polygons be of the same magnitude, — ^they are equal 
to each other lOen. Def, 18] : therefore they may be divided into the 
same number pi triangles equal, and consequently similar, each to 
each [38]. 

If the two polygons be not of the same magnitude, let the vertex A 
imd its homologous A' be joined to the non-adjacent vertices ; then 
the two polygons will be divided into the same number of triangles 
[22]. Let the two polygons be reduced to the same magnitude; 
then they are equal to each other IGen. Def. 18]. Now, let the two 
polygons be apphed to each other so that the homologous vertices 
coincide; they will then coincide with each other as also the tri- 
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angles into whicli they are divided : therefore the triangles 0! the 
one are eqnal, each to each, to those of the other. Bat, in the 
reduction of the polygons, the partial triangles have also been re- 
daced \_Po8L I]; therefore the triangles into which one of the 
polygons is divided were, hefore the rednction, similar each to 
each, to the triangles into which the other polygon is divided, 
W. W. T. B. D. 

CoBOLLAJLT I. Two svmUar polygons are eqtUangtilar to each othr. 

CoEOLLARY 11. The homologous sides and diagonals of two wmtlar 
polygons are proportional. 

C0ROLLAB.T HL The perimeters of two svmilar polygons are to eoA 
other, as their homologotis sides or diagonals (xiv). 

CoKOLLAKY IV. If two similar polygons have one side of th om 
equal to one side of the other, they are equal to each other. 

CoROLLABY V. The homologous triangles of similar pohjgom aw 
similar to each other. 



Thboeem 42. , 

Conversely, if two polygons he composed of the same wttm- 
ber of triangles similar each to eaxJi a/nd simila/rly placdj 
they are svmilar to each other. 

Let the polygons ABCDEFGH and A' B' C D' E' F G' H' be 
composed of the same number of triangles ABO, A D, etc., and 
A' B' C, A' 0' D', etc., similar each to each. 

If A B be equal to A' B', then the triangles A B C and A' B' C are 
equal to each other [22 ii], and A is equal to A' C ; therefore the 
triangles A D and A' C D' are equal to each other. The same 
reasoning would prove that the remaining triangles of one polygon 
are equal, each to each, to the remaining triangles of the other; 
therefore the two polygons are equal [39], and consequently similar, 
to each other. 
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If A B be not equal to A' B', let the greater polygon be reduced 
until the similar triangles ABC and A'.B' C have the same magni- 





tude [Post, I] ; these two triangles will then be equal to each other 
[Gen, Def. 18]. Now, let the reduced polygon be applied to the 
other, so that the equal triangles ABC and A' B' C coincide with 
each other ; the angles C A D, D A E, etc., will coincide with their 
equals C A' D', D' A'E', etc. [22] ; also the diagonal A C will coincide 
with the diagonal A' C\ Because the similar triangles A C D and 
A' CD' have now the side A C equal to the side A' C, they are equal 
to each other [22 ii] : therefore they coincide with each other, and 
the diagonal A D is now equal to the diagonal A' D'. Likewise the 
remaining triangles of one polygon coincide respectively with the re- 
maining triangles of the other; hence the two polygons coincide 
with each other; therefore they are now equal to each other: but 
they have been reduced to the same magnitude [Const] ; therefore 
they were similar before the reduction, W. W. T. B. D. 
GoBOLLABY I. Two squwres cure svmilar to each other, 
CoBOLLABY II, Two rectangles having two adjacent sides propor' 
tumal, a/re similar to each other. 
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angles into which they are divided : therefore the triangles of 
one are eqnal, each to each, to those of the other. Bat, in 
reduction of the polygons, the partial triangles have also been 
dnced [Post, I]; therefore the triangles into which one of 
polygons is divided were, before the rednction, similar each 
each, to the triangles into which the other polygon is divic 
W. W. T. B. D. 

CoROLLAEY I. Two svmilar jpolygons a/re eqmangular to each other. 

Corollary H. The homologous sides a/nd diagonals of two «« 
'polygons are proportional. 

Corollary III. The perimeters of two svmila/r polygons a/re to U 
other, as their homologous sides or diagonals (xiv). 

Corollary IY. If two svmilar polygons have one side of the 
eqttal to one side of the other, they a/re equal to each other. 

Corollary Y. The homologous triangles of simila/r polygont 
similar to each other. 



Theoebm 42. 



Conversely, if two polygons he composed of the same nun^: 
her of triangles similar each to each a/nd simHa/rly pUcei, 
they are similar to each other. 

Let the polygons ABCDEFGH and A' B' C D' E' F G' ff be 
composed of the same number of triangles ABC, A C D, etc., and 
A' B' C, A' C D', etc., similar each to each. 

If A B be equal to A' B', then the triangles A B C and A B' C are 
equal to each other [22 ii], and A C is equal to A' C ; therefore the 
triangles A C D and A' C D' are equal to each other. The same 
reasoning would prove that the remaining triangles of one polygwi 
are equal, each to each, to the remaining triangles of the other; 
therefore the two polygons are equal [39], and consequently similar, 
to each other. 
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If AB be not eqaal to A' K. !ec zha 
until the similar triangles ABC %c.d A 



i?r T'Tt "J 'I I IH ""u:*:. 
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tnde [Porf. I] ; these tiro trfaz:g!es will then be €'-:':::ak! :■? each o:h-:r 
[Gen, Def. 18]. Now, let the redticed p<;!Tr'::: be appI:-:-l ;o :ho 
other, so that the equal triangles ABC and A* R C coincido Tri:h 
each other; the angles CAD, DAE, etc., will coincide with ihoir 
equals C A' D', D' A'lT, etc 'JtT; also the diagonal A C win coinv Uio 
with the diagonal A' C. Becanse the similar triangles A C P rtiid 
A' CD' have now the side A C equal to the side A' C. thoy aro ov^ual 
to each other [22 ii] : therefore they coincide with each other, ami 
the diagonal A D is now eqnal to the diagonal A' D'. I.iko>viso tho 
remaining triangles of one polygon coincide respectively with t)ie r\^- 
maJTiing triangles of the other; hence the two polygons eoiueivle 
with each other; therefore they are now equal to each other: Init 
they have been reduced to the same magnitude [(^>N^•^]; ther\^fort> 
they were similar before the reduction, W. TV. T. B. D. 
GoAOLLABT I. Two Squares are similar to each oth'^r, 
GoBOLLABT 11. Two rectangles having two adjacent *»i«/«'«» |»i\»/»,»r* 
tionalf a/re similar to ea>ch other. 
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vertex C in common ; let the sides A D and A B be parallel to the * 
sides C H and C E respectively, and let the diagonals A G and G F 
be the continuation of each other. 




Because C B and C H are each parallel to D A [Hyp,], they are 
parallel to each.other [1. 17], and C H and C B are the continuation of 
each other [1. 17 iv] : likewise C D and C E are the continuation of 
each other ; therefore the angles BCD and E C H are equal to 
each other [II. 2]. 

Because the triangles ADC and C H F have the sides of the one 
parallel to the sides of the other, they are similar to each other 
[23 i] ; therefore AD is to C H as D C is to F H .[22] : but B and 
C E are respectively equal to A D and F H [29]; then C Bis to C Has 
G D is to C E ; therefore the parallelograms B D and E H are similar 
to each other [42 iii], W. W. T. B. D. 

CoBOLLAJLY. If a parallelogram he divided into fov/r pa/rHal pa/rd' 
lelogramis hy parallels to two adjacent sides through a point of one 
'dmgonaly the two partial parallelogramu which are about the diagondk 
are similar to the whole. 



Theorem 45. 

If two similar' parallelograms similarly placed have an 
angle in common^ they are about the same straight line. 
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Let A B G D and B E F H be two similar parallelograms similarly 
iced and haying the angle A B C in common. 




Let B D be a diagonal of the parallelogram A C and let I be the 
int where B D cuts E F ; let IK be parallel to E B : then the 
FE^elograms K E and A C are about the line B D [Def. 21]. Be- 
ase the parallelograms K E and A C are similar to each other [44], 
C is to B E as B A is to B K [41 ii]. But the parallelograms H E 
d A are also similar to each other [Hyp.'], then B C is to B E as 
A.i8 to B H : therefore B K is equal to B H [xvii] ; that is, H and K 
d one and the same point. Because I K and F H are parallel to E B, 
ey are parallel to each other [1, 17 iii], and coincide with each 
lier [1. 17 iv] : that is, the parallelograms K E and HE are one and 
d same figure ; therefore the parallelograms H E and A C are 
out the line B D [Def. 21], which W. T. B, D. 
CoBOLLABY. If i/voo svm/ilor paraUelogrcmis si/mila/rly placed have 
Heal angles, they are about the same straight Une, 



CHAPTER II. 
ON SYMMETRIC PLANE FIGURES. 



SECTION I. 

ON SYMMETRIC POLYGONS. 

Definitions. 

28. Two plane figures are symmetric, or placed syrrmdiru 
cally, to cm cuxis when the extremity of every perpendicular 
drawn from the perimeter of one of them, to a straight line^ 
called their liney or aoAs, of symmetry, and produced beyond 
it to a distance equal to itself, is a point of the perimeter of 
the other; each of the two figures is the symmetric of 
the other; two points of their perimeters are termed 
symmetric when the line of symmetry is the middle perpen- 
dicular on the straight line joining them. 

29. A plane figure is symmetric to an axis when all points 
of its perimeter on the same perpendicular to an interior 
straight line, called wxis of symmetry, or simply aacis, are 
equally distant from that line : two points of the perimeter 
which are on the same perpendicular to the axis are termed 
symmetric. 

It follows from this definition that if one of the sides of a polygon 
lymmetric to an axis be met by the axis, the latter is the middle peipendi- 
cnlar on that side. 
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30. Two sides^ or diagonals of a polygon, or two polygons 
^^rmmetric to an axis, are symmetric sides, or diagonals 
'^lien the extremities of one of them are the symmetries of 
"ftiose of the other ; two angles are termed symmetric, when 
tskB sides of one of them are the symmetries of those of the 
other. 

From these definitions it follows that in a plane figore, or two plane 
^flgores, symmetrio to an axis, their cfymmetrio points, lines and angles, are 
iQimnetrio to the axis |X 29]. 

31. Two plane figures are symmetric, or placed symmetri- 
cally, to a point when the extremities of every straight line 
draWn firom the perimeter of one of them to a point, called 
tteir point of symmetry, and produced beyond it to a distance 
itqaal to itself, is a point of the perimeter of the other ; each 
cue of the two figures is the opposite of the other: two 
|K)mts of their perimeters are opposite points of the figures 
iriien the point of symmetry bisects the straight line joining 
tiiem ; each of the two points is the opposite of the other, 

32. A plane figure is symmetric to a point when all points 
of the perimeter on a straight line with an interior point, 
called the cenh'e ofsym/metry, or simply ceni/re, are equally dis- 
tant from that point; two points of the perimeter which are 
on the same straight line with the centre, are op'posiU points 
jf the figure. 

33. Two opposite sides, or diagonals, of polygons, eym- 
metric to a point, are those in which the extremities of 
ihe one are opposite to those of the other ; two opposite 
mgles have opposite vertices and sides. 

8 
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34. A diameter of a polygon Bymmetric to a point is the 

line joining two opposite vertices. 
Hence, each diameter passes through the centre. 



Theobbm 46. 

The pervmeters of two polygons synvmet/ric to an cmsj m 
symmetric to that axis. 

Let there be two polygons P and Q symmetric to an axis. 

Let the plane containing them be folded npon the axis; then every 
point of the perimeter of each will coincide with its Bymmetric in the 
other [I. 9i] : that is, the two perimeters will coincide throughont; 
therefore these perimeters are synmietric to the axis, W. W. T. B.D. 

CoEOLLAEY I. The perimeter of a polygon synvmetric to an am, m 
divided by that axis into two pa/rts symmetric to it, 

CoBOLLABY II. Two polygous symmetric to a/n, axis a/re equal to ea«fc 
other, 

C0ROLLAB.Y in. A polygon sym/metric to am, oasis is divided hy iifi 
laMer into two equal pa/rts, 

Thboeem 47. 

Conversely, if the peri/meters of two polygons he syrmnetrk 
to a straight li/ne, the polygons which they Umit are synrnMc 
to the same line. 

Let the perimeters of the two polygons ABODE and A'FCT 
D' E' be synmietrio to the straight line X Y. 

Let A and A' be two points of their perimeters symmetric to the line 
X Y, and let A A' be joined ; then X Y is the middle perpendioulaf 
on A A' [1. 28] : therefore the extremity of the perpendicnlar drawn 
from the point A on X Y, and produced beyond its foot H to ft 
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se eqnal to its length, will coincide with the point A'. The 
construction and reasoning would prove that the extremity 
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3 perpendicnlars drawn from every point of the perimeter of 
E the polygons AB C D E and A' B' C D' E' on XT, and pro- 
l beyond its foot to a distance equal to its length, will coincide 
a point of the perimeter of the other; therefore these two 
;ons are symmetric to X Y, which "W. T. B. D. 
aoLLAJRY I. A polygon is symmeiric to the strcdght lA/ne which 
39 its jpeHmeter i/nto two parts synvmetric thereto, 
BL0LLAS.Y II. Afi isosceles or equilateral tria/ngle is sym/metric to 
lUude ; a lozenge, to its diagonals ; a recta/ngle, to the middle Imes 
opposite sides ; am, isosceles trapezium, to the middle li/ne of its 

aoLLAET ni. The extrermMes of the perpendiculars drawn from the 

es of a polygon to am, exterior straight line, a/nd produced beyond it 

^i8tam,ce equal to itself, are the vertices of a polygon symmeiric of 

st, 

lOLLABT rV. The exlremd^ties of amy nmnher of straight Id/nes havi/ng 

me Trdddle perpendicular, are the vertices of a polygon symmetric 

loiter. 
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Scholvwm, An equilateral triangle has three, a lozenge or rectangle 
has two, and a square four, axes of symmetry. 



5- 



Theobbh 48. 

Two equal polygons may he placed symmetricaUy to on 
oasis. 

Let the polygons F and Q be equal to each other, and let thevv*- 
tices A', B', C\ etc., of the polygon Q' be homologous to the verticQi |^^ 
A, B, C, etc., of the polygon P respectively. 





Let there be an indefinite straight line X Y, and let there be from 
the vertices A, B, C, etc., perpendiculars A H,B I, C L, etc., to X Y; let 
them be produced beyond that line to distances H A", I B", L C", 
etc., equal to their respective lengths : then the points A", B", C'l 
etc., are the symmetries of the points A, B, C, etc. [L 29]. Let 
A'-'B", B"C", CD", etc., be joined, and let R be^the polygon thus 
formed; then the polygons P and R are symmetric to XY [47]. 
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the polygon P is equal to the polygon Q [flyj?.] and to the 
R [46 ii], the polygons Q and B are eqnal to each other ; 
3y maybe made to coincide : therefore, the polygons P and Q 
)laced symmetrically, W. W. T. B. D. 



Theorem 49. 



^qual polygons a/re symmetric to the straight Une which 
nddle perpendicular on three Unes jovning their homo* 
vertices* 

le polygons P and Q be eqnal to each other, and let the ver- 

B', C, etc., of the polygon Q be homoldgons to the vertices 

etc., of the polygon P respectively; let A A', F F,' and E E' 

i straight lines joining their homologous vertices, and let 

the middle perpendicular thereon. \ 




he plane containing the two polygons be folded upon XY; 
le points A, F, and E will coincide with their symmetries 
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A!, F and E' respectively [I. 29]. Because the homologOTis angles 
A and A' are equal to each other {^Hyp,"], the side A B will coincide 
with the side A' B' ; and because the homologous sides AB and A'F 
are equal to each other [Hyp.], the vertex B will coincide with the 
vertex B'. The same reasoning applied to the remaining angles and 
sides, would prove that the perimeters of the polygons F and Qwill 
coincide with each other ; that is, they are symmetric to X Y : there- 
fore the polygons P and Q are synmietrio to X Y [47], which 
W. T. B. D. 



Theobem 50. 

Opposites sides of two polygons syrrmistric to a pomt an 
pa/rallel cmd equal to each other. 

Let there be two polygons P and Q symmetric to a point 0, and 
let the vertices A, B, C, etc., of the polygon P, be opposite to the 
vertices A' B', C, etc., of the polygon Q respectively. 




Let A A', B B', C 0', etc., be joined: then each of them is bisected in 
the point [Bef, 31]. Because the sides of the angle A B and 
its vertical are cut proportionally by AB and A' B', the line A Bis 
parallel to A' B' [IL 39 i] ; and because A is equal to 0' A', the lino 
A B is equal to A'B' [II. 41 ii]. The same reasoning would prove thafc 
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B C, D, etc,, are parallel and equal to B' C, C D', etc., respectively ; 
therefore the opposite sides of the polygons P and Q are parallel 
and equal to each other, W. W. T. B. D. 

GoBOLLAJir I. The opposite sides of a polygon symmetrio to a povnt, 
a/repa/rallel cmd equal to each other, 

G0BOLLAS.Y II. Opposite diagonals of two polygons, or of a polygon 
gym/metric to a point, are parallel and equal to eojch other. 

O0BOLLAB.Y m. Opposite angles of two polygons, or of a polygon 
tym/metricto a point, a/re equal to ea^h other. 



Thboejem 51. 

Conversely, if two polygons have the sides of the one 
pwrallel cmd equal to the sides of the other y each to each, the 
two polygons are symmetric to the intersection of the lines 
joining the v/tdike extremities of two corresponding parallel 
sides. 

Let the sides A B, B C, C D, etc., of the polygon P be equal and 
parallel respectively to the sides A'B', B'C, CD', etc., of the 
polygon Q. 




Let A A', B B', be joined, and let be their intersection ; let also 
A B' and B A' be joined. Because A B and A' B' are equal and par- 
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allel to each other [Hyp,], the quadrangle A B K A' is a parallelogiam 
[80 ii]; henceAOis equal toOA'andBOis equal toOB' [33]. 

Let OCryBC and OF be joined. Beoanse B G and B' C are equal 
and parallel to each other [Hyp.], the qnadran^e B C F is a 
parallelogram [30 ii] ; hence B B' and G G' bisect each other [33] : but 
O is the middle point of BF; therefore GG^ oats B Kin 0, and GO 
is equal to C. The same constraction and reasoning would proTe 
that straight lines joining B to D', E to E', etc., wonld bisect each 
other in O. 

Let any point H of the perimeter of the polygon P be joined to the 
point 0» and produced to a point H' of the perimeter of the polygon Q. 
Because the quadrangle B G G' B' is a parallelogram [Dem.], andHE 
passes through the intersection of its diagonals, H O is equal to E 
[33 iv] ; therefore the extremity of H O produced to a distance equal to 
its length, is a point of the perimeter of the polygon Q* The same 
construction and reasoning would prove, that the extremity of t^ 
straight line joining any other point of the perimeter of one of tiie 
two polygons P and Q to the point O, and produced to a distance 
equal to its length, is a -poiat of the perimeter of the othcar : therefore 
the two polygons are symmetric to the point O, which W.T. B.D. 

GoROLLAJLT I. If Boch Side of a polygon he equal and pa/raMel to ^ 
(mother side {hereof, the polygon is sym/mei/ric to the intersection of two 
diagonals, 

GoBOLLAET II. A paraUologrcmh is symmetric io the intersection of 
its diagonals, 

GoEOLLABT ITT. The extremities of the straighit Unes drawn from 
the vertices of a polygon to <m exterior point, cmd prodticed heyond 
it to a dista/nce equal to th&i/r respective lengths, are the vertices of a 
polygon opposite to the first, 

GoROLLABT lY. The exi/remities of awy wumiber of straight linei 
bisecting each other, are the vertices of a polygon sym/metric to thek 
intersection, 

Scholvum. A rectangle, square, or lozenge, is symmetric to the 
intersection of its diagonals. 
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Theobbh 52. 

Two polygone sym/mef/ria to a point are eqttal to each other, 
Tor their opposite angles are formed by panJlel Bides, eqnsJ. each 

fcwch [59] and having opposite directions. 

COBOU.ABT. Eoery diameter of a polygon eymmelric to a, point, 

^itidet 'U into two eqwd parte. 



ThbOBEU 53. 

Two equal poh/gone may be placed gyvimetrt^ly to a 
joint. 

Let there be two polygons F and Q eqiial to each other, and let 
^Tertioes A',B',C,etc., of the polygon Q be homologona to the 
?«rtioeB A, B, C, etc., of the polygon P respeotirely. 




Let the vertioeB A, B, 0, etc., ot the polygon P be joined to any 
point O, and let A0> B 0, C 0, etc., be prodaoed beyond to A", 
B", 0", etc., BO that O A", F', C", be equal to A O, B O, C O, etc., 
etc., reepectiTely ; abo let A" B", B" 0", C" D", etc., be joined, and let 
R be the polygon thos formed : then the polygons P and B are sym- 
metrio to the point [61 iii]. Becanae the polygon F is equal to 
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the polygon Q [Hyp.]^nd to the polygon B [52], the polygons Qani 
S are equal to each other [i] ; hence they may be made to oomcidet 
therefore the polygons P and Q may be placed symmetiriGally to a 
point, W. W. T. B. D. 

Co&OLLA&T. Two polygonB tymmebric to oa aana mo^ h fM 
9ymmelrieaUy to a painL 



Theoskm 54. 

If three straight lines joining the homologotLS vertm of' 
two equal polygons bisect eadi other, the two polygcm an^ 
symmetric to their intersection. 

Let the polygons F and Q be equal to each other ; let the vertices 
A', K, C, etc., of the polygon Q be joined to the homologous vertices 
A, B, 0, etc., of the polygon P, and let the lines A A', B F, and CC 
bisect each other in 0. 




Because A B and A' B' subtend proportionally the sides of the 
angle A OB and its vertical, AB is parallel to A'B' [11.391]; 
because B and B' C also subtend proportionally the sides of the 
angle BOO and its vertical, BO is parallel to B'O'; hence the 
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mate angles BCO and B'C'O are equal to each other [11. 
: but the angle BOD is equal to its homologous B'C'D' 
fpO ; then the alternate angles D and CD' are equal to each 
3r [iv] : therefore C D is parallel to C D' [II. 21]. 
ecause the angle CD,E is equal to its homologous 0' P' E' IHyp."], 
the alternate angles D' D C and D D' C are equal to each other 
20], the alternate angles D' D E and D D' E' are equal to each 
)r [iv]; therefore DE is parallel to D' E' [II. 21]. The same 
itruction and reasoning would prove that the remaining sides of 
polygon P are parallel to the remaining sides of the polygon Q 
)ectively : thus the homologous sides of the polygons P and Q are 
al lHyp,2 and parallel [Dem.] to each other ; therefore, the two 
^gons are symmetric to the point [51], which W. T. B. D. 



. SECTION II. 
ON BEGULAB POLYGONS, 

he principal symmetric plane figures are the regular polygons and the 
e. 

,5. A regulanr polygon is an equilateral polygon of which 

vertices are equally distant from an interior point called 

5re cf regularity, or simply centre. 

regular polygon is often designated by the letter at its centre only. 

6. The radius of a regular polygon is the line which joins 
centre to a vertex; the apothem is the perpendicular 

thol from the vertex to a side : two adjacent radii are two 

ii terminating at the extremities of the same side. 

is evident that all the radii of a regular polygon are equal to each 
r. 

7. The centre angle of a regular polygon is thai formed 
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by two adjacent radii : tlie triangle formed by two adjacent 
radii and the subtending side is a sector triangle of flie 

polygon. 

It follows from the definition of a regnlar polygon that its seetor taxain 
are isosceles, and that there are as many as there are sides of the polygon* 

It is also evident, from what has been seen of the properties of isoBoelestii* 
angles [8 iy] , that the apothem to each side of a regular polygon bifieots ^ 
side and the centre angle subtended thereby, and eonversely, that ttl 
bisectrix of each centre angle, or the middle perpendicular to each sids^ii 
an apothem. 

Thsobeh 55. 

The centre angles of a regula/r polygon are equal io m 
another. 

Because a regular polygon is equilateral and its radii are equal to 
one another, the sector triangles of the polygon are equilateral 
to each other ; hence they are equal to each other [18] : tho^&M 
they have the same angle at the apex ; that is, the centre angles d \ 
the polygon are equal to one another, W. W. T. B. D. 

CoaoLLAB.T I. The sector tricmgles of a regular ^polygon are eqwA 
to each other, 

OoROLiiABY H. The a^pothems of a regular polygon are equcd to om 
another, 

CoEOLLAEY III. All regular polygons of the samie mmber of sidu 
have equal centre a/ngles. 

C0EOLLAB.T IY. The primary diagonals subtending the oMemate 
a/ngles of am, even^sided regular polygon, are the sides of a regvla/r 
polygon having the samie centre and radius, hut half the number of si3^> 



Theobeh 56. 

The prolongation^ beyond the centre^ of each radms of cm 
eveu'sided regular polygon is a radius. 
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3D6t thete be a regular hexagon 0, and let A, B, 0, D, E, 
icL OF, be its radii. 
Secanse the centre an- 
Les AOB, BO 0, etc., 
re equal to one another 
55], the angles AOB, 
^0 0, and COD, are 
together eqnal to the an- 
ises A O F, FOE, and ^^ 
BOD [iv] ; hence tho 
sngle AOD is eqnal to 
ifca explement : therefore - 
U is a straight angle [II. 
t]; that is, the radins 
D is the prolongation of 
the radius A 0. In the 

Mme way it could be proved that the radii E and F are the pro- 
longations of the radii B and respectively. The same con- 
traction and reasoning could be applied to any other even-sided 
regular polygon; therefore, the prolongation beyond the centre 
of each radius of an even- sided regular polygon, is a radius, 
W.W.T.B.D. 

CoBOLLABT I. Oonvcrsely, if the prolongation^ beyond the centre, 
of a radme of cmy regula/r polygon he a radvus, the polygon is even' 
nded. 

CoBOLLAJLT IE. The prolongation, beyond the centre, of ea^h radius 
of cm odd'Sided regula/r polygon, is am, apothem, and conversely. 




Theorem 57. 

A regula/r polygon is equicmgular. 

Let there be a regnJar polygon of any number of sides. 

Let the centre be joined to the vertices, A^ B, C, etc. ; then the 
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Boctor triangles A B, B O C, D, etc., are equal to <me another 
[55 i]. Because the triangle A B is isosceles, the angles AB ani 
O B A are equal to each other [8]; because the angle OBCis equd 
to its homologous AB, the angles ABO and OBC are togeflier 
B n equal to the angles OAB 

and O B A [ii] : therefore 
the angle A B G is enp- 
plementary to the cenim 
angle AOB [3]. The 
same reasoning would 
prove that theremainiog 
angles BCD, CDS, DEI", 
etc., are supplementarj 
to the centre angles of 
the polygon : but i3w 
centre angles are equal to 
one another [55] ; there- 
^ ^' fore the angles of the 

polygon are equal to one another [II. 15 i], W. W. T. B. D. 

CoROLLAiLY I. Eoch angle of a regular polygon is etipplementary fo 
its centre angle, 

CoROLLAEY II. EacJi angle of a regular polygon is bisected hy th 
radius termmatvng at its vertex » 




Thboebm 58. 



An equilateral polygon which is also equiafigular, is regulaif' 

Let there be an equilateral polygon ABODEFGHIKLM, 
having its angles A, B, C, D, etc., equal to one another. 

Let the bisecfcrices of the angles A, B and be drawn, and let 
and 0' be the points where the bisectrices of the angles A and 
respectively meet the bisectrix of the angle B, * Because the angles 
A,B and are equal to each other [Byp.], the angles O AB, B A, 
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id O'CB, are ^ual to each other [vii]; hence the tri- 
OB and BO'C are isosceles [7]. Because the isosceles 
A OB and B 0' C have eqnal bases [fly^.]» a-^^d equal angles 
3e, they are equal to each other [16] ; thence B is equal 
therefore the 

mdO'areone . 

same point, 

B and O C 
[ to one an- 
hat is, the 

is equally 
pom thever- 

1 and 0. The 
struotion and 
;would prove 
rertex D and 
ning vertices 
ygon, are all 
iistant from 
O ; therefore 

:on is regular [De/. 35], W; W. T. B. D. Inversely 
equilateral polygon he not regular, it is not equiam>gula/r. 
ABT I. An equilateral tria/ngle, or asquarejisa regula/r polygon, 
ABT II. The hisectricee of a regula/r polygon meet at the centre. 




Thboeem 59. 

^eguloAT polygons of the sa/me number of sides, having 
diif a/re equal to each other, 

)re be two regular polygons O and P of the same number 



O B be a sector triangle of the polygon O and A' P K a 
angle of the polygon P; then the centre angles A B and 
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A' PB* are equal to each other [55 iii]. Because the isosceles tri- 
angles A O B and A' P B* have equal angles at the apex formed by 

equal sides [Hyp,], they are eqiol 
to each other [17]; hence, 





polygons O and P are compoBCfl 
of the same number of eqoil 
triangles similarly placed: then* 
fore they are equal to each ote 
[39], W. W. T. B. D. 

GoBOLLABT I. Two regulooT folf 
gone of the same number of n/kit 
%c\uk have one 9ide of the one equal to one eide of the other, am eq^d 
to'iMch oihfr. 

Co&OLULBT n. Two regulour pclgyona of the same number of 
are timUar io each other, 

CoBOLUkBT TTT. {f two regular polygons are equal, or siwiar, k 
each other, each eector triangle of the one is equal, or simdlar, to eoA 
sect<>r triangle of the other. 

Scholium. Any sector triangle of each of two equal, or similar, 
regular polygons, is homologous to any sector triangle of the other. 



Theorem 60. 

The perimeters of two regular polygons of the same mmhet 
of siiJeSy are to each other as their sides. 

Because two polygons of the same number of sides are similar 
to each other [59 ii], their perimeters are to each other as their 
homologous sides [41 i] ; but the sides of each of them are equal to 
one another [De/. 35] : therefore the perimeter of the one is to the 
perimeter of the other, as any one side of the first is to any one side 
of the second, W. W. T. B, D. 

CoBOLLABT I. The perimeters of two regular polygons of the same 
nwrnher of sides, are to each other as their radii. 
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Theorem 61. 

-4 regula/r polygon is symmetric to each radius produced 
yond the centre, 

Ejet ther» be a regular heptagon 0, and let A, B, 0, etc., be 

I radii. 

Let C E be joined, and 

i the^radios D be pro- 

Lced beyond the centre 

to a point I of the 
irimeter; then I is 
I apothem [66 ii]. Be- 
iiiBO D C is equal to D E 
idthe radii and OE 
% equal to each other 
Def. 36], D I is the 
liddle perpendicular on 
) B [L 16 ii] : therefore 
he points and E are 
ymmetric to D I [1.29]. 

Let B E be joined, and 
Bt the point D be join- 
d to B and F. Be- 

rase the centre angles BOO, 00 D, DOE and E E are equal to 
ftch other, the angle B D is equal to the angle DOE [iv] ; because 
he isosceles triangles BOD and DOE have radii of the polygon 
XT their sides, and equal angles at the apex, they are equal to 
EKsh other [17] : therefore B D is equal to D F. Because the points 
^ and are equally distant from the extremities of B E, the line D I 
I the middle perpendicular on B E [1. 16 ii] ; therefore the points B and 
' are symmetric to D I [I. 29]. The same construction and reasoning 
'ould prove that the points A and H are symmetric to D 1 ; hence 
le lines D 0, C B, B A and A I are the symmetries of the lines D E, 
I E, F H and H I respectively : therefore the polygon O is symme- 

T 
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trio to D I [47 i]. The same oonstmction and reasoning would 
prove that the polygon is symmetrio to each of the remaining ladii 
produoed beyond the centre O ; also the same conld be applied to 
any other regular polygon : therefore every regular polygon is sym* 
* metric to each of its radii produced beyond the centre, W. W.T.B.D. 

GosoLLABT I. A reguLa/r polygon ia symmetrio to each a^ikmfr(h 
duced beyond the centre. 

GoBOLLABT n. A regtdar polygon has as mamj aaee of symfnetfjiti | ^ 
it has tides or vertices. 



k 

r 
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An everi'Sided regular polygon is aymmetrie to its centre* 

Let A B be a sector of an even-sided regular polygon. 

Let A O and B be produced beyond the centre to 
two points and D of the perimeter of the same polygoOi 
and let G D be joined ; then D and O G are radii, AG 
and B D diagonals, and D G a side, of the same polygon. 
Because the isosceles triangles A B and G D are eqiol 
to each other [55 i], the alternate angles O A B and 1) 
are equal to each other ; thence A B is parallel to D 
[11. 21]. But A B and G D are equal to each other [D^* 
85] ; then, as the same construction and reasoning coold 
be applied to the other sides of the polygon 0, eaoh 
side of an even-sided regular polygon is equal and 
parallel to another side of the same; therefore eveiy 
even-sided polygon is synmietrio to its centre [51i]i 
W. W. T. B. D. 

GoBOLLABT I. An even^sidcd polygon is symmetrie to 
each of its dicumeters. 

CoEOLLAJtY II. The perimeters of two even-sided regulcur polygons of 
the same rmmher of sides, are to each other as thevr diameters. 
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Theorem 63. 

(EucL IV. 16.) 

Each side of a regular hexagon is equal to the radius. 

"Let ABODEFbea regular hexagon, and let be its centre. 

Iiet the radii A« B, 
be., be drawn. Becanse 
be six centre angles of 
be hexagon O are to- 
gether equal to four right 
Bigles [n. 17 ii], and 
fliey are all eqn^ to one 
mother [55], the three 
lDgle0AOB,BOG,and 
OOP are together eqnal 
k) two right angles [yii] ; 
IfaereforetheangleAOB ' 
h equal to the third part 
If two right angles [vii]. 
Bteaase the six angles of the hexagon O are together equal 

sight right angles [4], and are equal to one another [57], the 
Inee angles A, B and G are together equal to four right angles 
fii] ; thence the partial angles into which the angles A« B and 

1 ve divided by the radii O A, B and C, are together equal to 
yur right angles. Because the radii A, OB, bisect the 
ogles A, B and [57 ii], the six angles OAF, AB, B A, OBC, 
^OB and GOD are equal to one another [yii]; hence the three 
B^es OAF, GAB and OB A are together equal to two right 
ogles [yii] : therefore each of the angles GAB and G B A is equal 
> the third part of two right angles [vii]. Because the angles 
lOB, gab and OB A are each equal to the third part of two 
ight angles [Dem,'], they are eqnal to each other [i] and the triangle 
u O B is eqmlateral [7 i] ; that is, A B is equal to A : but the 
exagon is equilateral ISyp."] ; therefore each of its sides is equal 
3 the radius A, which W. T. B. D. 
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OoBOLLAKT. The apotliem of a regular Ma/ngle is equal tohciJfh 
radius. 

Thxosex 64. 

{EueU IV. 11.) 

Each side of a regular pentagon is equal to the mean (f 
a diagonal. 

Let A B G D E be a regular pentagon. 

Let the diagonals A jO, 
G E and B E be draws, 
and let F be the pdnt 
of section of AG andBl. 
Becaase the pentagoa 
ABGDE is eqnilatenl 
ISyp.^f cmd the an^^ 
A, B and D are equal 
to one another [57], tbe 
isosceles triangles A B B^ 
BAG and D G E an 
eqnal to each other [17]; 
thence the diagonals A G, 
BE and GE are three 
eqnal straight lines, and 
the angles AGB, BAG, ABE and BE A are eqnal to one another; 
therefore the triangle ABF is isosceles [7], and F G is eqnal to FS 
[iy]. Because the isosceles triangles A F B and E F G have an equal 
angle at the apex [II. 3], they are similar to each other' [24 ii] ; hence 
the angles E G F and F E G are each equal to the angle AB F, or ABE 
[22]t but the angle AE B is equal to the angle ABE [^DemJ}; therefore 
the angle A E G is equal to twice^ the angle AGE. Because the 
triangle A G E is isosceles [JDem.] and the angle A E G is eqnal to 
twice the angle at the apex G, the base is equal to the mean of each of 
the other sides [15] ; that is, A E is equal to the mean of A G : but the 
sides of the pentagon ABGDE are equal to each other [Hyp.] ; 
therefore each side is equal to the mean of A G, which W. T. B. D. 
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C0BOI1LAB.Y I. The diagonals of a regulanr ^pentagon are equal to one 
€M/nother, 

CoBOUABT ^ II. The angles at the base of the isosceles triangle 
JRormed by each side of a regular pentagon, with the adjacent diagonals 
to (he opposite vertex, a/re each equal to twice the angle at the apex, 

OoBOLLABY III. The diagonals of a regular pentagon cut each other 
%t» extreme a/nd mean ratio, 

CosoUiA&Y rV. Ea>ch side of a regular pentagon is parallel to the 
^Kagonal to which it is not adjacent, 

J . Theorem 65. 

1^' ' ■ Each side of a regular decagon is equal to the mean of tlie 
'^ifpdms. 

l: (.Let OF.be the radius of a regtdar decagon ABCDEFGHIK. 
IietFD,DB,BK,KB[ 

;,*'|VidHF be joined; then 
IDFHK is a regular 
pentagon of which F is 
ft radius [55 iv]. Let 

I F be produced beyond 
the centre to a point 
of the perimeter, through 
a point M of BK; let 
al0O the radius OB be 
joined: then the prolon- 
gation of F is a radius 
A of the decagon [56] 
and O M is an apothem 
o£ the pentagon [56 ii]^ 
Because the angle A B 

18 exterior to the triangle B F, it is equal to the sum of the angles 
DBF and O F B [3 i] : but the triangle B F is isosceles ; then 
the angles B F and F B are equal to each other [8]; therefore the 
angle A B is equal to twice the angle F B. Because the triangle 
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BFE is isosceles [64 i] and FM is a perpendiciilar to BK[I)0iik], 
the line FM is the bisectrix of the angle BFK [8iy]; that is, He 
angle B F K is eqnal to twice the angle O FB : therefore the ao|^ 
A O B is equal to the angle BFK [i]. Because the iBosoelH . 
triangles BFK and A O B have an equal angle at the apoi^ 
they are similar to each other [24 ii]» and the angles at the base of 
the one, are eqnal to the angles at the base of the other \^ 
Because the angles at the base B K of the triangle B FK are eub 
equal to twice the angle at the apex F [64 ii], the angles at thebui 
A B of the triangle A O B are each equal to twice the angle at the 
apex O ; therefore A B is equal to the mean of O B [15] : batik 
decagon O is equilateral [Hyp,'] : therefore each side of the legohr 
decagon is equal to the mean of the radius OB, which W.T.ED. 
GoBOLLA&T. Edch hieectrix of the angles at the hcue of each Mcfor 
triangle of a reguUvr decagon, dwides the radms into extreme omI 
mean ratio. 

Theorem 66. 

If a regular polygon he made to revolve upon its cem^i 
until one vertex has taJcen the place of its a^djacentf the poly' 
gon is not out of its first phice. 
Let there be any regular polygon 0. 

Let O A, OB, OC, etc 
be the radii of the polygon 
O, and let the polygon be 
conceived to revolve upon 
its centre until the radius 
B has taken the place d 
the radius A ; then the ve^ 
tex B has taken the place of 
the adjacent vertex A [De/. 
35]. Because the centre 
angles A B and B Care 
equal to each other [55], the 
radius has taken the 
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jBce of the radios O B, and tlie vertex G the place of the 
srtez B ; therefore the side B G has taken the place of the side 
. B. The same reasoning would proye that each side of the polygon 
%a taken the place of its adjacent ; that is, the perimeter of the 
plygon has kept the same place on the plane containing it : therefore 
le polygon is not out of its first place, W. W. T. B. D. Inversely 

Iff after revolvmg upon a pomt equally cUatcmt from three adjacent 
wiiee& tmtU one of them has taken the place of its adjacent, a polygon 
} out of its first place, it is not regular, 

GoBOLLABT I. Conversely, if after revolovng upon a point equoHy dis- 
wd from three adjacent vertices until one of them has taken the place 
^Us adjacent, a polygon he not out of its first place, it is regular, 

CoBOLLAST n. A regular polygon may take as m,any different posi' 
lone reUxtively to its centre, as it has sides, vrUhout being out of its 
rgt place, and conversely. 



SEOnON in. 

ON THE CIRCLE. 

Definitions. 

38. A curviUnear plane figure is that which is limited by 
•ne or more curves, or by curved and straight lines. A 
urve is the perimeter , or periphery, of the plane figure which 
b Emits. 

Among the onrvUinear plane figures, Elementazy Geometry stadias only 
be drole, and the plane figures which are derived from the circle. 

39. A circle is the plane figure limited by a circumference 
)i the circle; the centre and radius of the circumference are 
he centre and radius of the circle. 

It is evident that a cirole is flymmetric to its diameter [I. 4A ii] and to its 
ontce. 
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It is also obvious that equal oirdes have equal ciroumferences and ladii, f j- 
and oonyersely that oiroles which have equal ciroumferences or equal isdii, 
or the circumferences of which coincide with one another, are equal to one 
another ; whence, if the centres of equal circles coincide with each other, 
they have the same circumference. 

A circle is designated by the letter at its oSdntre, or by the letter at its 
centre and one or more letters at some points of its drcumferenoe, a 
simply by the latter. 

Theorem 67. 

A circle^ in revolving upon its centre, does not come <mt of 
its first place. 

For otherwise, the circumference of the circle would have points 
unequally distant from the centre, which is impossible [I. Bef. 23} 

CoROLLABY. A circle, i/n revohing wpon its centre, mwy take an kfr 
nite number of different positions without coming out of its firsi 
place. 



Theorem 68. 

Every circle is a regula/r polygon of an infinite number of 
sides. 

Let there be a circle 0. 

Because the circumference 
of the circle O is composed 
of infinitely small straigbt 
lines [I. Bef 2], the circle 
is a polygon the sides of 
which are infinitely small 
[Bef 2]. Because a point 
equally distant from any 
three points of the circum- 
ference O is its centre 
[1. 45 iii],and because a oirole 
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ig upon its centre does not come out of its first place [Q7'}, the 
) is a regular polgyon {66 i]. Now, it is evident that the 
> may take %n infinite number of positions relatively to its 
without coming out of its first place, for between two po- 
lowever little different from each other, it is always possible 
nve a third one; hence the circumference of the circle O 
osed of an infinite number of sides [66 ii] : therefore the 
is a regular polygon of an infinite number of sides, W. W. T. 

iLAJLY I. The radius and apothem of a circle a/re equal to each 

LuyBLY II, All circles are similar to one another. 



Theorem 69. 

equal circles a/re symmetric to the middle perpendicular 
• centre line. 




G be the centre line of two equal circles and 0, and let 
ts middle perpendicular. 
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From m pcnnt D of the cir e umte ence O, left a perpeiidicDiirBl i^g 
be driwn to A B and prodoced mdwlhritdy. WhetiierDElAl 
tHigeiiiorm secuit io tbe cbeamftrBnoe O, becanaeDE igpnU 
to O G [L le], its oon^nnation beyond the pamt E will be tngafc 
or secant in a point F to the drcomferanoe G [L 70 ii}; tiienfal 
DEi8eqaaltoEF[L68i]i]. Thus the eztramity of every p«p» 
dicolar drawnfrom the cironmleranoe O to the fine AB, andprodnNl 
bejond that line to a distance equal to itself is a point d ftl 
ciiiciunferenoe G ; therefore the cirdes O and G are symmetric tofti 
line A B IDef. 28], which W. T. R D. 

GoEOLLABT L Two equol tangent^ or seeaitUf eirde$ are symmdiUk 
iheir irUangent, or their common ckord, 

GoEOLLABT II. 7\oo tircles are 9ymm£tr%eto ike middle perpendMar 
on three lines joining their circumfereneei. 



Thbobsx 70. 

Two eqital circles are symmetric to the middle point of (heir 
centre line. 




Let be the centre line of two equal circles O and 0, and A 
its middle point. 
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•et a point B of the circumference 0, be joined to the point A and 
duced indefinitely; then if B A be a tangent to the circumference 
its continnation beyond the point A will be a tangent in a point D 
the circumference [1. 71 iv] : therefore B A is equal to A D 
71]. If B A be a secant'to the circumference 0, its continuation 
I be a secant in D to the circumference C [I. 72 iv] ; therefore 
L is equal to A D [I. 72 iii]. Thus the extremity of every straight 
> drawn from one of the circumferences and to the point A, 
produced beyond A to a distance equal to itself, is a point of the 
3r circumference ; therefore the circles and are symmetric 
be point A [De/. 31], which W. T. B. D. 

OBOLLABT I. Two equol tcmgent circles are eymmetric to thsi/rpomt 
mgence, 

OBOLiAAT II. If three Jmes jommg the cvrcti/mferencea of two circles 
7t each other, the two circles a/re sym/mstric to thevr mtersection. 



Theoebm 71. 

Tie circumferences of two circles a/re to each other as thei 

* . 
hi. 

3r two circles are regular polygons of the same number of sides 
: therefore their circumferences are to each other as their 
i [60 i]. 

jROUiAST. The ci/rcwmferences of two circles are to each other as 
• diameters. 
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SECTION IV. 
ON CIRCULAR 8EQKENT8 AND SECTORS. 

Dejinitions. 

40. A segment is the portion of a circle Kmited by an 
arc and its chord; the chord is the base of the segment. A 
semicircle is a segment equal to half the circle : a segment 
smaller Ihan a semicircle is a segment of half the drde, on 
senddrcula/r segment ; a segment greater than a semiciide 
is a segment of the circle, or a ai/rculwr segment.^ Ogpowte 
segments of a circle are limited by the same chord. 

Henoe, every chord divides the oirde into two opposite segments.' It is 
evident that two equal segments have the base and arc of the one, le^eo- 
tively eqnal to the base and the arc of the other. 

A segment is designated by the letters of its base followed by one or moie 
letters of its arc. 

41. The altitude of a segment is the middle perpendicular 

on the base &om a point of the arc. 

It has been shown that the altitnde of a segment bisects the arc, and that 
its prolongation beyond the bases passes through the centre of the M^ 

42. An angle of which the vertex is a point of the arc of 
a segment, and the sides of which pass through the ex- 
tremities of the base is inscribed in the segment ; an angle 
which may be inscribed in a segment is inscriptible therein, 
and the segment is capable of the angle. 

1 In The Elements, the term ciroulor segmvid has this restricted meaning only whes 
used in opposition to that of wmUxrovXar segment} otherwise it means any segment. 

* When, in The Elements, the segment formed by a chord is spoken of, without any* 
thing fiirther being said, the segment IvmiUi by tTie Uswr arc only is meant. 
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43. A sector is the portion of a circle limited by an arc 
id the radii terminating at its extremities : the radii are 
!.€ sides of the sector; the centre angle formed by them 
ad standing upon the arc of the sector, is its angle, A 
ictor smaller than a semicircle is a sector of half the cvrcle, 
r a semicircula/r sector; a sector greater than a semicircle 

I a sector of the circle, or a drcula/r sector.^ 

Xt is evident that two equal sectors have the sides, angle and arc of the 
aa, respectiyely equal to the sides, angle and arc of the other. It is 
btrious that a sector the angle of which is straight, is a segment ; also that 
i« JEMgment the base of which passes throngh the centre, is a sector. 

A sector is designated by the letters of its angle followed by one or more 
riters of its arc. 

44. The segment of a sector is that formed by its arc, 

he sector of a segment is that limited by its arc. 

The segment formed by a diameter is evidently identical to its sector. 
lIso, a drcnlar segment is composed of its sector and an isosceles triangle ; 
nd a semidronlar sector is composed of its segment and an isosceles triangle. 

45. A qiiacl/ram>t is a sector the arc of which is the fourth 
>art of the circumference of the circle* ; a sector the arc of 
^hich is the sixth part of the circumference is a sextant; 
i sector of which the arc is the eighth part of the circum- 
ference is an octant, 

Theobbk 72. 
A diameter divides the circle info i/ivo equal segments. 



^ In the EljsmentB, the term circular sector has this restricted meaning only when 
nsed in opposition to that of semicircular sector ; otherwise it means any sector. 

* As the circumference of a circle is sometimes called a drole, so the arc of a quadrant 
is sometimes called a quaSramt, 
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Let AB be m diameter of the oirole O. 

Let the figniebefoldi 
ednpon AB; thentheoff* 
cmnfeTenoe of the didl 
will be divided into tvo 

• 

eqnal parts, AHB aii 
ANB, andthetwolnhtt 
will coincide wiih eMh 
other [L 39] ; thenfbn 
the s^^ents A B M aai 
ABN are equal to each 
other, W.W.T.B.D. 

CoBOLLABT. Convewely, 
the base of a semidrdeii 
a diameter. 
SchoUtMfii, A diameter divides the circle into two equal sectors. 

Theobem . 73. 

The diameter perpendiculcvr on the chord of the arc of ft 
sector, divides the sector into two equal parts. 

Let A B be a sector; let A B be the chord of its arc, and let CD 

be a diameter perpendi* 
colar on A B, dividing the 
sector A O B into two 
partial sectors, AOGM 
and BO ON. 

Let the circle be folded 
upon D ; then the semi- 
circle D A will coincide 
with the semicircle G D B 
[72]. Because D is the 
middle perpendicular on 
AB [I. 44], the pointe 
A and B are symmetric 




BOOK ^-^CHAFTER U. 287 

CD [L 29], and will coincide with each other; hence the arc 
will coincide with the arc G B, and- the radius A with the 
B : that is, the sector A O M will coincide with the sector 
O N ; therefore they are equal to each other, W. W. T. B. D. 
'=-'- ^CkiBOLLABY I. The dianfti^ter perpendicula/r on the chord of the arc of 
w 4tector, bisects the cmgle of the sector. 

.^ -OoBOLLAST n. The diameter jperpendicular on the hose of a segment 
WUmets the segment, 
'^^'4JaBOLLKB,Y ITT, A segment is bisected hy its altitude. 

Theorem 74. 

Equal segments arepa/rts of equal circles. 
Let ABM and D E N be two equal segments. 





Let ABM be a portion of the circle and DEN a portion of 
the circle C, and let the two segments be applied to each other. 
Because the segment A B M is equal to the segment DEN, they will 
coincide with each other [Qen. JDef. 18], and the arc A M B will coin- 
dde with the arc D N E ; hence the centres and will coincide 
with each other [I. 46 i], and the circumference O will coincide with 
the circumference [I. 58] : therefore the circle is equal to the 
drde 0, which "W. T. B. D. Inversely 
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Unequal circUs eammai hate equai 9eg m emU . 
CoBOLiAET I. Equal aecicn an parU of equal eirdes. 
CoBOLLABT IL EquoH «e^M«alt etre parts qf egvoZ sectors, and con- 
versely. 



-T 



Thxokbx 75. 



Two semicircular segments of a circle, which have eqvd 
bases, are equal to each other. 

Let ABM and C D N be two s^ments ol the circle ABC, banag 
the base A B eqoal to the base C D. 

Let H be the middle poiik 

of the arc AG; let HI lie 

a diameter throngh the poial 

H, and let the circle ABC 

be folded upon HI: thtt 

the semicircle HIK inU 

coincide with the semicirde 

H I N [72]. Because the arc 

HA is eqnal to the arc 

HC [Const.'], the point A 

will coincide with the point 

C; because the chord A Bis 

eqaal to the chord C D, tibfi 
arc A M B is equal to thearc 
C N D [I. 43] : hence the arc A M B will coincide with the arc CND, 
and the chord AB with the chord C D ; that is, the segment ABM 
will coincide with the segment C D N ; therefore they are equal to 
each other, W. W. T. B. D. Inversely 

Two v/nequdL segments of a cvrde have tmequal hoses, and 
Unequal semicircular segments which have equal hoses, are not j)Of • 
tions of the same circle. 

CoEOLLAET L Two cvrculo/T Segments of a circle, which hove equci 
hoses, are equal to each other. 
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DoEOLLABT II. Segments of equal m'cles which have equal hoses, are 
uol to one another. 

CoBOLLABY III. Segments of a circle, or of equal circles, which have 
1(02 arcs, are equal to one a/nother. 



Theorem 76. 

Sectors of a circle which have equal angles are equal to each 
^her. 

Let A O B M and D N be two sectors of the circle 0, baying 

le angle A O B eqnal to tbe angle COD. 

Let tbe diameter HI 

ieet tbe angle A 0, and 

fc the circle be folded 

ton HI; then tbe semi- 

roLe HIM will coincide 

iUi the sendcircle HIN 

2]. Becanse tbe angle 

O A i8-.eqiial to tbe angle 

O C [Consf], tbe radius 

A will coincide with tbe 

dins O C; becanse tbe 

^le A B is eqnal to tbe 

gle COD, tbe radius B 

U coincide with tbe ra- 

08 OD: then the sector 

0,B M will coincide with tbe sector DN; therefore they are 

nal to each other, W. W. T. B. D. Inversely 

Uneqtbol sectors of a circle ha/ve v/nequal omgles, and 

TJnequaL sectors having equal angles a/re not 'portions of the same circle, 

GoBOLLABY I. ScctoTs of equal circles which ha/ve equal a/ngles'^are 

ual to one another^ 

OouoLLABY n. Sectors of a circle, or of equal drclee, which have 

[ual arcs, are equal to one a/nother. 
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Tnosnc 77. 

(Euet HL 81.) 

The cmgle inscribed in a semicircle is right. 

Let A C B be an angle inscribed in one balf of the^sircle 0. 

Let ABD be the otibv 
half of tbe circle 0; thflli 
the angle AC B is insonbit 
in the circamf ereDce 0» ni 
stands npon the arc ADK 
Because ABD is a wvh 
Gurde, the base AB vk%[\ 
diameter [721]; then ik»J 
arc ABB is half the «• 
onmference A G D [L%: 
therefore the inscribed aa|^ 
A G B is a right 9»li^i] 
[n:33iJW.W.T.B.D. 
CoBOLLABT L Conversely, a segment eap<Me of a rigM imgh^kit} 
semicircle, 

CoBOLLABT 11. A greater segment is ccvpoible of a sm^aUer arigU, and 
conversely (II. 27 iii). 

SchoUvm. A semicircolar segment is capable of an obtuse anc^ 
and a circular segment is capable of an acute angle (U. 33 ii). 




Theorem 78. 

The angle of a sector is equal to twice the supplement o/ flla 
a/ngle inscribed in its segment. 

Let A B C be a sector of the circle O ; let AB C be its segmenii 
a^d let A C B be an angle inscribed in that segment. 

Let the angle A D B be inscribed in the segment ABD; then tSie 
angles A C B and A D B are supplementary to each other [II. 33 iii]. 
Because the centre angle A B and the inscribed angle A D B stand. 
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npon th6 same arc, the angle ADB is equal to half the angle 
AOB [IL 27]; therefore the 
ang^e AOB is equal to twice 
the supplement of the angle 
AOB, which W. T. B. D. 

C0SOU.AKT I. The cmgle vn- 
Monhed in a segment is equal to 
half the explement of the cmgle 
of He eeetor, 

OoBOLLABT 11. Any segment 
i$ eapahle of the ewp^plement of 
ike cmgle inscriptihle in the oppo- 
sUe segment (II. 88 iii). 

OosoLLABT m. All the angles 
insertbed in a segment, or in equal segm,ent8, are equal to one another, 

OoBOLLABT lY. If two sectors hceoe equal cmgles, the angles in- 
scribed in their segments a/re equal one to another, and conversely. 

CoBOLLABT V. The cmgle formed on one side of a chord by a tangent 
to the circle, is vnscryptihle in the opposite segment fcyrmed by thai 
chord (IL 29 ii). 

Theorem 79. 

Two segments of a circle which are capable of the same 
a/ngle, cure equal to each other. 

Let ABC and D EF be two 
segments of the circle 0, capa- 
capable of the same angle. 

Let the points A and B be 
joined to the centre and to a 
point G of the arc A G B ; let 
also the points D and F be 
joined to the centre and to a 
point F of the arc DFE : then 
the angles A G B and DFE 
are inscribed in the segments 
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ABC and D E F. Because the angles A G B and D F E are 
to each other {_Syp,'], the angle A O B is eqnal to the angle DOS 
[78 iv]; hence the sector AOBC is eqnal to the sector DO £f 
[76] : therefore the segments ABC and D E F are equal to eacb 
other [74 ii], W. W. T. B. D. Inversely 

Two unequal segm&nU of a circle are not capable of the iame (mgle. 

CoaoLiABT. Segments of equal circles which a/re capqjble of ike 
angle, are equal to each other. 



v: 



it 



Theorem 80. 

Segments ofsimila/r sectors are similar to each other. 

Let the sectors A B H and D C E I be similar to each other, aod 
let A B H and D E I be their segmen];s. 

If the two seciion 
have the same magm* 
tnde, they are eqoalto 
each other [^Qen, Def, 18]; 
therefore their segments 
are equal [74 ii], and con- 
sequently similar [Gffii*. 
JDef, 19], to each other. 
If the two sectors hare 
not the same magnitade, 
let them be reduced to the same magnitude ; they are then equal 
to each other [Ge?t. JDef, 18], and their segments are equal to each 
other [74 ii] : but the segments A B H and DEI have also been re- 
duced to the same magnitude IPostI]; therefore they were similar 
before the reduction, W. W. T. B. D. 

CoEOLLAKT. Conversely, sectors of similar segments are simUaf io 
each other. 
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Thboebm 81. 

Two similar sectors hwve equal angles^ 

Let A O B M and D E N be two similar sectors. 
* If the two sectors have the same magnitude, thej are equal to 
Sttoh other IGren, Def, 18] ; therefore they have equal. angles. 

If the two sectors have not the 
eame magnitude, let the chords AB 
snd D E be joined ; then A B and 
DDCE are two isosceles triangles. 
Xet the two sectors be reduced 
to the same magnitude; they will 
"be then equal to each other. Now, 
let the reduced sectors be applied 
to each other so that they coincide ; 
then the triangle* A B coincides 
with the triangle DOE: therefore they are equal to each other. 
Now,, because the equal triangles A B and- DOE have been re- 
duced to the same magnitude {_Po8t, I], they were similar to each other 
before the reduction : therefore the angle A B is equal to the 
mtigle DOE [22], which W. T. B. D. Inversely 

Two ardors havmg unequal arigles are not similar to each other, 

OosoLLABT I. Similar segments are capable of the same angle 
(End. ni. Def. 11). 

O0BOLLAS.T II. If two sectors he similar to each other, the sides a/nd 
chord of the one, a/re proportional to the sides a/nd chord of the other. 

Theobeh 82. 

Two sectors having equal ambles a/re simila/r to ea^h 
other. 

Let A B M and D E N be two sectors having the angles A B 
and DOE equal to each other. 
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If the radios O A be equal to the radius G D, the circle ii 
equal to the cirole C ; therefore the sectors A O B M and D GEN 
are equal [76]i and conseqaentlj similar, to each other. 

If O A be not equal to C D, let the chords AB and D E be jd&ed; 

then the isosceles triangles AOB and DCE are similar toeachotiher|lit 

Let the greater sector be reduced until the similar triangles AOB 

and DOB have the same magnitude IPoH. I] ; these triangles will tlnft 

be equal to eidi 
other [(?6fi. Def. 
18]. Nowletthere* 
duced sector beip* .{ 
plied to the other, 
so that the eqial 
triangles AOB and 
DCE coincide with 
each other; the 
points A, and 6 
will then seveiallf 
coincide with D, G and E. Because the radius O A coincides with the 
radius D, they are now equal to each other, and the circumference 
is equal to the circumference G [I. 38] ; because the centres 
and coincide with each other, the equal circumferences and G 
coincide with each other [I. 38 i] ; because the points A and B of 
the circumference respectively coincide vrith the points D and E 
of the circumference G, the arc A M B coincides with the arc DN£, 
and the sector AOBM coincides with the sector D GE N; hence 
they are equal to each other : but they have been reduced to the 
same magnitude lOonef] ; therefore they were similar to each other 
before the reduction, W. W. T. B. D. Inversely 

Two sectors which a/re not svmUa/r have unequal a/ngles, 
GoBOLLiJLT I. Segments ca/pable of the same a/ngU are similar to 
ea^h other, 

GoEOLLABT II. If the sides and chord of a sector he proportional to 
the sides and chord of another, they are similar to each other (25 i). 
GosoLLAJLY m. JM semicircles are similar to one amother. 



V. 
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Thborem 88. 

(Eucl. m. 24.) 

Two simXla/r segments which ha/ve equal bases a/re equal to 

each other. 

Let ABC and DEF be two similar segments haying the Jbases 
AB and D £ eqnal to each other. 





Let the two segments be applied to eaoh other, so that the base 
D S coinoide with the base A B, and let there be, through the point A, 
a straight line A G catting the arc A G B in C and the arc D F E in 
H ; let also G B and H B be joined : then the angle A G B is inscribed 
in the segment A B G, and the angle A H B in the segment DEF, 
or A B H. Because the two segments A B G and A B H are similar 
to each other IHyjp*'], the corresponding angles A H B and A G B are 
equal to each other [81 i]; therefore the lines GB and HB are 
parallel to each other [II. 20 i]. Because the parallels G B and H B 
have the point B in common, they coincide with each other [L 17 iv] ; 
that is, they are one and the same line : hence the points H and G 
are one and the same point; therefore the arcs AGB and AHB 
coincide with each other [I. 46 iii]. Because the segments A B G 
and A B H coincide in all their parts, they are equal to each other : 
but the segment A B H is no other than the segment DEF [Oorist'] ; 
therefore the segments A B G and DEF are equal to each other, 
W. W. T. B. D. Inversely 

Two uneqiml segments having equal hoses are not svmdlar to each 
other. 
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SECTION V, 
ON INSCRIBED PLANE FIGURES, 

DsFINinONB. 

46. A plane figure i/nscribed in another has its angnhr 
points on the perimeter of the latter ; the second is circw^ . 
scribed to the first. A plane figure which can be inscribe! 
in another^ is inscriptible in the latter; the second is circum- 
scrvptible to the first, 

47. A rectilinear plane figure d/rcumscribed to a circle htt 
all its sides tangent to the circumference ; the circle is then 
inscribed in the rectilinear plane figure. 

48. A circle exscribed to one side of a rectilinear plane 
figure is tangent to that side and to the prolongations of the 
adjacent sides. 

Theorem 84. 
(Ettcl. IV. 5.) 
Every i/ricmgle is inscripUble in a circle. 

Tor a circumference may be drawn throngh the three angular 
points of any triangle [I. 45 i]. 

CoBOLLABY I. If two recHlmear jpilcme figwres he equal to each oihT) 
the circles drcumscrihed to them are equal to each other, 

Theobem 85. 

The centre of the circle circumscribed to a right'Cmgled tn- 
a/ngle, is the middle point of the hypothenuse. 
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Let AC be the hypothenuse of a right-angled triangle ABO in- 
seribed in the circle 0. 

Becanse the angle ABC is 
right, the segment A B is a 
semicircle [77 i] : therefore A C 
U a diameter [72 i] ; that is, the 
caentre is the middle point of 
tihe hypothenuse A 0, which 
"W. T. B. p. Inversely 

If iki& centre of fhe circle 
wrcv/mscribed to a triangle he 
^Mt on one of its aides, the 
itricmgle is not right-angled, 

C0BOLLA.RY I. Conversely, if the centre of a circle circv/mscrihed to 
n tria/ngle is on one of its sides, the triangle is right-angled in the 
opposite vertex, 

CoBOLLABT II. The Centre of the circle circv/mscrihed to an acute 
c/ngled tria/ngle, is within the tria/ngle, and conversely. 

CoROLLAiLT III. The centre of the circle circumscribed to an ohtuse^ 
a/ngled tria/ngle, is without the tria/ngle, and conversely. 




Theoeem 86. 

(Eu€l, IV, 4.) 
Every triangle is circumscriptible to a circle. 

Let there be a triangle ABC. 

Let A and B be the bisectrices of the angles A and B ; from 
the intersection [13], let O D, E and F be drawn respectively 
perpendicular to the sides A B, B C and A C. Becanse A is the 
bisectrix of the angle A, the line F is, equal to D [II. 9]; be- 
<»use B is the bisectrix of the angle B, the line E is equal to 
O D : therefore F is equal to O E [i] ; thus, the circumference 
drawn from the centre 0, with the radius D, will pass through 
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the points E uid F [L Jkf, 27]. Because the sides of the triaag^ 
ABC are perpendicular to the radii OD, OE and O F [OotM&l thflj 




are tangent to the drcmnference O [I. 51]; therefore the triang^ 
A B is circumscribed to the circle [Bef. 47], which W. T. B. D. 

OoROLLART I. The circles inscribed in equal triangles are eqwH io 
each other, 

OoEOLLAET II. The dia/meter of the circle inscribed in a right-a/ngteA 
triam^gle is equal to the difference between the hypothenvse and the sw» 
of the other sides, 

Oo&OLLABY m. The sum of each side of a triangle a/nd the remote 
portion of another, determined by the point of tangence ^Diih Hia 
inscribed circle, are together equal to half the perimeter. 



Theorem 87. 



The centre of the circle exscribed to any side of a triangle « 
on the bisectrix of the opposite angle. 

Let the circle be exscribed to the side BOci the triangle ABO. 
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Ijet D and E be the points of tangence of the circle with the 
prolongations of the sides A B and A ; let D and E be joined, 




and let A be a straight line through the vertex A and the centre 
: then D is equal to E [I. Bcf, 23]. Becanse D is perpen- 
dicular to A D [I. 55], and E perpendicular to A E, the point is 
eqnallj distant from the lines A D and A E [1. 11] ; therefore the 
centre O is on the bisectrix of the angle A [II. 11], which W. T. B. D. 

CoBOLLABT I. The centre of the cvrcle exscribed to omy side of a 
iria/ngle, that of the inscrihed d/rcle cmd the opposite vertex, a/re points of 
the ad/me straight line, 

GoROLLABT II. The diameter of the circle escribed to tlie hypothenuse 
of a right-angled triangle, is equal to the perimeter of the triam,gle, 

CoBOLLABY III. The dista/nces from the vortex of each angle of a 
tria/ngle, to the points of tangence of its sides with the circle exscribed to 
the opposite side, are ea^h equal to half the perimeter, 

OoBOLLAAT IT. The distance from the point of tofngence of ea^h aide 
of a triangle uoith the inscribed circle, to one extremity, ia equal 'to the 
distance from the other extremity to its point of tangence vnth the 
eoaacrihed circU. 
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The opf'C^fif'i an^la cf a qytadran^e inscribed in a cm 
are mp^Jemeniary to eadk other. 

Let \ht qmdruxgle A B C D be inscribed in the circle A B D. 

Let AC be joined; then the 
ang^ ABC and ADC sre in- 
scribed in the c^pposite segments 
ACBsnd ACD: therefcm ther 
are supplementary to each other 
378 ii]. The same oonstmccion and 
reasoning would proTe that the 
angle BAD is supplementary to 
the angle BCD: therefore the 
opposite angles of the quadrangle 
A B C D are supplementary to each 
othe-, W. W. T. B. D. Inversely 

If two opposite angles of a q\iadrangle he not supplementary to 
other, the quadrangle is not inscriptible in a circle, 

CoBOLLAST. E<Kh exterioT angle of a quadrangle inscribed inac 
is equal to tke opposite interior angle. 




Theorem 89. 



Conversely, if two opposite angles of a quadrangle he 
plementary, the quadrangle is inscriptible in a circle. 

Let A B C D be a quadrangle having the angles B and D si 
mentary to each other. 

Let AC be joined, and let the triangle ABC be inscribed i 
circle ABM; then the segment A C M is capable of the si 
ment of the angle ABC [78 ii] : therefore the vertex D is o 
arc A M 0, which W. T. B. D. 
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. CoROLiABT I. Every rectangle, or isosceles trwpezvwm, is inscrijptihle 
*ti a circle. 

CoEOLLABY 11. If the portions 

^^hUo which the diagonals of a quad- 

^^angle cut each other, he reciprocally 

^oportional, the qimdrangle is in- 

^criptihle in a circle. 

CoBOLLABY III. The centres of the 

circfe exscrihed to any side of a 

T§ri(mgle, the centre of the vnscrihed 

^^irele a/nd the extremities of the 

i mide, aire the vertices of a quad/rangle 

\ ^scriptihle to a circle, 

8choUu>m. A square is inscriptible in a circle. 




Theorem 90. 



Two opposite sides of a quadrangle circumscribed to a circle 
a/re together equal to the two others. 

Let A BO D be a quadrangle 

circuniscribed to the circle E 

F H; and let E, F, G andHbe 

the points of tangence of the 

sides AB, BG, GD and AD 
;* respectively. 

Because the sides of the 

quadrangle A G are tangent to 

the circle E F H, the lines A E, 

B E, G G and D G are respect- 
* ively equal to AH, BF, GF 

and D H [1. 57] ; therefore A E, 

B E, G and D G are together 

equal to AH, BF, GF and DH [iy]: that is, the sides A B and 
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D are together equal to the sides AD and BC, which W.T.B.D.. 
Inrenely 

^ two opposite sides of a quad/rangU he not together eqwd io i^ Imw 
others^ the quadrcmgle is not evrcwmseriptitile to a drde* 



Theorem 91* 



Conversely^ if two opposite sides of a convex gpiadrangU U 
together equal to the others, the quadrangle is a/rcu/mscrvpiSih' 
to the circle. 

Let A B G D be a conTez qoadrangle having the opposite sides AB 
and D C equal together to the two others A D and B G. 

Let BE and GF be 
th^ bisectrices of the 
angles B and G. Becaiise 
the angles A, B, G and D 
are together eqnal to four 
right angles [47], the an- 
gles B and G are together 

less than fonr right an- 
gles ; hence their halves 
EBG and EGBare to- 
gether less than two 
right angles [vii] : there- 
fore the lines B E and Gf 
are obliqne to each other 
[IL 20 ii] and, iniEuiite- 
ly produced, will meet 
[L 18 ij 
Let be the intersection of the lines B E and G F; let O G, H 

and 1 be perpendicular to the sides A B, B G and G D respectively. 

Because the point is on the bisectrix of the angle B,the line O Gis 
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qpud to H [EL 10] ; because the same point is on the bisectrix of 
he angle 0, the line O I is equal to H ; therefore G is equal 
i>OI[i]. 

Let A circumference be drawn from the centre with O G as 
• vadius ; then it will pass through the points H and I [I. Def, 
8]. Because the sides B A, B G and G D are perpendicular at the 
OKferemities of the radii G, H and O I respectively, they are tan- 
pent to the curcle [L 54]; hence B G is equal to B H [1. 57], and G I 
Bi equal to GH; therefore B G and G I are together equal toBHand 
XO9 or B G [iy] : but A B and D G are together equal to B G and 
LD [Hyp,2 5 therefore A G and D I are together equal to AD [iv]. 

From the centre A let a circumference be drawn through the 
Knnt G,and from the centre D let a circumference be drawn through 
lis point I; then, because their centre line is equal to the sum 
*t their radii [Dem.], these two circumferences will be externally 
nogent to each other in a point K [I. 62]. Because G and I 
ce perpendicular at the extremities of the radii AG and D I 
Mpectiyely, they are tangent to the circumferences A and D 
■^espectiyely: because G and 1 are equal to each other [Dem.l 
he circumference is tangent to A D in the point K [L 67 ii] : 
therefore the quadrangle A B G D is circumscribed to the circum- 
ference O, which W. T. B. D. 

CoBOLLABT. Every lozenge is ci/rcttmscriptible to a circle, 

BehoUwn, A square is circumscriptible to the circle. 

Thxosbm 92. 

Soery regular polygon is mscriptible in a circle. 

Because the vertices of any regular polygon are equally distant 
from the centre of regularity, the circumference drawn from the 
latter point as a centre, through one of the vertices, will pass 
through all the others ; therefore every regular polygon is inscrip- 
tible in a circle, W. W. T. B. D. Inversely 

Any polygon wMeh is not imeriptible in a circle i$ not regular. 
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CosoLL^ST I. The centre of 'the circle circumscribed to a rtgvkf 
polygon, is the centre of regularity of the inscribed polygon. 

CoBOLLAJiT II. T^ radius of the circle cvrcwmscribed to a regvAar 
polygon, is equal to the radius of the inscribed polygon, 

CoBOLiAKT IIL The points of division of a eircumference diviid 
into more than two equal pa/rts, a/re the vertices of a regular polygim, 

CoKOLLABT IV. If a regular polygon be inscribed in a circle, ^ 
extremities a/nd the middle points of the arcs stibtended by the sides, isn 
the vertices of a regular polygon of double the number of sides. 

Scholium, The sides of a regular polygon are equallj diBtani 
from the centre (55 ii). 

Theobem 93. 

Every regular polygon is eircv/mscriptible to a circle. 

Because the apothems of a regular polygon are equal to one 
another [55 ii], the circumference drawn from the centre of regularity 
with one of them as a radius, will be tangent to all the sides of tlie 
polygon [I. 54] ; therefore every regular polygon is circumscriptible 
to a circle, W. W. T. B. D. Inversely 

Any polygon which is not circu/mscriptible to a ciircle^is not regular. 

CoROLLABT I. The centre of the circle inscribed in a regrdar pcU/jjgo* 
is the centre of regularity of the circumscribed polygon, 

COROLLARY II. The radius of the circle inscribed in a regular pol^' 
gon, is equal to the apothem of the cvrcwmscribed polygon, 

CoEOLLARY III. Two odjoccnt sides of a regular polygon, are «y»* 
mstric to the radius terminating at their com/mon extremity (I. 57 iv)* 

SchoUum, The circle circumscribed to a polygon and the dicle 
inscribed therein, are concentric. 

Theobem 94. 

If a circumference he divided into more than two equal 
parts, the intersections of the straight lilies ta/ngent thereto 
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ihrough the points of division, are the vertices of a regular 
Jfolygon. 

Let there be a 
^viicomference di- 
vided into more 
"tban two equal 
"pBcrts at the points 
A, B, C, D, etc. ; let 
ihere be, through 
these points, tan- 
gents to the cir- 
cumference, wnich 
meet in the points H, I, K, etc., being the vertices of a polygon P. 

Let A B, B C and D be joined ; then the lines A B, B and C D 
are equal to one another [I. 42]. Because the circumscribed angles 
AHB and BIG have equal convex arcs, they are equal to each 
other [II. 30 iii] : likewise the angle C K D and the remaining 
angles thus formed, are equal to the angle AHB; therefore the 
polygon P is equiangular. Because A H is equal to H B [I. 67], 
B I equal to I C, and C K equal to K D, the triangles A H B, B 1 
and C K D are isosceles. Because the isosceles triangles AHB, 
BIO and G K D have equal bases and equal angles at the apex [Dem.], 
they are equal to each other [16 iv]; thence the lines AH, HB, 
B I, I G, C K and K D are equal to each other : therefore H I is equal 
to I K [iv]. The same construction and reasoning would prove that 
the remaining sides of the polygon P are each equal to HI; then 
the polygon P is equilateral : but it is also equiangular [Dem.] ; there- 
fore the polygon P is regular [58], W. W. T. B. D. 

GoBOLLABT. The tangents through the extremities of two perpen* 
dicula/r diameters, form a square. 



PBOBLEMS. 

PROBLEM 1. 

Given two sides of a triangle cmd the cmgle which th 
ynn, to construct the tria/ngls. 

■ 

Let A B and D be the given sides, and let E be the given aog^ 




E^ 



C B 



At the point A draw A F making with A B an angle B A F 
to the given angle E [II. Prob. 1] ; take A H equal to D, and join 
B H : the triangle A B H is the required triangle. 

For the side A H is equal to D IGonst.'], and the angle BAH, 
formed by the sides A B and A H, is equal to the given angle E 
IGonst.'], which was to be done. 

Fboblem 2. Given one side of a tricmgle cmd the two adjac/&(A 
angles, to construct the triangle. 

Problem 3. 
(Etiel, I. 1.) 

Upon a given straight line to construct an equilateral tri- 
angle. 
Let A B be the given straight line. 
From the centres A and B, with a radius equal to A B, describe 



BOOK nL^PEOBLXMS, 



307 




two oirciiinferences 
outting each other in 
a point C, and join 
O A and G B: the 
toriangle A B is the 
required equilateral 
briangle. 

Because A G and 
B G are radii of the 
oircmnferences A and 
B» they are equal to 
A B [^Oonst,'] ; hence 
they are equal to each 
other [i]: therefore the triangle ABO is an equilateral triaDgle 
haying A B for one of its sides, W. W. T. B. D. 

Fboblbm 4. Qiven the hose <md an adjacent side of an isosceles iri- 
angle, to construct the triangle, 

Pboblem 5. Qiven the three sides of a scalene tricmgle, to construct 
theirUmgle. 

Pboblbm 6, 

Upon a given straight Ime, to construct a triangle similar 
to a given tria/ngle. 
Let A B be the given straight line and ODE the given triangle. 




At the point A, draw A ¥, making with A B an angle B AF equal 
to the angle [11. Proh. 1] ; and at the point B draw B H, making 
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with A B on the same side, an angle A B H eqnal to the angle D, 
and cutting A F in a point H : the triangle A B H is the reqiiired 
triangle. 

For the angles A and B are respectively equal to the angles G and 
D [Const] ; therefore the triangle A B H is similar to the trianglfl 
ODE [23], which W. T, B.'D. 

Peoblem 7. Upon a given strodgM Une, to construct a polygw 
similar to a given polygon. 



iv. 



Peoblem 8. 
Upon a given straight li/ne, to construct a squa/re. 

Let A B be the given straight line. 

Through the points A 
and B, draw A G andB D 
perpendicular to ABj 
take A G and B D both 
equal to A B and join 
G D : the quadrangte 
A B D is the required 
square. 

Because A G and B D 
are each equal to AB 
[ Const.'] , they are equal to 
each other [i]; because 
the line G D has two of 
its points, G and B 
equally distant from A B, 
it is parallel toA B [L20]; 
hence A G and B D are perpendicular to GD [1. 17] andODia 
equal to A B [1. 19 i]: that is, the lines A B, AG, B D and D are 
all equal to one another, and the angles A, B, G, and D are all rigbt 
angles ; therefore the quadrangle A B G D is a square oonstrocted 
upon A B [Def. 18], which W. T. B, D, 
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Faobleh 9. Given two adjacent sides of a redcmgle, to construet the 
9'$ctangle. 

FfiOBLEM 10. Qiv&n two adjacent sides of a pardUelogram a/nd the 
wgle which they form, to construct the pa/raUelogram. 



Peoblbm 11. 
To inscribe a given tricmgle in a circle. 

Draw a circumference through its vertices [I. Prohl. 13] ; the given 
triangle will be inscribed in a circle, for its angular points will be on 
the circumference. 

Pboblbk 12. To inscribe a given regidar polygon in a circle. 



PSOBLEH 13. 

To inscribe a circle in a given tricmgle. 
Let A B C be the given triangle. 

B 




Draw the bisectrices A D and B B of the angles A and B [11. Proh, 
5] ; from the intersection 0, draw a perpendicular F on the aide AB 
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[L Prohl, 9] ; and, from the centre O, describe a circumferenoe thioo^ 
the point F : the circle is inscribed in the given triangle. 

Draw H and O I perpendicular to the sides B Gand A G reeptt> 
tiyely. Because the point belongs to the bisectrix of the an^^ A* 
the lines O F and O I are equal to each other [IL 10] ; becaoBe tte 
same point O belongs to the bisectrix of the angle B, the lines ? 
and O H are equal to each other : thence the circumference il 
pass through the points H and I. Because the sides A B, B G,aid 
A G are perpendicular to the radii O F, O H and O I respectiyel7,tlMj 
are tangent to the circumference O [1. 54] ; therefore the circle ii 
inscribed in the given triangle A B G, which W. T. 6. D. 

PaoBLEM 14. To inacribe a circle m a ffiven regular poUfgon. 



Problem 15. 

(EueL in. 83.) 

Upon a given stradgkt Una, to describe a segment capdbU oj 

a given angle. 
Let AB be the given straight line, and G the given angle. 



IP 



C 




Through the point A draw A D, making with A B an angle BAD 
equal to the given angle [XL Frohl^ 1] ; draw A E perpendicular on 
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L D [I. Prohl. 5], and H I middle perpendicular on A B [I. Prohh 6], 
itersecting in a point ; from the centre 0, draw a circumference 
L M B through the point A : the segment A B M is the required 
figment. 

Join a point M of the arc AM B to the points A and B. Because 
the point belongs to the middle perpendicular on A B {^Gonsf], it is 
equally distant from the points A and B [1. 14] ; hence the circum- 
ference passes through the point B. Because A D is a tangent to 
the circle O [1. 54], the angle A M B, inscribed in the segment ABM, 
k equal to the angle BAD [II. 29 ii] ; thence the segment A B M is 
capable of the angle BAD \_Def. 42] : but the angle B AD is equal 
to the given angle IConsf] ; therefore the segment A B M is capa- 
ble of the given angle 0, which W. T. B. D. 

Fboblem 16. By a stradght Une drawn through a poi/nt given in the 
cirGumference of a gvven circle, to cut off a segment capable of a given 
angle. (End III. 34.) 

Peoblem 1 7. 

(Eucl. IV, 2.) 
In a given d/rcle, to inscribe a tricmgle similar to a given 

triangle. 

H A 





Let A B G be the given circle and D E 1^' the given triangle. 
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Through a point A of the circumference ABC, draw a tangent 
H I [I. Prohl. 20] ; draw the chord A B making an angle H A B equal 
to the angle F, and the chord A C making an angle I A G equal to 
the angle E pi. Prohl, 1] ; and join B : the triangle A B is the re- 
quired triangle. 

Because HI is a tangent to the circle ABO lOonst"], the in- 
scribed angle is equal to the angle H A B [II. 29 ii] and the in- 
scribed angle B is equal to the angle I A ; thence the angles G and 
B are respectively equal to t)ie angles F and £ [i] ; therefore the 
triangle ABC, inscribed in the circle ABC [De/. 46], is similar to 
the given triangle D E F [23], which W. T. B. D. 



Peoblem 18. 
(Eucl. IT. 3.) 

To a given cvrclsj to circumscribe a triangle svmilar to a 
given triangle. 
Let A B be the given circle, and let D E F be the given angle. 




Produce D F in H and I and draw a radius A ; make the centre 
angle A equal to the angle E D H and the centre angle COB 
equal to the angle E F I [II. Prohl 1], and, through the points A, B 
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id 0, draw tangents to the circle [I. Probl, 20] meeting in K, L 
id M : the triangle K L M is the required triangle. 
Because the angles M and L are circumscribed to the circle 
lonsf], they are supplementary to the centre angles A and BOO 
I. 30] : but the angles A and BOO are equal to the angles 
DH and EFI respectively [Const']; then the angles M and Lare 
lual to the angles E D F and E F D, each to each [IL 16 i] ; there- 
re the triangle K L M, circumscribed to the given circle ABO 
Oef. 47], is similar to the given triangle D E F [23], which W. T. 
.D. 



Peoblem 19. 
To inscribe a square in a given circle. 

Let be the given circle. 

Through the centre 

aw the diameters AB 

d D perpendicular to 

eh other, and join A D, 

B, B and AC: the 

adrangle A D B is 

B required square. 

Because the four centre 

gles at the point are 

rht angles [IJ-De/. 11], 

3y are equal to one 

other [II. 16] ; hence 

3 arcs AD, DB, BO 

d A are all equal [II. 

1 : therefore the chords 

D, D B, B and A are equal to one another [1. 42]. Because the 

gles OAD, ADB, DBO and BOA are inscribed in semi- 

cles [Const, ], they are equal to each other [77] ; therefore the quad- 

igle A D B inscribed in the circle 0, is a square, W. W. T. B. D . 
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Pboblem 20. To inacrihe a regular octagon in a gvoen cvrcle, 

I^BOBLEU 21. To inscribe a regula/r hexagon, or an equilateral irir 
angle, or a regular dodecagon, vn a given ovrde, 

Fbobleh 22. To inscribe a regular decagon, or pentagon, in a given 
circle, 

Pboblem 23. To inscribe a regular pentedecagon in a given drde. 

ft 

PSOBLEM 24. 

To circumscribe a square to a given circle. 

Inscribe a square in the given circle, and, through each vertex, 
draw a tangent to the circle : the quadrangle thus formed is a square 
circumscribed to the circle. 

For, it is regular [94], and its sides are tangent to the given circle. 

Pboblem 26. To circumscribe an equilateral iria/ngle, or a regular 
hexagon, octagon, decagon, dodecagon, or pentedecagon, to a given circUk 
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SECTION I. 
ON EQUIVALENCE GENERALLY. 

Definitions. 

1 . When two parallels contain opposite sides of a parallel- 
ogram, or the base and apex of a triangle, the parallelogram, 

or the triangle, is said to be between these parallels. 

Parallelograms or triangles whioh are between the same parallels have 
obvionsly equal altitudes. 

2. Of the four partial parallelograms into which a paral- 
lelogram is divided, by parallels drawn to two adjacent 
sides, through a point of one of the diagonals, those about 
the diagonal are said to be completed by the others; the 
latter are called the eonvplements of the former. 

Theorem 1. 

Two pa/rallelogra/ms having equal bases and altitudes j a/re 
equivalent to each other. 

Let there be two parallelograms A B D and A E F D, having 
equal bases and altitudes. 
Let these parallelograms be applied to each other so that their 



3i8 



THE ELEMENTS OF QEOMETBT. 



equal bases coincide with each other in AD, and let GE be joined; 
let also H and E I be perpendiculars from, the vertices G and E to 

B r E F t 




AH D 

the common base A D and its prolongation : then G H is the altitude 
of the parallelogram A G [III. JDef. 20] and E I is the altitude of tlie 
parallelogram A F. Because the lines G H and E I are equal toeacli 
other IHyp.'], G E is parallel to A D [I. 20] ; but B G and E P are 
also parallel to A D [-HTi/rp*] : therefore B G E F is a straight line 
parallel to A D [1. 17 iv]. Now, the quadrangle AB F D is composed 
of the parallelogram A G and the triangle D G F, but it is also com- 
posed of the parallelogram A F and the triangle ABE. Because 
the sides of the angles B A E and G D F are parallel and have the 
same direction, the angle B A E is equal to the angle G D F [II. 23] ; 
because also A B is equal to G D, and A E jio D F [III. 29], the triangles 
D G F and ABE are equal to each other [III. 17] : thence if either of 
these two triangles be taken from the quadrangle A B F D, the re- 
mainders will be equal in magnitude [ii] ; therefore the parallelo- 
grams A G and A F are equivalent to each other, W. W. T. B. D.~ 

GoBOLLAJEiY. If two po/rallelograms hamng the aa/me base or equal 
hoses, he between the swme pc^dllels, they are equivalent to each 
other. (Eucl. I. 36 and 36.) 

Scholvu/m, The perimeters of two equivalent parallelograms 
having equal bases may differ in&oitely. 
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Theorem 2. 

[jf two equivalent pa/rallelograms ha/oe equal bases, they 
7e equal altitudes. 

jet A B C D and A E F D be two parallelograms having equal 
es. 




Let these parallelograms be applied to each other so that the bases 
ncide with each other in A D, and let E F be produced indefi- 
ely ; then the prolongation of E F vrill cut A B and D 0, or their 
)longations, in some points H and I. Because the parallelograms A I 
i A F are between the parallels A D and H F, they are equivalent to 
ih other [1 i] ; but A is equivalent to A F [SypJ], then A and A I 
I equivalent to each other [i] : therefore the parallelogram B G I H 
) no magnitude ; that is, the lines B and H I are one and the 
ae line. Because the lines B and E F are portions of the same 
■allel to A D, they are equally distant from A D [1. 19] ; therefore 
I two parallelograms A and AF have equal altitudes, W.W. T. 
D. Inversely 

[f two equivalent pa/rallelograms have tmeqvul altitudes, they have 
^qual hoses, 
]/OBOiiLAJiT I. If two equwalent pa/raUelograms ha/ve the same hose 
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or equal hoses, on a straight line a}id on the same side thereof, thy an 
between the same parallels, 

^ CoBOLLAET II. If two equivalent pardUelograms have equcH alii- 
tvdes, they have equal bases. 



■1:1 



^ 



Theobeu 3. 

A triangle is equivalent to half the pa/rallelogramf th 
base and altitude of which are equal to, those of the triangle. 

Let there be a triangle ABC and a parallelogram A E D C, having 
equal bases and altitndes. 




Let the triangle and the parallelogram be applied to each other so 
that their bases coincide vrith each other in A G, and let B D be 
joined ; let also B H and B I be perpendicolsirs from the vertices B 
and D to the common base AC and its prolongation: then BHis 
the altitude of the triangle ABC, and D I that of the parallelo- 
gram A D. Because the lines B H and D I are equal to each other 
[J32/P.]» B D is parallel to A C [I. 20] ; but E D is also parallel to AC 
[Syp,'] : therefore E D B is a straight line parallel to A C [1. 17 iv]. 
Now, let A F be a parallel to C B ; then ^ F B C is a parallelogram. 
Because the parallelograms A E D C and A F B C are between the 
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3ls A H and E B, they are equivalent to each other [1 i] ; thence, 
lalves are equivalent to each other [vii] : but the triangle ABC 
' the parallelogram A F B [III. 28] ; therefore it is equivalent 
: the parallelogram A E D C [i], which W. T. B. D. ^ 
OLLA.E.Y 1. If a triomgle and a parallelogram having the sa/me 
r equal ha^es, he between the same parallels, the tria/ngle is 
lent to half the pa/rallelogram, (Eucl. I. 41.) 
DLLAB.T II. Every triangle is equivalent to the pa/rallelogram of 
the hase and half the altitude, or the altitude and half the hose, 
pectively equal to the hase and altitude of the triangle. 



Theorem 4. 

triangles having equal hoses and altitudes are equi/va- 
> each other. 

there be two triangles, ABO and D E P, having equal bases 
bitudes. 




D ff 

B 5 be a parallel to A G and let G H be a parallel to A B ; let 
I be a parallel to F D and let D I be a parallel to F E : then 
G and D I E F are two parallelograms having the same 
BS as the triangles A B G and D E F [III. Def. 20]. Because 
■allelograms AH and F I have equal bases and altitudes, they 
dvalent to each other [I] ; thence their halves are equivalent to 
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each other [vii] : but the triangle A B G is half the parallelogr&m 
A H, and the triangle D E F is half the parallelogram P I [m. 
28 i] ; therefore the triangles ABO and D E F are equivalent to each : 
other [i], W. W. T. B. D. 

GoBOLLABT I. If two triooigleB having ike aa/me hose or equal 5a«es, 
he between the ea/me pa/raUeh^ they a/re equivalent to each other, (End 
I. 37 and 3a) 

CoBOLLABY II. If two trUmgles ha/ve two sides of the one equal io 
two sides of the other, each to each, and if the ambles formed hy ilm 
sides he sv^lementary, these tria/ngles are equivalent to ea^h other. 

Co&OLLABY III. If the points which dimde the hose of a triangh 
into equal parts he joined to the apex, the partial i/riangles thus formed 
a/re equwalent to each other,, 

GoBOLLAKY lY. The dio/gonoHs of a parallelogram divide it into four 
eqmoalent triangles, and conversely. 

OoEOLiAEY V. Of the fowr triangles formed hy the sides and dk' 
gonals of a trapezium, those formed hy the lateral sides a/re equivalent 
to each other, and conversely. 

Scholium, The perimeters of two equivalent triangles having 
eqnal bases may differ infinitely. 

Theoeem 5. 

If two^equi/valent triangles have equal bases, they have equal 
altitudes. 

Let there be two equivalent triangles, ABO and ADO, haying 
equal bases. 

Let these triangles be applied to each other so that the bases coin- 
cide vrith each other in A ; through the apex D, let there be a parallel 
to A 0, cutting B or its prolongation in some point E ; and lefc 
A E be joined. Because the triangles A E and ADO are between 
the parallels A and E D, they are equivalent to each other [3 i] ; be- 
cause A B is equivalent to AD IHyp,"], the triangles AB and 
AE are equivalent to each other [i]; therefore the triangle ABB 
has no magnitude : that is, B and E are one and the same point. Be* 
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ause tlie yertices B and D are on the same pamllel to A C, they are 



B 



D 





qnally distant from A [1. 19] ; therefore the two triangles ABC 
nd A D G have equal altitudes, W. W. T. B. D. Inversely 
IfUeo egmvalent trioMgles luwe wnequal dUUudee, they have uneguaL 

€1868, 

OOBOIXAB.T I. If two egmvalent trianglee luwe the eame base or 
qwd hasee, om* a etradght Une amd on the eame eide thereof, they are 
etween the eanne pardUele, (End. I. 39 and 40.) 

GoBOLLABY IL ^f two equivalent triangles have egual altitudes, they 
axe egual hoses, 

Theobem 6. 

(Eucl. I. 43.) 
The complements of two diagonal parallelograms are equi- 
alent to each otJier. 

Let A E K H and K 1 F be two diagonal parallelograms, and let 
I B F K and E D I K be their complements. 

Let A K G be the diagonal of the parallelogram D B ; then A K is 
he diagonal of the parallelogram E H, and K G that of the parallel- 
ogram I F pUI. JDef 21]. Because the triangle A H K is equivalent to 
he triangle A E K [III. 29 i], and the triangle K F G is equivalent to 
he triangle K I G^ the triangles A H K and K¥ C qxq \A^^<st ^^s^- 
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valent to the triangles A E K and K I G [ii] : but the triangle ABC 
is equivalent to the triangle ADC; therefore the difEerence between 




the triangle ABC and the sum of the triangles A H K and E F G 
is equivalent to the difference between the triangle ADC and the 
sum of the triangles A E K and K I [iv] ; that is, the parallelo- 
grams K B and K D are equivalent to each other, "W. W. T. B. D. 

CoBOLLAET. If two straight Imes he d/raum pa/rdUel to the sides of a 
pa/rdUelogramv through any point of a diagonal, the partial pa/rdM- 
ograms determined hy one of them, are eqymalent to those determined 
hy the other. 



SECTION II. 
ON EQUIVALENT RIGHT-ANGLED QUADRANGLES. 

Definitions. 

3. The square of a straight line is the square having that 
line for one of its sides. 

It has been shown [m. 39 i] that the squares of equal straight lines are 
not only equivalent, but equal to each other. 



4. The rectangle of two straight lines, or of one straigit 
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line by another, is the rectangle having these lines for its 
adjacent sides. 

The sides adjacent to the base of a rectangle are perpendicular to that 
base {JH, Def, 19] ; hence, two rectangles haying equal bases and altitudes 
are not only equivalent, but equal to each other {JU. 39 ii] . Also, if two 
straight lines be equal to two others, each Uy each, the rectangle of the first 
two is equal to that of the others. 



Theoebm 7. 

(EucL n. 1.) 

The ' rectangle of a straight line by the sum of several 
straight lines, is equivalent to the sum of the rectangles of the 
firsi line by each of the others. 

Let a straight line A B be the sum of the straight lines A 0, D, 
D E and E B ; let there be another straight line B F, and let A B F H 
be the rectangjie of A B and B F.. 



H 



I K 1 
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P 


* 
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Let CI, DK and E L be perpendiculars to AB; then AI, K 
D L and E F are rectangles [III. Def, 19], and E F is the rectangle of 
EB by BF [JDef.A.], Because 01, DK, EL are each equal to 
B F [1. 19], the rectangles A I, K, D L are respectively equal to the 
rectangles of AC, OD, D E by B F; therefore the rectangle AF is 
equivalenij to the sum of the rectangles of AG, C D, D E and E B 
by B F, which W. T. B. D. 
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CoROLLABT L The square of ths eum of several straight Ikett u 
equivalent to the sv/m of its reda/ngles hy each Une. (End. IL 2.) 

CoEOLLABT IL The rectangle of the sum of several straight Imes l^ 
one of them, is equivalent to the squcvre of the laMer together vs^^ 
rectangle hy the sum of the others. (EucL tl. 3.) 

CoBOLLABT HI. The rectangle of the swm, of several straight Imi^ 
the sv/m of several other straight Unes, is equivalent to the sum of ik 
rectangles of each Une of the first swm, hy each Une of the second. 



'« 



Thsobsx 8. 

{Euel. n. 4.) 

The squa/re of the swm of two straight Unes, is equivalent io 
the sum of their squares together with twice their recta/agU, 

Let a Btru^ 
H D 



K 



3 



line AB be the sum 
of the straight lines 
A G and C B, and 
letABDEbethe 
square of A B. 

Let H be a 
perpendicnlar to 
AB; let A I be 
equal to AC and 
let I F be a per- 
pendicular toAE, 
cutting C H in a 
point K: then A K 
is the square of 
A [2>e/. 31 and 
C F is equiyalent 
to the rectangle o! 
A by B. Because I E and CB are equal to each other [iv], HP 
is equivalent to the square of G B, and I H is equivalent to the rect- 
angle of A G by G B ; therefore the square A D is equivalent to the 
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of A and G B, together with twice the rectangle of these 
T^.W.T.B.D. 

LLABY I. The square of a straight Wne is equivalent to four 
le square of its half or the fov/rth pa/rt of the square of its 

LLAJELY II. The squa/re of the sum of three straight Unss, 
mt to the sv/m of their squares, together with twice the rectangles 
f them hy the others, and twice the recta/rigle of the latter. 



Theorem 9. 

{Eucl.TI.B.) 

difference of the squares of two straight lines, is equiva- 
the rectangle of their sum hy their difference. 

L B and A G be two straight lines ; let A B D E be the square 
andAGHFthatof AC. 
C H be pro- 
to a point 
E D ; then 
fference of 
nares A D 
H is com- 
)f the rect- 
DDandFI. 
3 DB is 
*o A B, the 
:le CD is 
Bnt to the 
le of AB 
) ; because 
iqual to C B 
e rectangle 
equivalent 
*ectangle of 
G B : therefore the difEerence of the squares A D and A H^ is 
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equivalent to the sum of the rectangles of A B and A C by C B. Bat 
the sum of the rectangles of A B and A C by C B is equivalent to 
the rectangle of the sum of A B and A by B [7], and B is the 
difPerenceof thelines AB and AC; therefore the difference of the 
squares of A B and A is equivalent to the rectangle of thdr 
sum by their difference, W. W. T. B. D. 

OoROLLABT. The recta/ngle of the difference of two straight Uries hy 
one of therrif is equivalent to the difference between the square of ike 
latter and the rectamgle of the two Ivnes. 

Theorem 10. 

The sum of the squares of two straight lines, is equwahrU to 

the square of their difference together with twice their red- 

angle. 

Let A B D and A E F G be the squares of the straight lines A B 
and A E. 

D K 



G 



Fi 



-% 



t 



Let AB be produced to a distance B H equal to A E, and let HI 
be a perpendicular to A H, also equal to A E ; let E F be produced to 
a point K of D G and let F I be joined, cutting B G in L : then 
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B H I L is eqaivalent to the square A F, and the fignre A H I L D is 
equivalent to the sum of the squares of A B and AE. Because A D 
is equal to A B, and A G is equal to A E, the line G D is equal to E B 
pv] : but K C is equal to E B [1. 19], and L is equal to D G ; there- 
fore KFLC is equivalent to the square of EB. Because BH is 
equal to A E [Const], the line E H is equal to A B [ii] ; but A D is 
equal to A B : therefore the rectangles E I and A K are equivalent to 
each other. Now, the rectangles A K and E I, or twice the rectangle 
AK!, together with the square K L, are equivalent to the sum of the 
squares A C and B I; also, AK is equivalent to the rectangle of the 
line A B by A E, and K L is equivalent to the sqnare of their differ- 
ence ; therefore the sum of the squares of A B and A E is equivalent 
to the square of their difference together mth twice their rectangles, 
W. W. T. B. D. 

OoEOLLART. The squa/re of the difference of two straight Imes, is 
eqidvalent to {urice their rectangle less tlian the swm of their squa/res. 

Theorem 11. 
(Euci. 1. 47.) 
In a right' angled triangle, the squa/re of the hypotlienuse is 
equivalent to the sum of the squa/res of the other sides. 

Let A be the hypothenuse of a right-angled triangle ABC, and 
letADEO be its square; let AEHB be the square of AB, and 
BKIOthatofBO. 

Let B D and F be joined, and let B L be a perpendicular on D E ; 
then B L is parallel to A D. Because the angles FAG and BAD 
have a part in common, and the parts which are not common are 
right-angles, they are equal to each other [viii] ; because A F and A B 
are two sides of the square AH, they are equal to each other 
pIL J)ef, 18]; also AC is equal to AD: therefore the triangles 
F AC and BAD are equivalent to each other [IIL 17]. Because 
' the triangle F A C and the square A H have the same base A F and 
are between the parallels C H and A F, the triangle F A C is equi- 
valent to half the square A H [8] ; because the rectangle A L and the 
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triangle BAD have the same base A D and are between tlie p&raUelB 
AD and B L, the triangle B AD is eqmyaleiit to half the rec&n^e 

K 




ic 



',ii 



r 

i 
a. 

r 



D L B 

A L : but the triangles F A C and B AD are equivalent to each other 
[Dem.]; then half the square AH is equivalent to half the rect- 
angle A L ; therefore the square AH is equivalent to the rectangle 
A L [vi]. The same construction and reasoning would prove that 
the square B I is equivalent to the rectangle G L; thence the rectangles 
A L and L are together equivalent to the squares A H and B I [iv] : 
but the rectangles A L and G L together are the square A E ; there- 
fore the square AE is equivalent to the sum of the squares 
AH and B I, which W.T.B.D. 
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LLABT I. The squa/re of each right tide of a right-omgled 

3, is equivalent to the rectangle of the hypothemise hy Us pro* 

on the latter. 

iLLABT n. The squa/re of each right side of a right-angled 

?, is equi/valent to the difference between (he square of the hypo- 

t a/nd thai of the other side, 

iiLABY m. The squa/re of the altitude upon the hypothen/use of a 

%gled triangle, is eqmvalent to the rectangle of the projections of 

vt sides on the hypothenuse, 

»i<LABT lY. The rectangle of the right sides of a right-angled 

3, is equimdent to the rectangle of the hypathenuse hy the 

3 of the opposite vertex. 

»LLABy Y. A square is half the square of its diagonaL 

Theobem 12. 

(Eucl. n. 12.) 

squa/re of the aide subtending cm obtuse angle of a 
le, is equivalent to the squa/res of the other sides together 
wice the rectangle of one of the latter by the projection of 
\eT on the prolongation of the first. * 




L B Biibtend the obtuse angle C in a tri&nglQ A.^ C 
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Let A C be prodaced and let B D be a perpendicular on the pro- 
longation of A ; then C D is the projection of B on A D [I. Def. 19} 
Because A B is the hypothenuse of the right-angled triangle ABD, 
the sqnare of A B is equivalent to the squares of B D and AD p.1]: 
but the square of AD is equivalent to the squares of A G and CD, 
together with twice the rectangle of A by C D [8] ; therefore the 
square of A B is equivalent to the squares of BD, CD and AG 
together with twice the rectangle of A by D. Now the squares d 
B D and D are together equivalent to that of B O [11] ; therefoie 
the square of AB is equivalent to the squares of B G and AG 
together with twice the rectangle of A C, by the projection of B en 
the prolongation of A 0, which W. T. B. D. 

OoBOLLAJLY. The squa^re of the side suht&ndmg am, acute cmgle of fl 
triangle, is equi/valent to the difference between the squcures of the oiher 
sides, cmd twice the rectangle of one of the tatter by the projection 
thereon of the other. (Eucl. II. 13.) 

Thboebm 13. 

The squa/res of two sides of a triangle^ are together equivalent 
to twice the square of half the otlier side^ with twice that of th 
median thereto. 




Let A B G be a triangle, and G D the median to the side A B. 
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Lefc E be a perpendicular to A B ; then D E is the projection of 
G D on A B. Because the square of A C is equivalent to those of 
AD and D, together with twice the rectangle of A D by D E [12]; 
md because the square of B with twice the rectangle of D B by 
D E, is equivalent to the squares of D B and D [12 i] ; the squares 
of A G and B with twice the rectangle of A D by D E, are together 
equivalent to the squares of A D and D B with twice that of D, 
and twice the rectangle of D B by D E : but, because A D is equal 
to DB [Consf}, the square of AD is equivalent to that of DB 
[111. 39 i], and the rectangle of A D by D E is equivalent to the rect- 
angle of D B by D E [III. 39 ii] ; therefore the squares of A C and B 
are together equivalent to twice those of A D and D [iv], which 
W, T. B. D. 

SchoUum. The squares of the equal sides of an isosceles triangle, 
are together equivalent to twice the square of half the base, with 
twice that of the altitude. 



Theorem 14, 

The squares of the sides of a quadrangle, a/re together equi- 
valent to those of its diagonals, with four times that of the 
middle line of the diagonals. 

Let there be a quadrangle A B D and let E F be the middle line 
of its diagonals A and BD. 

Let A F and F C be joined ; then F E is a median of the triangle 
AFC. Because the squares of A B and A D are together equivalent 
to twice those of D F and A F [12], and because the squares of B C 
and D are together equivalent to twice those of D F and F C, the 
squares of A B, A D, B 0, and D are together lequivalent to four 
times the square of D F with twice those of A F and F [vi]. 
Because the squares of A F and F are together equivalent to twice 
those of A E and E F, twice the squares of A F and F C are 
equivalent to four times those of A E and E F [vi] ; therefore the 
squares of AB, AD, B G and D are together equivalent to four 
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times those of D F, A E and E F : bat four times the squares of 
DFand AE are equivalent to the squares of DB andA0[8i]; 




therefore the squares of the sides of the quadrangle ABCDyare 
together equivalent to those of the diagonals D B and A 0, with ioxa 
times that of their middle line E F, which W. T. B. D. 

CoBOLLAET. The squa/res of the sides of a parallelogram, a/re together 
equivalent to those of its d/iagonals. 
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SECTION ni. 

OS THE COMPABTSON OF THE SIDES OF EQUIVALENT PLANE 
FIGUSES. 

Theobbh 15. 
(Buel. VL 1.) 
Two paralhlograms hamng equal alHtudeB are as their 
latest 

Let ABGD and 'EV'Rl be two parallelogramB having equal 
■Ititndes. 




Ii^ the bases AB and EF be divided into eqtial parts small 
enongli to be contained an equal number of times in each one ; let, 
for instance, A B contain «eue», and EF three of these parts : then 
A B is to E F as seven, is to tkres [x]. 

Now, let there be drawn, through each point of division of A Band 
E F, a parallel to the adjacent aides. Then the two paraUelt^rams A 0, 
E H, are divided into parallelograniB having all equal bases and 
altitudes, and being consequentlj all equivalent to one another [1] j but 
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AC will contain seven, and EH three of these parallelograms; 
then the parallelogram A C is to the parallelogram E H as seven is 
to three [x]. 

Therefore, the parallelogram A C is to the parallelogram E H as 
the base A B is to the base E F [i]. 

Should the lines AB and EF be incommensurable, let them be 
imagined to be divided into their infinitely smalh elements, and let 
a parallel to the adjacent sides be imagined through each point of 
division ; then the two parallelograms will be divided into a number, 
finite or infinite, of parallelograms having equal bases ^Post W\ 
and altitudes [Hyp."] ; therefore these partial parallelograms will 
be equivalent to one another [1]. However small these partial 
parallelograms may be, it is evident that the number of them in 
each of the parallelograms A D and E H, will be the same as tbat 
of the parts into which A B and E F have been divided ; therefore 
the two parallelograms are still to each other as their bases 
W. W. T. B. D. 

CoROLLAEY I. Two tricmgles homing equal altitvdes are as thevr 
bases, 

OoROLLAJLY II. Two farcbilelogramis, or triangles, which a/re between 
the same pa/rallels, a/re as their sides thereon. 

CoEOLLARY JII. Two jpo/rallelogramis, or triangles, havvag eqwd 
bases, a/re as their altitudes. 

Corollary IV. The rectamgles of a straight line by two others we 
as the latter. 

Corollary Y. Two parallehgranis having equal altitudes,, are as 
the rectomgles of their bases by the sa/me straight line. 



Theorem 16. 

{Eucl YI. 14.) 

Tlie sides of the homologous angles of two equivalent equi' 
angula/r pa/rallelograms, a/re reciprocally proportional. 

Let there be two equiangular parallelograms A B C D and AE FH 
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squivalent to each other, and let DAB and HAE be two homo- 
Logons angles. 




Let the two parallelograms be applied to each other so that the 
sides A B and A E, and the homologous angles DAB and HAE, 
coincide with each other respectively ; and let I be the point where 
F H cuts B : then the parallelograms A and A F have the part 
A B I H in common. Because the parallelograms A F and A I are 
between the parallels A E and H F, they are as their sides on A E 
[15 ii]; that is, A F is to A I as A E is to AB; also, because the 
parallelograms A C and A I are between the parallels A D and B C, 
the parallelogram A is to AI as AD is to AH: but the paral- 
lelograms A F and A are equivalent to each other IHypJ] ; there- 
fore A E is to AB as AD is to A H [i], which W. T.B. D. Inversely, 

If the sides of homologous cmgles of two equicmgula/r ^parallelograms 
he not reciprocally jproportional, the two parallelograms are not eqv/i' 
valent to each other. 
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Theobeh 17. 

(Ewl. VI. 14.) 

Conversely, if two equiangula/r parallelograms have th 
sides of homologous angles reciprocally proportional, th&j m 
eqmvalent to each other. 

Let there be two equiaagolar parallelograms'A BCD and A E FE; 
let BAD and EAH be two homologons angles, andlet AEbeto 
AB as AD is to AH. 
E B 




V. 



C D 

Let these parallelograms be applied to each other so that the sidee 
A E and A B, and the homologous angles BAD and EAH, ooincide 
respectively with each other ; and let I be the point where FH cuts 
B C : then the parallelograms A C and AF have the part ABIH in 
common. Because the parallelograms A F and A I are between the 
parallels A E and H F, they are as their sides on A E [15 i] ; that '% 
A F is to A I as A E is to A B ; also, because the x>arsJlelogramB AG 
and A I are between the parallels AD and BC, the paralldogram 
AC is to Alas AD is to AH: but AE is to AB as AD is to AH 
[fl'yp.] ; then A F is to A I as A C is to A I [i] ; therefore the parti- 
lelograms A F and A are equivalent to each other [xvi], W. W.T. 
B. D. Inversely, 

If two equicmgula/r pa/rallelograma he not equvoatent to each othtfj 
the sides of homologous cmgles a/re not reciprocally proporiiondL, 
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(EmU VI. 16.) 

Two equivalent triangles which have an a/ngU of the one 
Qual to an a^gle of the otlier, ha/ve the sides of these angles 
^dproeally proportional. 

Let there be two equivaJent triangles, ABO and A D E, having 
be angle BAG of the one equal to the angle DAE of the other. 




Let the two triangles be applied to each other so that the equal 
angles coincide with each other, and let B E be joined ; then the 
triangles ABC and ADE have the part ABE in common. Be- 
cause the triangles ABC and ABE have the same altitude, 
they are as their bases [15 i] ; that is, A B G is to A B E as A 
is to A E ; also, because the triangles ADE and ABE have 
ihe same altitude, ADE is to ABE as AD is to AB: but the 
triangles ABG and ADE are equivalent to each other [H'^p.]; 
therefore A G is to AE as AD is to AB [i], which W. T.B.D. 

CoBOLLABT I. Two egvAAjalent trlcmgles which have cm angle of the 
one stippleTnenta/ry to an angle of the other, ha/ve the aides of these angles 
reciprocally proportional. 
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CoEOLLARY II. If injoo tria/aglea have an angle of the one eqydy cr 
supplementary, to an angle of the other, and if they have the sides of 
these ambles redprocaJJnf proportional, they a/re eqmvalent to e(uk 
other. (Euol. VI. 15.) ' 

Theorem 19. 

{Eucl. YL 16.) 
The bases and altitudes of two equivalent rectcmgks an 
reciprocally proportional. 

Let A B D and E F H I be two eqtdvaJent rectangles. 



C 



.1 



J. 





Because the two rectangles are equiangular to each other, their 
adjacent sides are reciprocally proportional [16] : but two adjacent 
sides of each rectangle are its base and altitude ; therefore the bases 
and altitudes of the two rectangles are reciprocally proportional, 
W. W. T. B. D. 

Corollary I. Tlach side of a squa/re equivalent to a rectangle, is a 
mean proportional to the adjacent sides of the latter, (Eucl. YI; 17.) 

Corollary H. The bases and altitudes of two eqmvalent pa/raUelO' 
prams, or triangles, are recaprocalU) •proportwyaal. 
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Theosem 20. 

{Eucl. VI. 16.) 
Conversely, if four straight lines he proportional, tlie 
dangle of the means is equivalent to that of the extremes. 
Let there be four straight lines AB, D, B and AF, and let 
B be to C D as E is to AF. 





Let E be the rectangle of the Hnes AB and A F, and let S be the 
ctangle of C D and B; then these rectangleis have their adjacent 
ies reciprocally proportional [Syp."], Because the angles of the 
ctangles B and S are all right angles, the two rectangles are equi- 
igular to each other ; therefore they are equivalent to each other 
7].W.W.T.B.D. 

OoEOLLiJLT L If three straight Imes he proportioned, the square of the 
ean is equivalent to the rectangle of the two other Unes, (Eucl. VI. 17.) 
OoEOLLABT II. Two parallelograms, or triangles, which have their 
ses and altittides reciprocally proportional,are equivalent to each other. 



Theorem 21. 

The rectangle of two sides of a i/ridngle is equivalent to the 
mare of the bisectrix of their angle, together with the rectangle 
• the portions of the third side, determined hy the hisectrix. 

Let A B C be a triangle, and A D the bisectrix of the angle B A C, 
Ltting B in a point D. 
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Lot A D be produced to some point E, and let tlie angle 
DCE be made equal to the angle BAD: then the angle DEC 




:a 



is equal to the angle ABD [III. 3 ii]. Because the triangles 
A B D and A E have the angles BAD and ABD, respectively 
equal to the angles C A E and A E 0, they are similar to each other 
[TIL 23]; thence, AB is to A E as AD is to AC [lH. 22], and 
the. rectangle of A B and A is equivalent to that of A E and AD 
[20] : but the rectangle of A E and A D is equivalent to the square 
of AD, together with the rectangle of AD and D E [7 ii]; thereft»re,tihe 
rectangle of A B and A is equivalent to the square of A D, together 
with the rectangle of AD and DE [i]. Because the triangles 
ABD and DOE are also similar to each other [HI. 23], B D is to 
D E as A D is to D C ; hence the rectangle of B D and D C is equiva- 
lent to that of A D and D E [20] : therefore, the rectangle of A B and 
A C is equivalent to the square of A D, together with the rectangle 
of B D and D 0, which W. T.B. D. 

CoBOLLABY. The rectcmgh of two sides of a tria/ngle, together vnth 
the squa/re of the hisectria of thei/r exterior angle, are eqv/walemt to the 
rectangle of the distam^ces from the eostremities of the third side, to iti 
intersection vjith the bisectrix. 
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Theobbh 22. 

The rectangle of the altitude upon one side of a trkmgle hy 
the diameter of the circumscribed circle^ is equivalent to that of 
the other sides. 

Let ^D be tlie altitude upon the side B of the triangle ABO 
inscribed in the circle ABE. 
Let AE be a 

diameter of the circle A 

ABE and let EC be 
,oined. Because the 
angle ACE is in- 
scribed in a semicir- 
cle, it is a right angle 
[m. 77]; because the 
angles ABC and 
A E C are inscribed 
in the same segment, 
they are equal to each 
other [IIL 78 iii], and 
the two right-angled 
triangles ABD and 
AEC are similar to 
each other : thence AB 

is to A E as A D is to A C ; therefore the rectangle of A B by A C is 
equivalent to A E by A D [20], which W. T. B. D. 

OoBOLLABY L If the diagonals of a quadrangle mscribed in a 
circle he perpendicular to each other, the recta/ngle of each diagonal hy 
the dicmster of the circle^ is equivalent to the sum of the rectangles of the 
sides adjacent to its extremities, 

OoaoLLABY II. The rectangle of the sides of the angle at the apex of 
a triangle, and that cf the sides of the angle at the apex of another 
triam^gle inscribed i/n the same, or an equal circle^ are to each other 
as the altitudes. 
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Theobbh 23. 

The diagonals of a quadrangle inscribed in a drclsy a/re tw 
the sums of the rectangles of the sides adjacent to their ex- 
tremities. 

Let A B D be a quadrangle inscribed in the circle A C D, and let 
A C and B D be its diagonals. 




Let A E and M be the altitudes of the triangles A B D and 
BOD upon their common side B D, and let D I and B N" be the alti- 
tudes of the triangles ADO and ABO upon their common side AC. 
Because the rectangle of A B by AJ) is equivalent to that of A E by 
the diameter of the circle [22], and the rectangle of B by C D is 
equivalent to that of M by the diameter of the circle, the rectan- 
gles of A B by A D and B by D, are together equivalent to that of 
the sum ol A E and M, by the diameter of the circle [iv]; likewise, 
the rectangles of A D by D and A B by B 0, are together equivalent 
to that of the sum of D I and B 'N, by the diameter of the circle : 
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"therefore, the sum of the rectangles of A B by A D and B by C D, 
Is to that of the rectangles of AD by D and A B by B 0, as the 
enin of AE and M is to that of D I and BN [15 iv]. 

Let A E be produced to a distance E F equal to M, and let D I 
"be produced to a distance I H equal to B N ; also let F and B H 
1)6 joined : then A F and D H are perpendicular to F and B H res- 
pectively ; also, the sum of the rectangles of A B by A D and B C by 
O D, is to that of the rectangles of A D by D C and A B by 3 0, as A F 
is to D H. Because the angles D B H and A F are each equal to the 
»ngle B'L C pi. 20], they are equal to each other [i] ; hence, the right- 
angled triangles A F and D B H are similar to each other 
[III. 23 ii], and A is to D B as A F is to D H [in. 22] : therefore, 
the sum of the rectangles of A B by A D and B by D, is to that of 
the rectangles of A D by D and A B by B 0, as A is to D B [i], 
i^hich W. T, B. D. 



Theobeh 24. 

The rectangle of the diagonals of a quadrangle inscribed in 
a circle y is equivalent to the sum of the rectangles of its oppo- 
site sides. 

Let ABOD be 
a quadrangle in- 
scribed in the cir- 
cle A D, and 
let AC and BD 
be its diagonals. 

Let the angle 
A B E be equal to 
the angle D B C, 
and let BE cut 
A C in a point E ; 
then the angles 
OBE and ABD 
are equal to each 
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other [viii]. Because the angle A B is equal to the angle ADB 
[m. 78 iii], the triangles A B D and E B C are similar to each 
other [in. 23]; hence BG is to BD as CE is to AD [IIL22]: 
therefore the rectangle of B and AD is equivalent to that of BD 
and G E [20]. Because the angle B A G is equal to the angle BD 
[IIL 78 iii]» the trianglei ABE and B G D are similar to each other 
[IIL23]; henceABistoBDas AEistoGD; therefore the rect- 
angle of AB and G D is equivalent to that of B D and AE : but the 
rectangle of B6 and AD is equivalent to that of BD and GE 
[Bern,'] i then the rectangle of AB by G D and of B G by AD, are 
together equivalant to the sum of the rectangles of B D by AE 
and B D by G E [iv] ; therefore, they are equivalent to the rectangle 
of B D by AG [7], which W. T. B. D. 

GoBOLLABT. If two adjacent aides of a qua^a/tigle mscrihed in a 
circle he equal to each other, the rectangle of the diagonals is egimaJM 
to that of one of the equal sides hy the sum of the others. 



SECTION IV. 
ON PROPORTIONAL AREAS. 

Definition. 

5. Aplcme lune, or simply lune^ is the plane figure limited 

by two arcs having the same extremities. 

A lone is designated by the letters at the extremities of its arcs, and one 
or more letters at some points of each arc. 

Theobem 25. 

If four straight lines he proportional^ the squa/res of the 
homologous lines are as fheir rectangles hy the corresponding 
ones. 

Let a straight line A B be to a second B G as a third A D is to a 
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loxirthDE; let A C and A E be the rectangles (d AB byBC and 
AD by DE respectively; also let AM be the square of AB and 
AN that of AD. 




Let the rectangle A E and the sqnare A N be placed on opposite 
sides of A D so that A D be a side common to both ; also let the 
rectangle A G and the sqnare A M be placed on opposite sides of 
A D, so that A B be a side common to both, and so that the four 
quadrangles have the same vertex A ; then A I, A F, A K and A H 
are equal to AB, BO, AD and DE respectively. Because the 
square A M and the rectangle A have the same altitude, AM is to 
AO as AI is to Ar[15]; alsoAN isto AEasAK is to AH: 
but AlistoAFasAKisto AH IHypJ] ; then AM is to A C as 
AN is to AE [i]; therefore AM is to AN as A is to AE [xiii], 
which W. T. B. D. 

CoBOLLAKY. If fiyuT Straight Imea he proportional, the rectangles of 
the homologous Unea a/re as the squares of the two first Irnes, or the 
two last ones. 

Theorem 26. 

(Eucl, VI. 23.) 

Two equiangular parallelograms are as the rectangles of 
their adjacent sides. 
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Let A B C D and A E F H be two equiangular parallelograms and 
let A B' C D and A E' F H be the rectangles of their adjacent sides 
A B, A D and A E, A H, respectively. 




Let the two parallelograms and the two rectangles be applied to 
each other so that AH coincides with AD, AB with A B, and AB* 
with AE' ; and let I and T be the points where H F and H F cut 
respectively B and 0' B'. Let I M be to I B as I F is to I H ; and 
let M N be a parallel to IH, and NM' a parallel to HI' : then the 
parallelogram "Nl and IE are equivalent to each other [17]; also the 
rectangles N I' and 1' 'El' are equivalent to each other. Because the 
parallelograms AF and AM have a part A I in common, and 
the parts not common are equivalent, they are equivalent to each 
other [viii] ; Hkewise the rectangle AF' is equivalent to the rectangle 
A M' : now, the parallelograms A G and A M are as the rectangles 
AC and AM' [16 v]; therefore the parallelograms AO and AF 
are as the rectangles A C and A F', which W. T. B. D. 

OoEOLLABY. Two tHcmgles having one angle of the one egual, or sup' 
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plementary, to one cmgle of the other, a/re as the rectangles of the sides of 
these a/ngles. 

Theorem 27. , 

{Eucl. YL. 19.) 

Two simila/r triangles a/re as the squares of their homo- 
logouts sides. 

Let there be two similar triangles, A B and D E F, and let D, E 
and F be the vertices homologous to A, B and respectively. 

B ■ ^ 




Because the angles A and D are equal to each other, the triangle 
A B is to the triangle D E F as the rectangle of A B and A C is to 
thatof DEand DF [26 i]: but AB is to DE as AC is to DF 
[m. 22] ; then the rectangle of A B and A C is to that of D E and 
D F, as the square of A B is to that of D E [25 i] ; therefore the tri- 
angle A B C is to the triangle D E F as the square of A B is to that 
of D E [i], which W. T. B. D. 

CoBOLLART. Two similo/r triangles are as the squares of the medians 
to homologous sides, or of the altitudes of homologous vertices, 

Theosem 28. 

{EucL VI. 20.) 

Tlie homologous triangles of two similar polygons^ are pro- 
portional. 
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Let there be two similar polygons A B D E P and A' B' 0' ly E F, 
andlet triangles ABG,AGD,ADE and 4EF be bopoLologoiiB to 
the triangles A' B' 0', A C D', A D' B' and A' B' F respectively. 




Because the triangles ABC and A' B' (J are similar to each other 
[in.41 v], AB Oisto A'B'C asthe square of AC is to that of AC 
[27] ; likewise A D is to A' C D' as the square of A is to that 
of AC; therefore AB is to AB' 0' as AOD is to A' CD' [i]. The 
same reasoning would prove that A D E is to A' D' E' as A D is to 
A'CD', andthatABFisto AE'F'afl ADB isto A'D'E'; there- 
fore, ABO is to A'B'C as AOD is to A'CD', as ADB is to 
A'D'E', and as ABE is to A' B'F, which W. T. B. D. 

CoEOLLAEY. Two similar polygons wee as thevr homologous tricmgles 
(xiv). 

Theobem 29. 
(EucZ. VI. 20.) 

Two sirmlar polygons are as the squa/res of their homo- 
logons sides. 

Let there be two similar polygons P and Q, and let ABC and 
A' B' C be two homologous triangles. 
Because the polygons F and Q are similar to each other, they are 
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as their homologons triangles [28 i] ; thence FistoQasABCisto 
A'B'C. Because the triangles ABC and A' KG' are similar to 





^ach other [HI. 41 y], they are as the squares of their homologons 
sides [27]; hence ABO is to A'B'C as the square of AB is to 
that of A'B'; therefore F is to Q as the square of A B is to that 
of A' B' [i], which W. T. B. D. 

CoBOLLABT. Two sindlar polygons a/re as fhe squa/res of their homo- 
logous diagonals, or of their perimeters. 



Theobeh 30. 
{Euci. xn. 1.) 

Two regular polygons of the sa/me nvmber of sides, a/re as 
the squa/res of thevr radii. 

Let there be two regular polygons and 0' haying the same 
number of sides. 

Let A B be a sector triangle of the polygon 0, and A' 0' B' a sector 
triangle of the polygon Cf. Because the polygons and 0' are similar 
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to each other [ill. 59 ii], the polygon is to the polygon Q' as the 
triangle AOB is to the triangle A'0'B'[28]: but the triangles A OB 




E K 




and A' 0' B' are similar to each obher [m. 69 iii] ; then A B is to 
A' 0' B' as the square of A is to that of 0' A' [27] ; therefore the 
polygon is to the polygon 0' as the square of the radius A is to 
the square of the radius 0' A' [i], which W. T. B. D. 

Corollary I. Two reguh/r polygons of the same nvmber of sides, are 
as the squa/res of their ojpothems. 

Corollary II. Two even-sided regula/r polygons of the sa/me number 
of sides, are as the squa/res of thei/r diameters. 

Corollary III. Two circles a/re as the squa/res of their radii, or 
diameters. (Eucl. XI'L 2.) 

Corollary IY. Two svmilar polygons a/re a« the squa/res of their 
homologous lines. 



Theorem 31. 
Sectors of a circle are as their angles. 
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Let A B and D be any two sectors o£ the circle 0. 

Let the arcs AB and C D be divided into equal parta, Bmall 

enough to be contained an exact nnmber of timee in each : let, for 

instance, A B contain 

seu«n, and OD three 

of these parts; and let 

there be a radins to 

each point of division 

of both arcB. Because 

all the pu'tial centre 

angles thns formed. 

Stand upon equal arcs, 

they are equal to one 

another [11.26]: bnt 

the angle AOB con- 
tains 8&oeni and the 

angle COS three, of 

these equal angles ; 
therefore the angle 
A O B is to the angle 

O D as seven is to three [ij. Because the partial sectors into which 
the two sectors have been divided, have eqoal angles, they are 
equal to one another [III. 76] : but the sector A O B contiuns eeven, 
and the sector COD three, of these partial sectors; then the 
sector A B ia to the sector D as aepe'n is to three [k] ; therefore 
the sector A B is to the sector C O D as the angle A B is to 
the angle COD [i]. 

Should the arcs AB and CD be incommensurable, let them be 
imagined to be divided into their infinitely small elements, which are 
the same for both arcs [Foet. IX], and to each point of division let a 
radius be imagined. The two angles A B and COD will be divided 
into a number, finite or infinite, of equal centre angles [II. 26] ; 
therefore the partial sectors into which the two sectors have been 
divided are equal to one another [III. 76]. However small these 
partial sectors may be, it is evident that their nnmber will be equal 
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to that of the angles, in each of the sectors A O B and COD; there- 
fore the two sectors ar^ as their angles, W. W. T. B. D. 
CoaoLLABY I. Sectors of equal drclea a/re as their angles, 
CoBOLLABY n. Sectors of a circle, or of equal circles, are as {heir 
arcs, 

Scholiv/m, A sector of a circle is to the whole circle as the arc is 
to the whole circumference, or as the angle is to f onr right angles. 

Theobeh 32. 
Two similar sectors a/re aa the squares of theinr sides. 
Let A B and D G E he two similar sectors. 





Because the circle is a sector of which the angle is equal to fonr 
right angles, the sector A B is to the circle as the angle A OB is 
to four right angles [31] ; likewise the sector D C E is to the circle 
C as the angle D G E is to four right angles. Because the angles 
A B and D G E are equal to each other [III. 81], the sector A B is 
to the circle as the sector D G E is to the circle G [i] ; thence, the 
sector A B is to the sector D G E as the circle O is to the circle 
G [xiii] : but the circle is to the circle as the square of A is to 
that of G D [30 iii] ; therefore the sector A O B is to the sector DOB 
as the square of A is to that of G D [i], which W. T. B. D. 

CoEOLLABY I. Two similar sectors a/re to each other, as the squares 
of the chords of their a/rcs. 
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CoBOLLABT II. Two swUlar segments a/re to each other as the 
squa/res of thevr bases, 

SchoUum, Two similar plane figures are to each other, as the 
squares of their homologous lines. 



Theosem 33. 

The squares of ilie right sides of a right-angled triangle, are 
to each other as the projections of these sides on the hypO" 
thenuse. 




E F 

Let A I and G H be the squares of the right aidea A.B oaidBQ <^1 
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the right-angled triangle ABC, and let B D be the altitude nponthe 
hypothenose. 

Let A E and D F be the rectangles of A G by AD and D G : then 
the bases AD and DC of these rectangles are the projections d 
the right sides A B and B G on the hypothenase. Because the rect- 
angles A E and D F have the same altitude, they are as their bases 
[15] ; that is,AEistoDFasADisto D'G : but the squares AI and 
CH are respectively equivalent to the rectangles AE and DF 
[11 i] ; therefore the square A I is to the square G H as A D is to 
D G [i], which W. T. B. D. 

GofiOLLABT. The square of each right side of a right-cmgled tricmght m 
to the square of the hypothenuse, as its projection, on the hypothesise m 
to the hypothenuse itself. 



Theobeic 34. 

If the right sides of a right-angled triangle, he respectively 
equal to homologous lines of two similar plane figures, these 
plane figures a/re to each other, as the projections of theriglii 
sides on tJie hypothenuse. 

Let there be two similar plane figures, P and Q, of which two homo- 




logous lines are respectively equal to A B and B G, and let A B C be 
a triangle right-angled in B. 
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Let B D be the altitude upon the hypothenuse A ; then AD and 
D C are the projections of A B and B on the hypothenuse. Be- 
cause the plane figures P and Q are similar to each other, P is to Q 
as the square of A B is to that of B G : but the square of A B is 
to that of B as AD is to D [33] ; therefore P is to Q as AD is 
to D C [i], which W. T. B. D. 

CoBOLLABT. If the homohgovs lines of two similar plane figv/res, he 
respectively equal to a right side and the hypothemise of a righUam^led 
tria/ngle, these plams figures a/re to ea^h other as the projection of the 
right side on the hypothenv>se is to the hypothenvse itself 



Theobem 85. 

{EueL VI. 22.) 

If two similar plane figures ha/ve their homologous lines prO' 
portional to those of two other simila/r plane figwes, they 
are proportional to the latter. 

Let there be two similar plane figures P and Q, of which A B and 
B are homologous lines ; let there be two other similar plane 




figures R and S, of which D B and B E are homologous lines, and let 
A B be to B as D B is to B E. 
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Let A B and B G form a right angle ABC, and from the yertex B 
let distances equal to B D and B E be taken on the sides B A and 
B C ; let A G and D E be joined, and let D F be a perpendicular to 
D E catting A C in H : then A C and D E are the hypothenuses of 
the right-angled triangles ABC and D B E. Because the lines A G 
and DE subtend the angle DBE proportionally [JIyp.]j they are 
parallel to each other [II. 39] ; therefore B H is perpendicular to 
A G [1. 17]. Because P and Q are similar to each other, P is to Q 
as A H is to H [34] ; also, because It and S are similar to each 
other, R is to S as D F is to FE: but AH istoHCasDFisiK) 
F E [n. 42] ; therefore P is to Q as R is to S [i], which W. T. B. D. 

GofiOLLAJLT. Conversely, if two plcme figwrea simila/r to each otheTf le 
proportional to two others simUa/r to each other, the homologovs Unes 
of the two first, are proportional to those of the others. 



Theorem 36. 

(Eucl, VI. 31.) 

If the sides of a right-angled triangle he tKe homologous 
sides of three similar polygons^ that upon the hypothenuse is 
equivalent to the sum of the ttvo others. 

Let there be a right-angled triangle ABO, and three polygons, P, 
Q and R, similar to each other, of which the hypothenuse A C, and 
the right sides A B and B 0, are the respective homologous sides. 

Because the polygons Q and R are similar to each other [Hyp.], Q is 
to R as the square of A B is to that of B C ; hence, Q and R are 
together to the sum of the squares of A B and B C, as R is to the 
square of B [xv] ; therefore, Q and R are together to R, as the 
squares of A B and B 0, are together to the square of B [xiii] : but 
the squares of A B and B 0, are together equivalent to the square of 
A ; therefore, Q and R are to R, as the square of A C is to that of 
B C, Because P and R are similar to each other [H^j?.], P is to R 
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as the squarfe of AC is to that of B [29]; thence P is to R as Q 




and R together are to E [i] : therefore the polygon P is equivalent 
to the sum of Q and R [xvi], which W. T. B. D. 

CoBOLLABT. If the sides of a right-angled tricmgle he the radii, or 
dia/meters, of three ci/rdes, or the sides of three simila/r sectors, or the 
bases of three similar segments, that wpon the hypothenuse is equi' 
val&nt to the sum of the others. 



Theorem 87. 

If three semicirmimferences he described upon the same side 
of the hypothenuse and the right sides of a right-anqled 
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triangle, ths two lunes th/as formed a/re together equivalent to 
the triangle. 

Let there be a right-angled triangle ABC, and the two lanes 
A FBI and BECH formed by three semicircumferences, AFC, 
AIBandBHO. 




Because the semicircles A B I and B G H are similar to each other 
[III. 82 iii], they are together equivalent to the semicircle ACF 
[36 i] : but the semicircles A B I and BOH have the segments 
A B F and .B E in conmion with the semicircle ACF; therefore 
the lanes A F B I and BECH are together equivalent to the triangle 
ABO [viii], which W. T. B. D. 

OoROLLART. An isosceles right-angled triangle is equivalent to the 
lune, formed hy the quadrant droAJon through the extremities of the hose 
from the apex as a centre, and the semici/rcumference described on the 
base. 

Scholium. This proposition gives the means of constructing a cur- 
vilinear plane figure equivalent to a rectilinear one.^ 

1 This theorem, discovered by Hjpocrates, of Chios (abont 40O B.C.), is remarkable as 
showing the only instance when a cniVilinear plane fignre is exactly equivalent to a 
rectilinear one; this ingenious discovery, however, has remained barren to this day. 
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SECTION Y. 
ON THE MEASUREMENT OF AREAS. 

Definitions. 

6. A square unit is a square of which each side is equal to 

the linear unit. 

The square unit is generally adopted as the superficial unit for measuring 
the areas of all plane figures. 

7. SquaHng a plane figure is determining its value. 

That is determining the ratio of its area to that of the square unit. 

When the length of a straight line bears to the linear unit, the same rela- 
tion as that which the area of a plane figure bears to the square unit, the 
straight line and the plane figure have evidently the same value {Qen, Def» 
15] : the straight line is then called the measure of the plane figure. Whence, 

8. A straight line is said to be the measure of a plane 

figure when it has the same value. 

It is obvious that plane figures which have the same measure are equivalent 
to each other, for they have then the same value. 

9. A regular polygon is said to roll upon a straight line 

when, revolving upon its centre, its sides coincide successively 

with that line, so that two adjacent sides coincide with 

a part of the straight line equal to their sum. 

Hence, if a polygon rolls upon a straight line, the parts of the latter 
between the points coinciding successively with the same vertex, are each 
equal in length to the perimeter. 

Evidently, if a circle rolls upon a straight line, the latter is a tangent, for, 
as the circle is a regular polygon the sides of which are infinitely small, the 
radii to each side coincide with the apothem ; the parts of the straight line 
between the points of tangence at the same point of the circumference are 
obviously each equal in length to the circumference. 
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10. A straight line equal in length to a circumference, or 
an arc, is said to be the circumference, or the arc, rectified} 

As the sides of the polygon limited by the circumference are infinitely 
small, that is, so small that it is impossible to realize them in imagination, 
much more to measnre them, it is obvious that it is impossible to find a 
straight line exactly equal in length to a circumference, or an arc. 

Theobek 38. 
The measure of a rectangle is tlie product of two adjacent sides. 
Let there be a rectangle A B C D. 
D C 



£ 



I 



A F B n 

Let any common measure A ^ to the sides A B and A D be their 
common unit ; let A B be produced 1)0 a distance B H equal to as 
many times A B, as there are units iu E D, and let E I and H I be 
parallel to A H and A E respectively : then A H I E is a rectangle. 
Because AH contains as many times AB as AD ^ntains AE 
[Oonstl the line AH is to A B as AD is to A E [Gen. Bef. 28]: 
thence, 4- H is the product of A B by A D [xviii] ; also the rectangles 
A and A I are equivalent to each other [20]. 

Let AF be equal to the unit AE, and let FG be parallel to 
A E ; then A Q is a square unit [Def. 6]. Because the rectangle A I 
and the square A Q are between the same parallels, A I is to A G as 
A H is to A F [16] ; hence A is to A G as A H is to A F ; that is, 
the rectangle A is to a square unit as the product of A B by A D 
is to a linear unit: thus the value of the rectangle A C is equal to that 

1 In the Elements, whenever the length, or the square, or the rectangle, of an arc is 
spoken of, that of the same arc rectified is always meant. 
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' of the line AH; therefore, the measure of the rectangle A is the pro- 
duct of A B by A D. The same reasoning could be applied, however 
small the common measure of A B and A D might be ; therefore if 
AB and AD were incommensurable, the measure of the rectangle 
A would still be the product of its ^adjacent sides, W. W. T. B. D. 
OoBOLLAJLT. The measure of a squa/re is (he prodmct of one of its 
sides hy itself. 



Theobsm 39. 

The measure of a pa/rallelogram is the product of its base 
and altitude. 

Let there be a parallelogram A B G D having the base A D and the 
altitude B E. 




Let A F be equal to B E, and let AF H D be the rectangle of A D 
and A F ; then A H is equivalent to the rectangle of A D by BjE. 
Because the rectangle A H and the parallelogram A C have the same 
base and equal altitudes, they are equivalent to each other [1] : but 
the measure of the rectangle A H is the product of A D by A F [38], 
and A F is equal to B E [^Oonsf] ; therefore the measure of the pa- 
rallelogram A C is the product of AD by B E, which W. T. B. D. 



3^4 
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OoaoLLART. If the altitude of a pa/raMelogram he equal to its hm, 
it is eqliivallent to the sqtuire of its hose. 



Theorem 40. 
The measure of a triangle is the product of its base by half 

m 

its altitvde, 

9 

Let there be a triangle ABC, iiaving the base A C, and the altitude 
BD. 




Let A E be equal to B D, and let A E F be the rectangle of AC 
by A E ; let also H I be the middle line of A E and C F : then the 
rectangle A I is equivalent to half the rectangle A F. Because the 
triangle ABC and the rectangle A F have the same base and equal 
altitude, the triangle A B C is equivalent to half the rectangle A F 
[3] ; thence, the triangle A B C is equivalent to the rectangle A I : but 
the measure of the rectangle A I is the product of A C by half of 
A E [38], and A E is equal to B D lOonst.'] ; therefore the measure of 
the triangle A B C is the product of A C by half of B D, which 
W.T. B.D. 

Corollary. The product of the altitude of a triangle by half its 
base, is the measv/re of the iria/ngle. 
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Theoeem 41. 

Ths measure of a quadrangle is the product of the sum of 
the altitudes of two opposite vertices upon a diagonal, by half 
that diagonal. 

Let there be a quadrangle A B D, and let B E, D F be ^he alti- 
tudes of its vertices B and D upon the diagonal A C. 

Becanse the triangle 
A B C is equivalent to C 

the rectangle of BE 
by half of AC [3], 
and the triangle ADC 
is equivalent to the 
rectangle of D F by 
half of A 0, the quad- 
rangle A B D is 
equivalent to the sum 
of the rectangles of 
BE and E F by half 
of A : but these 
rectangles are to- " 
gether equivalent to 

the rectangle of the sum of B E and D F by half of A [7] ; then the 
quadrangle A B C D is equivalent to the rectangle of the sum of B E 
and D F by half of A ; therefore the measure of the quadrangle 
AB C D is the product of the sum of B B and D F by half of AC 
[38], which W. T. B. D. 

doBOLLABT I. The meoswre of a lozenge is the product of one diagonal 
hy half the other. 

CoROLLAKT II. The product of the altitude of one vertex of a pa- 
raUelogram upon a diagonal, hy that diagonal, is the measure of the 
parallelogra/m. 
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Theobem 42. 

The product of the perimeter of a tricmgh by half the radius 
of the inscribed cvrcle, is the measure of tJie tria/ngle. 

Let the circle be inscribed in the triangle ABC, and let D, B and 
F be the points of tangence of the sides. 




Let the side A B be produced beyond the point A to a distance 
A H equal to A 0, and beyond the point B to a distance B I equal to 
B ; then H I is equal to the perimeter of the triangle AB 0. Let 
the centre be joined to the vertices A, B and 0, to the points of 
tangence D, E and ¥, and also to the points H and I ; then the lines 
D, E, and F, are radii of the circle 0. Because the triangles 
A and A H have equal bases and altitudes, they are equivalent 
to each other [4] ; likewise the triangles BOO and B O I are equiva- 
lent to each other : therefore the triangle H I is equivalent to the 
triangle ABO. Because D is perpendicular to A B [I. 53], the 
product of H I by half of D is the measure of the triangle HOI; 
therefore, the product of the perimeter by half the radius D, is 
the measure of the triangle ABO, which W. T. B. D. 

OoBOLLABT. The prod/uct of the radvus of the ci/rcle exscrihed to one 
side of a 1/ricmgle, hy the difference of that side and half the perimeter, 
is the measure of the tria/ngle. 
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Theobem 43. 

The measure of a trapezium is the product of half the suia 
of its bases by its altitude. 

Let A B C D be a trapezinm and D H its altitude. 




Let A B be produced beyond the point B to a distance B E equal 
to DC, and let DE be joined, cutting CB in F; then F is the 
middle point of B and D E [1. 25 i]. Because the triangles D F 
and B E F have the three sides of one respectively equal to the three 
sides of th« other, they are equivalent to each other [III. 17] ; there- 
fore the trapezium A B C D is equivalent to the triangle A D E [viii] : 
but the measure of the triangle A D E is the product of half its base 
A E by its altitude D H [40], and A E is equal to the sum of A B and 
D {_C<m8t*'] ; therefore, the measure of the trapezium A B D, is the 
product of half the sum of its bases by its altitude, W. W. T. B. D. 

GofiOLLAET. The product of the altitude of a trapezium hy the middle 
line of its lateral sides, is the msasv/re of the trapezium. 



Theorem 44. 

The measure of a regular' polygon is the product of its peri- 
meter by half its apothem. 

Let there be a regular polygon ; let A B, BOO, D, etc., 
be its sector triangles, and let F be its apothem. 
Let the side A B be produced to a distance B Q eqiial to the sam. 
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of all the others, and let Q be joined ; then A Q is equal to the 
perimeter of the polygon 0, and P is the altitude of the triangle 

I G 





A P B 

A Q. Because the sector triangles of the polygon are equivalent 
to each other [III. 55 i], and there are as many as there are sides, the 
polygon O is to the triangle A B as the perimeter is to the side 
A B [Qen, Def, 28] ; because the triangles A O Q and A O B have the 
same altitude, the triangle A Q is to the triangle A OB as A Q is 
to A B [15 i]. Now, A Q is equal to the perimeter of the polygon 0, 
then the polygon is to the triangle A B as the triangle A Q 
is to the triangle A B [i] ; therefore the polygon O is equivalent 
to the triangle A O Q [xvi]. But the measure of the trianglQ A Q 
is the product of A Q by half of P [40] ; therefore the measure of 
the polygon O is the product of its perimeter by half of P [i]i 
which W. T. B. D. 

GoBOLLABY I. The measv/re of a cirde is the product of its drcum' 
ference by half its radius. 

CoROLLABY II. Ev&ry ci/rcle is equvoalent to the rectangle of its m- 
cv/mference by half its rad/ius. 



Theoeem 45. 

The measwre of a sector is the ptvdvct of its a/rc hy half one 
of its sides. 

Let there be a sector A O B C. 

Let A B D be the circumference of the circle ; then the circle 
is a sector the arc of which is the circumference A B D. Because 
the sector A B G is a part of the circle 0, the sector A B G is to 



\ 
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the circle affthe arc AB is to the circumference ABD [31 ii]. 
Because the rectangle of the arc AB by half of A, is to the rect- 
angle of the circumference A B D by half of A, as the arc A B is to 
the circumference ABD 
[15], the sector A B is 
to the circle 0, as the rec- 
tangle of the arc AB by 
half of OA, is to that of 
the circumference A B D by 
half of A [i]. But the 
circle is equivalent to the 
rectangle of the circumfer- 
ence ABD by half of A 
[44 ii] ; then the sector 
A B is equivalent to 
the rectangle of the arc A B 
by half of A : therefore 
the measure of the sector 
A B 0, is the product of 
its arc A B by half its side A [38], which W. T. B. D. 

OoaoLLABT. Every sector is equivalent to tlhe recta/agle of its cure hy 
half one of its sides. 




Theobeh 46. 



The measure of a segment of a circle^ is the product of half 
the radius, hy the difference of the arc and half the cJtord of 
twice the arc. 

Let there be a segment AB M of the circle 0. 

Let O B and A be joined, and let A be produced to a distance 
A E, equal to half its length ; let A F be a tangent equal to the arc 
A B rectified, and let A E H F be the rectangle of A E and A F. Let 
the arc A C be equal to the arc A B, and let B C be joined, cutting 
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OAinD; then B D is equal to lialf of BG [1.44>i]. Let AI be 
equal to B D, and let I K be a parallel to F H ; then AK is eqni* 




valent to the rectangle of B D by A E. Because B D is perpendicular 
to A [I. 44s i], the triangle B A is equivalent to the rectangle of 
B D by half of A [40 i] ; hence, it is equivalent to the rectangle 
A K. Because the sector A B M is equivalent to the rectangle 
AH [45 i], the segment ABM is equivalent to the rectangle IH 
[ii]; then the measure of the segment ABM is the pi'oduct of 
I K by I F : but I K is equal to A E, and I F is equal to the differ* 
ence between the arc A B and the line B D ; therefore, the mea- 
sure of the segment ABM, is the product of half the radius A, 
by the drSerence of the arc AB and half the chord BO, which 
W. T. B. D. 
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PROBLEMS. 

Peoblem 1. 

To construct a triangle equivalent to twice a given triangle. 
Let AB be tte given triangle. 

C 




Produce A B to a distance B D eqnal to its length, and join D : 
the triangle A D is the required triangle. 

Through the vertex 0, draw E perpendicular to A D [I. Prohl, 
9]; then E is the altitude of both the triangles ABO and B D 
[m. Bef, 11]. Because the triangles ABO and B D have equal 
bases and the same altitude lOonst], they are equivalent to each 
other [4] ; therefore the triangle A D is equivalent to twice the 
given triangle ABO, which was to be done. 

Pbobleh 2. To construct a tria/ngle equivalent to the 'product, or 
quotient^ of a given trUmgle hy a given number. 



Peoblem 3. 

To construct a tria/ngle equivalent to the sum of two given 
tria/ngles. 
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Let ABC and D E F be the two given triangles. 




ProdoceABto a distance BI eqnal to B E, and upon BIcon- 
atmob a triangle B I H eqnal to the given triangle D E F [III. PtoU. 
1], and join CI; through the vertex H draw H K parallel toIA[L 
Probl, 10], and ontting B in a point S. ; throngh the point E, draw 
KM parallel to 01 and cutting AI in a pcnnt ii, uid join Clf : 
the triangle A M C is the required tricmgle. 

Join EI. Beoanae the triangles B I H and B I K are between the 
pBcallels EH and B I [Oomt.], tbef are equivalent to each other 
[4i]i thenoethe triangles ABO and B I E are togethar equivalent 
to the triangles ABOand BIH [ii]: bat the triangles B JHand 
D E F are equivalent to each other {Oonat.} ; therefore the triangles 
A B and B I E are together equivalent to the given triamgles A B C 
and D E F. Beoanae the triangles EMI and E M C are between the 
parallela I and K M [Oonst.], they are equivalent to each other 
[4 i] ; thence the triangles B M K and £ M are together equivalent 
to the triangles B M E and EMI [ii] ; that ia, the triangle B M ia 
equivalent to the triangle BIE. But the triangles ABCandBIE 
are t(%ether equivalent to the given trianglea ABC and J>ST 
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[Bern.'] ; therefore the triangles ABC and B M are together equi* 
valent to the triangles ABC and D E F [i] : that is, the triangle 
AM G is equivalent to the sum of the given triangles, "W. W. T. 
B.D. 

Pboblem 4. To construct a tricmgle eqwwalent to the stitm of several 
tricmgles. 



Pboblbm' 5. 

To trcmsform a given triangle into another tria/ngle having 
a given vertex and its base vn the sa/me straight line. 

Let A B G be the given triangle, and K the given vertex. 




Prodace the base AB, and, through the given vertex K, draw KD 
parallel to AB [I. Prohl. 10] and catting the side B G in a point D ; 
join D A, and, through the vertex G, draw G E parallel to D A and 
cutting the prolongation of A B in a point E ; join K E and K B : the 
triangle E B K is the required triangle. 

Join A K and E D. Because the triangles AB K and A B D are 
between the parallels AB and DK [Oonst], they are equivalent to 
each other [4 i]. Because the triangles A D E and A D G are between 
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the parallels A D and E G \0on9t\ they are eqnivalent to each other 
[4i] : becaose the triangles A D E and A E K are between the pa- 
rallels E B and D K \GofMi\ they are equivalent to each other ; henoe 
the triangle A E K is equivalent to the triangle A D C [i] : therefore 
the triangles ABKand AEK are together equivalent to the tri- 
angles A B D and ADO [iv] ; that is, the triangle E B K is eqnivalent 
to the given triangle ABO, wjiich W. T. B. D. 

Paoblem 6. To tramsform a given tria/ngle into (mother triangU 
hamng a given vertex and its hcue in a given straight line. 



Problem 7. 
To transform a given quadrangle into a triangle. 
Let A B D be the given quadrangle. ' 




Produce A D and join B D ; through the point 0, draw E parallel 
to B D [I. Proll, 10] and cutting the prolongation of A D inf a point 
E ; and join B E : the quadrangle A B D is now transformed into the 
triangle A E B. 

Because the triangle B D E and B D are between the parallels 
B D and E [Const'], they are equivalent to each other [4 i] ; hence 
the triangles ADB and BD E are together equivalent to the tri- 
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angles A D B and B D G [ii] : therefore the triangle A E B is equi- 
valent to the quadrangle A B D, which W. T. B. D. 

Paoblem 8. To tra/nsform a given quad/romgle, into a tricmgle hew- 
ing a given vertex, and its hose in a given straight line. 

Peoblbm 9. To trcmsform a given polygon, into a triangle having 
a' given vertex, and its hose in a given straight line. 



Pbobleu 10. 
To transform a given triangle into a rectangle* 
Let A BO be the given triangle. 




Through the point B, draw B D x)erpendicnlar to A B [I. Prohl. 5], 
and, through the vertex 0, draw D parallel to A B [I. Prohl. 10] 
and meeting B D in a point D ; bisect A B in EpE. Prohl. 7], and, 
through the point E, draw E F perpendicular to A B and meeting 
C D in a point F : the quadrangle E B D F is a rectangle equivalent 
to the given triangle. 

Produce AB, and, from the point 0, draw H perpendicular to 
AB [I. ProhL 9] to meet AB, or ite prolongation in H ; then G H is 
the altitude of the given triangle A B G [III. Def. 11]. Because D 
is parallel to A B [Oonst.], it is perpendicular to B D and E F [L 17\\ 
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thenoe, the qaadrangle E B D F is a rectangle [ill. Def, 19]. Because 
G H is parallel to D B [1. 16], the lines H and B D are equal to each 
other [1. 19 i] ; thence, the rectangle E B D F and the triangle ABC 
have equal altitudes : but the base E B of the rectangle E B D F is 
half of the base AB of the triangle ABC [Const]; therefore the 
rectangle E B D F is equivalent to the given triangle [3 ii], W. W. 
T. B. D. 

Pboblem 11. To trcmsform a gi/oen Mcmgle mto a jparallelogram 
Ihcmng a given cmgle (EucL I. 4^). 



Pboblbm 12. 

To trcmrform a given redcmgle into (mother rectangle hav* 
i/ng a given base. ^ 

Let A B D be the given rectangle, a^d A E the given base. 




Through the point E, draw B F perpendicular to A E [I. Prohl, 6] 
and' produce D G to meet E F in a point F ; join A F, cutting B G in 
a point H, and^ through the point H, draw IK parallel to AE [L 
Prohl, 10] and meeting AD and EF in I and K: the quadrangle 
A E K I is l^e required rectangle. 
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For ED and E I are two rectangles [III. Dc/. 19], and the rect- 
angle E I is equivalent to tlie given rectangle B D [6 i], which W. 
T. B. D. 

P&OBLEM 13. To ircmsform a gwen paraUelogrcmi into another J7a- 
raUelogram, havi/ng a given base and a given a/ngh. 

Problem 14. To trcmsform a given triangle into a rectangle having 
a given base, or into a parallelogram having a given base and a given 
angle. (End. I. 44.) 

Problem 15. To transform a given triangle, mto another tria/ngle 
haomg a given base ac^acent to a given angle. 

Problem 16. To transform a given polygon into a recta/ngle having 
a given base, or into a parallelogram hamng a given base a/nd a given 
angle. 



Peojblbm 17. 

To find a squa/re equivalent to a given recta/ngle. 
Let A B D be the given rectangle. 




Produce A B to a distance BE equal to B 0,and upon AE jdescribe 
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a circnmfercnce ; produce B G to meet the circomference in E: the 
square of B F is the required square. 

Because BO is perpendicular to AB [-STi^p.], its prolongation BF 
is perpendicular, to the diameter A £ ; hence the line B F is a 
mean proportional to A B and B E [II. 49 ii] ; therefore the square 
of B F is equivalent to the rectangle of A B aud B E [20 i], that is, 
to the given rectangle A 0, which W. T. B. D. 

Fboblem 18. To find a equa/re eqmvalent to a given polygon, (End. 
n. 14.) 



Peoblbm 19. 
Tojmd a squa/re equivalent to the sv/m of two given squa/res. 

Let A B and G-D be the sides of the given squares. 

Through the point 
A, draw A E perpendi- 
culai> to A B [I. Prohl 
5] ; take A E equal 
to D, and join B E : 
the square of B E is 
the required square. 

Because the trian- 
gle ABE is right- 
angled in A IConsf], 
the square of B E is 
equivalent to the sum 
of the squares of AB 
and AE [11]: but 
AE is equal to CD 
[Const'] ; then the 

squares of A E and D are equivalent to each other [III. 39 ij ; 

therefore the square of BE is equivalent to the sum of the 

squares of AB and C D, which W. T. B. D. 
Pkoblem 20. To find a square equivalent to twice a given aqua/re. 
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PjaoBLEM 21. To find a squa/re equivalent to the sum of several given 
squares. 

PjaoBLBM 22. To Jmd a square equivalent to the sum of two, or awy 
number of, given polygons, 

Pboblem 23. To find a squa/re equivalent to the difference of two 
given polygons. 

Pboblem 24. 

Oiven a square^ to find another squa/re^ which shall he to the 
first in a given ratio. 

Let A B be the sfde of the given square. 




A 

L_ 



B 



Upon a straight line D, describe a semicircumf erence F D, and 
divide D in E into the given ratio (II. Frohl. 8) ; through the point . 
B, draw E P perpendicular to D [I. Troll. 5] to meet the semi- 
circumference in P ; join P and P D, and take P H equal to A B ; 
through the point. H, draw HI parallel to D [I. Prohl. 10], meet- 
ing P D in a point I, and E P in a point K : the square of P I is the 
required square. 

Because the angle P D is inscribed in the semicircle D P 
[Const], the angle OPD is a right angle [III. 771 ^ thenoe^ tha ^^^.^ 
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angle H F I is a right-angled triangle. Because E F is perpendicu- 
lar to CD [Const] it is perpendicnlar to its parallel HI [1.17]; 
hence K H and K I are the projections of F H and F I on the hypo- 
thenuse H I : therefore the square of F I is to the square FH as KI 
is to K H [33]. Because H I and D are parallel to each other [OofMi.], 
the HneED is to EG as KI is toKH [11.42] ; thence, the square of 
FI is to the square of FH as ED is to E [i]: but F I is equal to 
A B [Const] ; then the squares of F I and A B are equivalent to each 
other [III. 39 i] ; therefore, the square of F I is to th^ square of AB 
as E D is to E G, that is, in the given ratio, W. W. T. B. D. 

Fboblem 25. Qiven a polygon, to construct a similar polyg<m 
which shaU he to the first in a given ratio, 

F&OBLBM 26. CHven a circle, a sector, or a segment, to desorihe a 
circle, a similar sector, or segment, which shaiU he to the -first in a 
given ratio. 
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EXERCISES. 
L THEOREMS* 

A certain number of exercises are here given as a means of devdoping 
the student's ingenuity : they consist in propositions to be proved and 
problems to be solved. 

In demonstrating the propositions or the solutions of the problems, the 
student may refer to all the theorems and corollaries contained in the four 
preceding Books. But he should bear in mind that the. best demonstrations 
will always be the shortest ; uul among these, the preference is to be given 
to those which refer to the most elementary principles and propositions of 
Geometry. 

For those theorems which require a somewhat more complicated demon- 
stration, the student will find it easier to divide the difficulty- by first prov- 
ing one or more preparatory lemmas, and then dealing with the proposition 
or theorem itself. 

1. The shortest chord which can be drawn through a point within 
the circumference, is perpendicular to the diameter passing through 
that point. 

2. If an arc is smaller, or greater, than a semicircumference, . the 
part of the diameter intercepted between the arc and its chord is 
smaller, or greater, than half the ch(»'d. 

3. The tangent through the middle point of an arc is parallel to 
the chord, amd cofweraely, 

4s, If three equal chords of a circumference cut one another in the 
same point, their intersection is the centre. 

5. If a circumference, be described on the radius of another cir- 
cumference, each chord of the latter drawn fromth^ common point, 
is bisected by the former. 

6. If several circumferences are tangent to one another in the 
same point, the radii terminating at the points of section of a common 
secant through the point of tangence, are parallel to one another. 
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7. The tangents drawn to two secant drcamferenoes firom a point of 
the prolongation of their common chord, are eqnal to each other, and 
conversely. 

8. A secant is cat by the perpendionlars firom the extremities of a 
diameter, in two points equally distant from the points of seotion. 

9. The measure of an angle supplementary to an inscribed angle, is 
half the sum of the arcs subtended by the sides of the angle. 

10. Two equal obliques to a straight line firom a point without it, 
form with the stndght line, two equal angles, and eon/oersely, 

11. The greater of two obliques to a straight line from a point 
without it, forms a smaller interior angle with the straight line. 

12. A circumscribed angle is double of the angle formed by the 
chord of the conyez arc, with the diameter terminating at one ex- 
tremity. 

18. The difference of two angles inscribed in opposite segments, is 
equal to the angle circumscribed at the extremities of the common 
base of the segments. ■ 

14>. If two equal circumferences be secant to each other, and if 
from the centre of one there be two secants drawn to the other 
through the points of section, the concave arc is equal to three times 
the convex arc. 

15. The altitudes of an equilateral triangle are equal to one an- 
other. 

16. The altitudes of the vertices of the angles at the base of an 
isosceles triangle, are equal to each other. 

17. The bisectrices of the angles at the base of an isosceles tri- 
angle, meet the other sides in two points of which the dii^tances ih)m 
each other and from the extremities of the base, are equal to each 
other. 

18. If one of the angles at the hypothenuse of a right-angled tri- 
angle be double of the other, the side opposite the latter is half of 
that opposite the former. 

19. In every triangle the intersections of the altitudes, the medians, 
and the middle perpendionlars on the sides, are points of the same 
straight line. 
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20. Any two sides of a triangle are together greater tban twice the 
median to the third side. 

21. Any two angles of an acute-angled triangle are together greater 
than the third. 

22. The angle formed by the bisectrices of the angles at the base 
of an isosceles triaDgle, is oqnal to an exterior angle at the* base of 
the triangle. 

23. The bisectrix of an exterior angle at the apex of an isosceles 
triangle, is parallel to the base, cmd cowoersely, 

24. Two equilateral triangles are equal to each other when they 
have equal altitudes. 

25. Two isosceles triangles are equal to each other when they have 
equal bases and altitudes. 

26. The triangles formed by joining the extremities of two chords 
which cut each other are similar to each other. 

27. Two right-angled triangles are equal to each other : 

1. When the perimeter and one right side of tlie one, are respect- 

ively equal to the perimeter and one right side of the 
other. 

2. When the hypothenuse and the altitude of the opposite ver- 
• tex of the one, are respectively equal to the hypothenuse and 

the altitude of the opposite vertex of the other. 

3. When the perimeter and the hypothenuse of the one, are re- 

spectively equal to the perimeter and the hypothenuse of the 
other. 

28. Two triangles are equal to each other : 

1. When the base, an adjacent angle, and the altitude of the one, 

are respectively equal to the base an adjacent angle and the 
altitude of the other. 

2. When one side and the altitudes upon the other sides of one 

triangle, are respectively equal to one side and the altitudes 
upon the other sides of the other triangle. 

3. When an angle of the one and the altitudes upon its sides, are 

respectively equal to an angle of the other and the altitudes 
upon its sides. 
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4. When they have equal perimeters, and two angles of iiie one 
are equal to two angles of the other, each to each. 

29. Two triangles inscribed in, or cironmscribed to, equal drcles 
are equal to each other : 

1. When they are equiangular to each other. 

2. When two sid^s of the one are equal to t?ro sides of the other, 

each to each. 

3. When one side and an adjacent angle of the one, are re- 

spectively equal to one side and an acQacent angle of the 
other. 

30. The middle lines of the opposite sides of a quadrangle and 
that of its diagonals, bisect one another in the same point. 

81. The straight lines joining the middle points of opposite sides of 
a parallelogram to the extremities of one diagonal, divide the other 
diagonal into three equal parts. 

32. The centres of four circles which are each tangent to three sides 
of a quadrangle, are points of the same circumference. 

33. In a quadrangle inscribed in a circle, the straight line joining 
the feet of the perpendiculars to two opposite sides from the extremi- 
ties of one diagonal, is parallel to the other diagonal. 

84. The exterior angles of a quadrangle made by producing the 
sides successively, are together equal to the interior angles. 

85. The straight line which passes through the intersection of the 
diagonals of a trapezium and through that of the prolongations of the 
lateral sides, bisects the bases. 

36. Conversely, the straight lines which pass through the extremi- 
ties of the base of a triangle and through a point of the median to 
the base, cut the other sides on a parallel to the base. 

37. Two squares are equal to each other when the difference of the 
side and diagonal of the one, is equal to that of the side and diagonal 
of the other. ' 

38. Two parallelograms are equal to each other : 

1. When one side and both the diagonals of the one, are re- 

spectively equal to one side and the diagonals of the other. 

2. When the altitude and both the diagonals of the one, are 
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respectively equal to the altitude and both the diagonals of 
the other. 

39. Two lozenges are equal to each other: 

1. When the diagonals of the one are equal to those of the 

other, each to each. 

2. When the perimeter and one angle of the one, are respect- 

ively equal to the perimeter and one angle of the other. 

40. Two trapeziums are equal to each other : 

1. When the sides of the one are equal to those of the other, 

each to each. 

2. When one angle, the altitude and bases of the one, are 

respectively equal to one angle, the altitude and bases of the 
other. 

41. Two quadrangles are equal to each other : 

1. When the sides and one angle of the one, are respectively 

equal to the sides and one angle of the other. 

2. When two adjacent angles and three sides of the one, are 

respectively equal to two adjacent angles and three sides of 
the other. ^ 

3. When three angles and two adjacent sides of the one, are 

respectively equal to three angles and two adjacent sides of 
the other. 

4. When the diagonals and three sides of the one are re- 

spectively equal to the diagonals and three sides of the 
other. 

42. Two quadrangles inscribed in equal circles are equal to each 
other : 

1. When the sides of the one are equal to those of the other, 

each to each. 

2. When two sides and two angles of the .one, are equal to two 

sides and two angles of the other, each to each. 

3. When three sides and one angle of the one, are equal to three 

sides and one angle of the other, each to each. 

4. When thlree angles and one side of the one, are equal to three 

angles and one s^e of the other, each to each. 

^5^ 



386 THE BLEMEirra OF QBOMETBT. 

43. Two trapeziums are similar to each other : 

1. When the sides of the one are proportional to those of the 

other. 

2. When they have an equal angle, and the altitude and bases of 

the one are proportional to the altitude and bases of the 
other. 

44. Two quadrangles are similar to each other : 

1. When, having an equal angle, the sides of the one are propor- 

tional, and placed similarly, to those of the other. 

2. When two angles of the one are equal to two angles of tbe 

other, each to each, and the sides of these angles are pro- 
portional. 

3. When, haying three equal angles, two sides of the one are 

proportional, and placed similarly, to two sides of the 
other. 

45. The opposite sides of an equiangular hexagon are parallel to 
each other. 

46. The intersections of the diagonals of a regular pentagon are 
the vertices of a regular pentagon having the same centre. 

47. The intersections of the primary diagonals, or the middle 
points of the sides, of a symmetric or regular polygon, are the 
vertices of a symmetric or regular polygon having the same axis, or 
centre. 

48. A polygon inscribed in, and circumscribed to, two concentric 
circumferences, is regular. 

49. An equilateral polygon inscribed in a circle is regular. 

60. An odd-sided equiangular polygon inscribed in a circle, is 
regular. 

51. If each side of a square be produced to a distance equal to half 
a diagonal, the extremities of the prolongations are the vertices 
of a regular octagon having the same centre. 

52. If each radius of a regular hexagon be produced to a distance 
equal to its length, the extremities of the prolongations are the 
centres of six circles each equal to the circumscribed circle, and each 
tangent to two others and to the circumscribed circle. 
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53. In a trapezium, the sum of the squares of the diagonals is 
equivalent to that of the squares of the lateral sides, together with 
twice the rectangle of the bases. 

54. The sum of the squares of the diagonals of a quadrangle, is 
equivalent to twice that of the squares of the middle lines of the 
opposite sides. 

55. The sum of the squares of two opposite sides of a quadrangle, 
is equivalent to twice that of the squares of the middle lines of the , 
other sides, and of the middle line of the diagonals. 
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n. PROBLEMS. 

In solving the following problems, the solution of the problems placed at 
the end of each of the four preceding Books are supposed to be known. 

The student shoold not forget that the best solutions are the shortest ; 
and among these again the best are those that are obtained by the simplest 
process of reasoning, and are based upon the most elementary propositions. 

For the more complicated problems, the student is recommended to use 
analysis in trying to solve them ; but it is better that he should draw up 
the solution in a synthetical form. 

1. To determine the point of a given straight line, whose sum of 
distances to two g^ven points is the smallest possible. 

2. To draw a perpendicolar at the extremity of a given straight 
line, without producing it. 

3. To draw a parallel to a given straight line at a given distance 
f^om it. 

4. Through a point given without a given straight line, to draw a 
parallel to that line without describing any arc. 

6. To a given circumference, to draw a tangent parallel bo a g^ven 
straight line. 

6. To draw a tangent to two g^ven circumferences. 

7. To describe a circumference passing through a given point, and 
tangent to a given straight line in a given point. 

8. To describe a circumference in which two chords, given in 
length, subtend two arcs of which one shall be double of the other. 

9. In a given circumference, to draw a chord, given in length, 
which shall be bisected by a given chord. 

10. To describe a circumference which shall have its centre in a 
given straight line, pass through a given point, and shall be tangent 
to a given straight line, or circumference. 

11. To describe a circumference which shall have its centre in a 
given straight line, and shall be tangent to a given straight line and 
circumference, or to two given circumferences. 



EXERCISES.— FB0BLSM8. 389 

12. To describe a circumference which shall pass through two g^ven 
points and be tangent to 61 given straight line, or which shall pass 
through a given point and be tangent to two given straight lines, or 
which shall be tangent to three given straight lines. 

13. To describe a circumference wjiich shall pass through two given 
points and be tangent to a given circumference, or which shall pass 
through a given point and be tangent to two given circumferences, 
or which shall be tangent to three given circumferences. 

14. To describe a circumference which shall pass through a given 
point and be tangent to a given straight line and circumference, 
or which shall be tangent to two given straight lines and to a given 
circumference, or which shall be tangent to a given straight line and 
to two given circumferences. 

15. With a given radius, to describe a circumference which shall 
pass through two given points, or which shall be tangent to two 
given straight lines, or which shall pass through a given point and 
be tangent to a given straight line. ^ 

16. With a given radius, to describe a circumference which shall 
pass through a given point and be tangent to a given circumference ; 
or which shall be tangent, either to a given straight line and circum- 
ference, or to two given circumferences. 

17. To describe a circumference which shall pass through a given 
point and be tangent to a given circumference in a given point, or 
which shall be tangent to a given straight line and circumference in 
a point given in the latter or in the former ; or which shall be tan- 
gent to two given circumferences in a point given in either of them. 

18. To a given circum/erence, to draw a tangent which shall make 
a given angle with a given straight line, or a secant of which the 
chord shall have a given length, and which shall make a given angle 
with a given straight line. 

19. Through a point given without a given straight line, to draw 
another straight line making with it a given angle. 

20. Through two given points, to draw two straight lines which 
shall make a given angle and cut each other in a point of a straight 
line g^ven in position. } 
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and the radius of the inscribed circle ; or the right-angled triangle 
of which are given the hypothenuse and the radius of the inscribed 
circle. 

28. Given one of the right sides of a right-angled triangle and the 
sum or difference of the other sides, to construct the triangle. 

29. To construct the triangle of which are given : 

1. The base, an adjacent angle and the altitude. 

2. One side and the altitudes upon the other sides. 

3. The altitude and two sides. 

4. An angle and the altitudes upon its sides. 

5. One side, an adjacent angle and the altitude of its vertex. 

6. The altitude and two angles. 

7. The perimeter, the altitude and an angle at the base. 

8. One side, an adjacent angle, and the sum or difference of 

the other sides. < 

9. The base, the altitude and an angle at the base. 

10. One side, the opposite angle, and the ratio of the other 

sides. 

1 1 . One side, the opposite angle, and the radius of the inscribed 
or circumscribed circle. 

12. Two angles, and the radius of the inscribed circle. 

13. Two sides, and the radius of the inscribed circle. 

14. One side, an adjacent angle and the radius of the inscribed 
circle. 

15. Two sides, and the point of tangence of one of them with 

the inscribed circle. 

16. Two sides, and the point of tangence of one of them with 

the circle exscribed to the third side. 

1 7. One side, the opposite angle and the median from its ver- 
tex. 

18. One side, or one angle, the radius of the inscribed circle, 
and the centre line of the inscribed and circumscribed 
circles. 

19. One side, the radius of the circximscribed circle, and the 
centre line of the inscribed and circumscribed circle. 
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21. Throogh a given point, to draw a straight line forming two 
equal angles with two given straight lines. 

22. To trisect a right angle. 

23. To divide a given right-angled triangle into two isosceles 
triangles. 

24. To find the locns of : 

I.' The points equally distant from two given points. 

2. The points equally distant from a given straight line, or from 

two given straight lines. 

3. The middle points of all straight lines drawn from a given 

point to a given straight line. 

4. The points equally distant from a given circumference. 

5. The middle points of all chords parallel to a chord given in a 

given circumference. 

6. The centres of all circumferences tangent to a given straight 

line in a g^ven point. 

7. The middle points of all chords equal to a chord given in a 

given circumference. 

8. The middle points of aU straight lines drawn to a given 

circumference from a point without it. 

9. The centres of all circumferences passing through two given 

points. 

10. The vertices of all angles equal to a given angle, and of which 
the sides shall pass through two given points. 

11. The points of which the distances to two given points are to 

each other in a given ratio. 

12. Th& vertices of all triangles equivalent to a given triangle 

upon the same base and on the same side of it. 

25. To construct the equilateral triangle of which the altitude is 
given ; or the isosceles triangle of which the altitude and one side, or 
one angle, are given ; or the right-angled triangle of which the hypo- 
thenuse and the altitude of the opposite vertex are given. 

26. Given the base of an isosceles triangle and the angle at the 
apex, to construct the triangle. 

27. To construct the isosceles triangle of which are given the base 
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and the radius of the inscribed circle ; or the right-angled triangle 
of which are given the hypothenase and the radius of the inscribed 
circle. 

28. Given one of the right sides of a right-angled triangle and the 
sum or diflference of the other sides, to construct the triangle. 

29. To construct the triangle of which are given : 

1. The base, an adjacent angle and the altitude. 

2. One side and the altitudes upon the other sides. 

3. The altitude and two sides. 

4. An angle and the altitudes upon its sides. 

5. One side, an adjacent angle and the altitude of its vertex. 

6. The altitude and two angles. 

7. The perimeter, the altitude and an angle at the base. 

8. One side, an adjacent angle, and the sum or difference of 

the other sides. -• 

9. The base, the altitude and an angle at the base. 

10. One side, the opposite angle, and the ratio of the other 

sides. 

1 1. One side, the opposite angle, and the radius of the inscribed 
or circumscribed circle. 

12. Two angles, and the radius of the inscribed circle. 

13. Two sides, and the radius of the inscribed circle. 

14. One side, an adjacent angle and the radius of the inscribed 
circle. 

15. Two sides, and the point of tangence of one of them with 

the inscribed circle. 

16. Two sides, and the point of tangence of one of them with 

the circle exscribed to the third side. 

1 7. One side, the opposite angle and the median from its ver- 
tex. 

18. One side, or one angle, the radius of the inscribed circle, 
and the centre line of the inscribed and circumBcribed 
circles. 

19. One side, the radius of the circumscribed cirdle, 
centre line of the inscribed and circumscribed GizdW'i 
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20. One side, the radias of the circle exscribed to another side, 
and that of the drcnmscribed circle. 

21. One angle, one side and the radias of the circle exscribed to 
another side. 

22. The radins of the circumscribed circle, one side, with the 
centre line of the circle exscribed to another side and the 
circomscribed circle. 

23. One angle or one side, the radius of the circle exscribed to 
another side, and the centre line of that circle and the cir- 
cumscribed circle. 

24. The angles, and the distances of the sides to a given point. 

30. Upon a given base, to construct an isosceles triangle, of which 
each of the equal sides shall be double of the base. 

31. Upon a given straight line, to construct an isosceles triangle, 
of which tl^e angle at the apex shall be equal to the half, or treble, of 
the angles at the base. 

32. Through two g^ven points, to draw two straight lines, forming 
an equilateral triangle with a straight line given in position. 

33. To construct a triangle which shall be similar to a given tri- 
angle, and have its vertices in three straight lines meeting in the 
same point. 

34. Given the sum, or difference, of the side and diagonal of a 
square, to construct the square. 

35. To construct the rectangle, of which are given : 

1. The perimeter, and the angle formed by one side, and a di- 

agonal. 

2. One side, and the middle line of two adjacent sides^ 

36. To construct the parallelogram of which are given : 

1. One side and the diagonals. 

2. The base, the altitude and one diagonal. 

3. The base, the altitude and one angle. 

37. To construct the trapezium, of which are given: 

1. The sides. 

2. The altitudes, th& bases and their middle line. 
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3. The altitude, the bases and a lateral side. 

4. An angle, the altitude, one base, and the diagonal opposite 

the angle. 

38. To construct the quadrangle of which are given : 

1 . The sides, and the middle line of two opposite sides. 

2. Two sides, one angle and the diagonals. 

3. The sides and one angle. 

4. Three sides and two adjacent angles. 

5. Three angles and two adjacent sides. 

6. The diagonals and three sides. 

39. In a given circle to inscribe the quadrangle of which are 
given : 

1. The four sides. 

2. Three sides and one angle. 

3. Two sides and two angles. 

4. One side and three angles. 

40. To construct the lozenge of which the diagonals are given. 

41. To circumscribe a circle to a given rectangle. 

42. To divide a circle into opposite segments, capable of two 
angles, the one of which shall be equal to five times the other. 

43. Through a given point to draw in a given circle a chord, divid- 
ing it into segments capable of two angles, the difference of which 
shall be equal to a given angle. 

44. To inscribe, or circumscribe, an equilateral triangle in a given 
square. 

45. To inscribe a square in a given lozenge. 

46. To transform an isosceles or scalene triangle into an equilateral 
triangle. 

47. To transform a triangle into a parallelogram of equal peri- 
meter. 

48. To transform a given polygon into a triangle having, one side 
and an adjacent angle of the polygon. 

49. To bisect a given polygon by a straight line drawn through a 
given vertex, or through a point given in one of its sides. 
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50. To divide a given polygcm in a given ratio, by a straight line 
drawn through a given vertex, or through a point given in one of its 
sides. 

51. To divide a given polygon in a given number of equivalent 
parts, by straight lines drawn through a point given in one of its 
sides. 
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